Notes on metrics and counting functions on B"

Dedicated to Professor Kenji Nakagawa on his 70th birthday

Shigeyasu KAMIYA
Department of Mechanical Science
Okayama University of Science
1-1 Ridai-cho Okavama 700 Japan
(Received September 30, 1988)

0. Introduction and preliminaries. Let C be the field of the complex numbers. Let
V = V'*(C) (n = 1) denote the vector space C"*!, together with the unitary structure
defined by the Hermitian form

- n
O(z*, w*) = — 2* w0*+‘§12k*wk*,

where z* = (2%, 21*%, ..., 2,*) and w* = (wo*, wi*, ..., w,*) in V. An automorphism g
of V will be called a unitary transformation. (¢ must be linear and @(g(z*), g(w*))
= @(z*, w*) for all z*, w* € V.) We denote the group of all unitary transformations
by U(1, n; C).

Let Vo ={z* € V| 0(z* z*) =0} and V. = {z* € V| @(z*, z*) < 0}. Obviously V,
and V_ are invariant under U(1, n ; C). Let 7( V) be the projective space obtained
from V. This is defined, as usual, by using the equivalence relation in V —{0} : «*~
v* if there exists A € C—{0} such that «* = Av*. Let 7 : V—{0} » z(V) denote the
projection map. We define : H(C) = z(V.). Let H"(C) denote the closure of H*(C)
in the projective space (V). An element ¢ € U(1, n ; C) operates in x( V), leaving

H"(C) invariant. If (2*, z1%, ..., 2,*) € V_, the condition —Izo*|2+ké:1|zk*|2 < 0 implies
that z* + 0. Therefore we may define a set of coordinates z = (21, 2, ..., 2,) in H*(C)
by zx(7(2*)) = z.*2*"". In this way H"(C) becomes identified with the complex unit
ball B* =B"(C) ={z2 =(2, 23, ..., 2n) € C" |2]* = ,§1|z‘"2 < 1}. A unitary transforma-

tion is regarded as a transformation operating on B”. We use the same symbol U(1,
n ; C) to denote the group of all these transformations. Throughout this paper G will
denote a discrete subgroup of U(l, n ; C). We assume that the stabilizer Go of 0
consists only of the identity.

In this paper we shall show the properties of metrics on B” in Section 1 and discuss
a counting function #(7, z) in Section 2.

1. Metrics d, & and 8.. Let d(-) be the distance which is induced from the metric
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9:i(2) = 6,(1 =2 + 2. 21— 2],
where z = (21, 2, ..., 2,) € B". We recall that d(z, w) is expressed as
d(z, w) =cosh™ [|@(2*, w*){@(2*, 2*)O(w*, w*)}~V?],
where 2* € 77'(2) and w* € 77 Y(w). Set
8(z, w) = [1—{@(2*, 2*)0(w*, w*)}|@(2*, w*)|?]"*
for z, w € B" (see [3, p. 180]).

Proposition 1. 1. Let z and w be points in B".

(@) o(z, w) =tanh d(z, w).

(b) 8(g(2), g(w)) = 8(z, w) for any element g € U(1, n; C).
(©) d(z, w)=(1/2)1log 1+8(z, w))(1—6(2, w))™\

@ d(z, w) = 6(z, w).

Proof. (a) 1t is seen that

tanh® d(z, w) = 1—sech?d(z, w)
=1-[{o(z*, 2*)0(w*, w*)} " O(z*, w*)|]™?
= 1-[{0(z* 2*)0(w*, w*)}O(z*, w*)|™?)
= 0%z, w).

Thus 8(z, w) = tanh d(z, w).
(b) This follows from (a) and the invariance of d under U(1, # ; C).
(c¢) This is immediate.
(d) By (a), 6(z, w) =tanh d(z, w) < d(z, ).

Proposition 1. 2. The function & is a distance function on B".
Proof. By (a) in Proposition 1. 1,

8(z,w)=20and 0(z, w) =02 2=w ;
8z, w) = 8w, 2).

Therefore we have only to prove the triangle inequality. Let x, ¥ and z be points in B”.
Using (a) in Proposition 1. 1 and the addition theorem on tanh, i. e.

tanh{d(x, y)+d(y, z)} = {tanh d(x, y)+tanh d(y, 2)}
{1+tanh d(x, y)-tanh d(y, 2)}7},

we see that

8(x, y)+0(y, 2) = tanh d(x, y)+tanh d(y, 2)
= tanh{d(x, y)+d(y, 2)}{1+tanh d(x, y)-tanh d(y, 2)}
= tanh d(x, z) = 8(x, 2).1

Set
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82, w) = [1—{D(2* 2*)O(w*, w*)|@(2*, w*)|7?}¢]'""?
and let

de = (1/2) log (14 82)(1—82)7".
It is easy to see that &, = 8 and &1 = d.

Proposition 1. 3.

(@)  The functions 8. and d. are increasing functions of a > 0.
(b) 6. = tanh d,.

(c) sech ds = sech® d.

@ If a<(0,1), then d. is a distance function on B™.

Proof. (a) This is immediate.
(b) We see that

(¢) The equality (a) in Proposition 1. 1 yields

sech® dy = 1—tanh®* d, = (1—8%* = (1 —tanh? d)*°
= sech® d.

(d) We have only to prove the triangle inequality. Since U(1, # ; C) is transitive on
B, it is sufficient to show that

de(z, w) £ du(z, 0)+da(w, 0) for z, w € B". (1)

Set t1 = 84(2, 0), £ = da(w, 0) and £ = S8.(z, w). Then (1) is equivalent to the following
inequality :

(I+6)(1—86)" = I+6)1~4) A+ L)1) (2)
By (2), we obtain
t8 < {(h+ L)1+ tt)
From this it follows that

(1-8%) 2 1—{(t+ )1+ tt)"1)?
=1-tHAQ-tHQ+tt) 2 (3)

We note that
1—6u(z, w)? = (1-06(2, w)?)*. (4)
By using (3) and (4), we have
1—-6(z, w)* = (1—38(2, 0)(1—0(w, 01+ tt) =

This implies that
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O(z*, z2¥)O(w*, w*)|@(z*, w*)| 2 2 O(z*, z2*)0(w*, w*)(1+ htn) ?*

for 2* = (1, 2, 2, ..., 2x) € 77Y2) and w* = (1, wy, w, ..., wa) € 7~ (w). Therefore we
have only to prove that
|O(z*, w*)| < (1+ tt)Ve. (5)

We can show that if @ € (0, 1), then the inequality (5) is true. In fact,

(I+at)"* 21+ /a)tit
2 1+ (1 /{1 -1 =2l H1 - QA —[w]?)*}]"
2 1+ (/)1 -1 —al2l)*1 -1 —alw|?)}"
= 1+ |2llwl 2 |@(z*, w*)l.

Thus our proof is complete.
Proposition 1. 4.
o(z, w) = (2l +lwhA+l2llwl)™  for 2z, w € B™.
To prove Proposition 1. 4, we need a lemma.

Lemma 1. 5. If 0 < » < 1, then a function f(x) = (r+x)(1+rx)"" is increasing in
x =0.

Proof of Proposition 1. 4. By (b) in Proposition 1. 1, we may assume that z = (7, 0,
., 0) and w = (w1, wo, ..., wa), where 0 < » < 1. Let 2* = (1, 7, 0, ..., 0) € 77 (2) and
w* = (1, w1, we, ..., wa) € 7~ (w). It follows from Lemma 1. 5 that

8(z, w) = 1—(1=r)A—wl®1—rwi|™
S 11— = w1 —rwy|
= |r— w1 —rw|?
= (7’+|W1|)2(1+ 7|W1|)_2
< (r+lwh*A+7lwlh) =M

Proposition 1.6. Let g be an element of U(1, n; C). For z, w € B"

la(l = (2l + gD+ (2l g(0)) .
Proof. From (a) in Proposition 1. 1 it follows that
lgO)ll = 8(0, 9(0)) = &(g7'(0),0) = g™ (O)I.
By using this equality and Proposition 1. 4, we have

lg(2)Il = (0, g(2))
= 8(g710), 2)
< (lzl +1g* @D +2llg~ (0)])*
< (lzl+1g@DH+lzllg(o))) .1
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3. Counting function n(r, z). Let n(r, 2) = #{g = G| |9(2)| < »}.

Theorem 2. 1. If ||zl| < » < 1, then

n(—% ) 0) <y, z) £ n(% , 0).

Proof . Proposition 1. 6 implies that
{g€ Gllg(a) < r} D {g € Gl g0 < (»—la(1—7z])"}
for ||lz] < » < 1. If ||g(0)| <7, then

lo(2)I = (2l +1g)DA+2lgON " = (r+ 21+ 7l2l)~!

Therefore we have our desired inequalities.ll

Let D, be the Dirichlet polyhedron for G centered at 0. We note that Dy is expressed
as

Do = {z € B"| |lg(2)| > |2l for all g« in G—{identity}}.

Let dV be the volume element which is induced from the metric g;,. It is easy to see
that dV(2) = (i/2)"(A—|z|>)"""dzi A dz1 A ... N dzaN dZa for z = (2, ..., zZn) €
B”. We use v0l/(A) for the volume of A measured by dV.

Theorem 2. 2. Suppose that the volume of Do is finite. Let a € Do and |a| < o < 1.
There exists ro such that the following inequality is satisfied for ro < v < 1.

A(l—7»)" < n(r,a) £ BQ—r)™",
where A is a constant, which depends only on p and B is a numerical constant.

Proof. Let go, g1, ... be the complete list of elements in G. In virtue of [3, Proposition
4. 1] , we have only to prove that

A(l—7»)" £ u(r,a).

We choose 7, such that p < 7 < 1. Let Fy be the part of I which lies outside of |z
= 7, where we take 1— 7, so small that the volume of Fp is less than e. Let Fi be the
image of F; under g» € G and put F = kLgOFk. Denote F N {z| |z| < »} by F(r), where

o < v < 1. Then

vol(F (7))

/FO n(r, 2)dV(z)

< constant -(1—r) "vol(Fy)
<

constant -e(1—»)™". (6)

Put H, = Dy— Fb and let {H,} be its image under G and H = kLZJOHk. Let H(») = H N
(2] |zl < » < 1}. It is seen that F(r) U H(») = {z| llz] < »} and F(») N H(r) = ¢.
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Therefore

vol (F (7)) +wvol(H(7)) = vol({2] |2l < 7})
= constant+(1—r)™", (7)

It follows from (6) and (7) that
vol(H(7)) 2 constant -(1—r)~"— constant -e(1— r)~". (8)

Let »* be the §-diameter of Hy and set 7 = (# + #*)(1+ 77*) L. Using [3, Proposition
2. 1], we see that, if Hx N {z] |z| < #} #+ , then H, is included in {2 |zl < 71}. Hence
H(7) is contained in gon, where

H., C {2 |z < n}. (9)

Since a € Do N {2] [lz] < p}, the number of {H,} satisfying (9) is less than n(a, ).
Therefore we have

vol(H(7)) < n(n, a)vol(Hy). (10)
By (8) and (10),
n(r, a) = constant +(1—r)"(vol(Ho)) ™.
Noting that (1—»)(14+»*»*)"' = 1—», we obtain
n(n, a) 2 AQ—n)".
Writing 7 instead of 71, we have

n(r, a) = A(l—»)" for n< » < 1.

Thus our proof is complete.
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