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Introduction

Let X be a connected, locally connected and locally compact Hausdorff space
with a countable basis and (X, H) be an elliptic bi-harmonic space in the sense
of Smyrnélis [6].

We denote by (X, H;) (j=1, 2) the Brelot’s harmonic space associated with
(X, H) and suppose that (X, H;) (j=1,2) satisfies the local proportionality axiom
and (X, Hy) is strong. Then there exists the H,-Green's function G @ (x, y) on X.

A function N(z, y): XxX—(0, -+ -] is called the bi-harmonic Green’s function
of (X, H) associatad with G @ (z, y) if for each y=X, the couple (N(+,y), G®@
(+,y)) is an H-potential on X and H-harmonic on X-{y}. We shall show that
the bi-harmonic Green’s function of (X, H) associated with G ® (z, y) exists if and

only if there exists the H;-Green’s function G @ (z, y) on X and, for each yeX,
fG“) (x, 2)G® (2, y) da(z) <<
for some r& X, where a is the composing measure associated with G®(x,y). In

this case we have
N (z, y) :fG W (x, 2)G P (z, y) de(z).

We shall give the integral representation of an H-potential on X by using this couple
(N(s, v, G® (»,y)) of kernels.

1. Bi-harmonic spaces

For an open set Ux# in X, we denote by C(U) the real vector space of finite
continuous functions on U. An element (A;, A2) in C(U) > C(U) is called compatible
if h,=0 on an open subset U’ of U implies A2 =0 on U’ Let H be an application
U—H(U), where H(U) is a real vector subspace of compatible couples in C(U) x
CcU).
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A relatively compact open set o is called H-regular if for any couple (f1, f2)
of finite continuous functions on the boundary 8w of w, there exists a unique (A,
hz)&H(w) such that:

(i) lin}l hi(x)=f;(a) for any acdw (j=1, 2) ;

()  f;=0 (j=1, 2) implies 7=0 and f,=0 implies A»=0.
For an H-regular set o, there exists a unique system (z,, vo,, Ae,) of positive

Radon measures on 9w such that

h(x) = [fidpest [ fadve, ha(z) = [ fadne..

We say that (X, H) is an elliptic bi-harmonic space in the sense of Smyrnélis
[6] if it satisfies the following four axioms.

Axiom I. H is a sheaf on X.

For an open set U in X, an element in H(U) is called H-harmonic on U.

Axiom II. The H-regular open sets form a basis of X.

Let U be an open set in X. A couple (vi, v2) of functions on U is called H-
hyperharmonic on U if

(i) w; is lower semi-continuous and >— - on U (=1, 2),

(ii) wvi(x) gfvld,u‘"x+fvgdu‘"$ and vy (x) gfvgdx"', for any H-regular neigh-
borhood « of » with acU.

An H-hyperharmonic couple (s, s2) on U is called H-superharmonic on U if
s; i not identically +co on any connected component of U (J=1, 2) and an H-
superharmonic couple (p1, p2) on X is called an H-potential on X if ;=0 and, for any
(b1, h2)EH(X), h;=0 so far as 0<h,<p; (j=1, 2). The set of all H-superharmonic
couples (resp. H-potentials) on X is denoted by S(X) (resp. P(X)). For an open
set U, denote by H*(U) the set of all H-hyperharmonic couples on U and put
H*1(U) ={v:: (v1, )eH*(U)}, H*(U) ={v,: (vy, v2 ) & H*(U) for some v,} and
H;(U) =H*;(U) N[-H*,(U)] (j=1,2)

Axiom IIl. (i) H*;(X) separates the points of X linearly (j=1, 2).

(i1) On each relatively compact open set U there exists a strictly positive
hieH;(U) (=1, 2).

Axiom IV. If U is a domain in X and {4; ™ }, is an increasing sequence of
functions in H;(U), then either sup h; ™ =+co or sup ;™ =H;(U) (j=1, 2).

Set H;={H,;(U) }yiopen. It is nshown by Theoremn 1.29 in [6] that (X, H)) (j=
1, 2) is a Brelot’s harmonic space. We call (X, H;) (j=1, 2) the Brelot’s harmonic

space associated with (X, H). The set of all H;-superharmonic functions (resp.
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H;-potentials) on X is denoted by S;(X) (resp. P,(X) (=1, 2).

2. Some lemmas
Let (X, H) be an elliptic bi-harmonic space and (X, H;) (j=1, 2) be the Brelot’s
harmonic space associated with (X, H).

For a real-valued function f on an open set UCX, we set

f) = fdpe.
rf(z)=lim sup -~ — "%

w\l‘ av®,
U>Dw Do f
o : H-regural
@~ [ fdpee
I"f(x)=1lim inf -
RNV fdu"'a:
U Do Do

w . H-regular

By Theorem 11.3 in [7] we have

Lemma 1. Let (vi, v2) be a couple of lower semi-continuous functions on an open
set U. Then the following three conditions are equivalent:

(i) (vn,v)EeH*(U);

(i) wv.=H*:(U) and I'vy(x)=v2(x) for any r=U with vi(x)<<+

(iil) v.=H*(U) and I'vi(x)=v2(x) for any x&U with vi(x)<<-

We say that (X, H,) satisfies the local proportionality axiom if the totality of
Hi-regular sets U satisfying the condition () forms a basis of X:

(%) Any two H,-potentials on U with common one-point support are propor-
tional.

If (X, H,) satisfies the local proportionality axiom, then there exists a consistent

system (G, ) . H-regular of H,-Green's functions (see Theorem 1.6 in [11] and

§ 4 in [10]). That is, to each H-regular set o there corresponds a function G,
(z, y) on wXw having the following properties :

(i) for each vew, G, (+,y) is an H,-potential on » and Hi-harmonic on
o—{y};

(ii) if o is an H-regular set with o' Ce and y=o’, then the function G,
(2, ») =G, P (x,y) of xis H;-harmonic on o]

(iii) for each Hi-potential p on o there exists a unique positive Radon measure

m on o such that
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p(z) :wam (z, y)dm (y) .
By Theorem 9 in [10] we have

Lemma 2. Suppose that (X, H;) satisfies the local proportionality axiom. For a

consistent system (G, ) of Hi-Green’s functions, there exists a unique

o : H-regular
positive Rabon measure « on X such that
VKUI:wa 1 (x, y)k(y!] dw(y)

Sfor any H-regular set o and any x<o (i.e.,

Jfad e = [Gu @, 3) ([fareydey)

for any finite continuous function f on X).

This positive Radon measure « is called a composing measure of (X, H) as-

sociated with (G, ®) o : H-regular - By virtue of the compatibility of bi-harmonic

couples, this measure « is everywhere dense in X. From now on we suppose that
(X, H,) satisfies the local proportionality axiom and « is the composing measure

of (X, H) associated with (G, ) o : H-regular °

Lemma 3. Let o be an H-regular set and f be a bounded Borel measurable Sunc-

tion on w. Then the function

f G ® (o, 9)f (da(y)

is continuous on w and equal to 0 on dw.

Proof. We may assume that 0<<f<1. Let U be a relatively compact open
set with UDw Dw. By Axiom III (ii), there exists a strictly positive ke H,(U).
The couple ( [G, (¢, 3)ha(y)da(y), h) being in H(w), [G.® ( +, )hs(3) day)
is a continuous H;-potential on and equal to 0 on dw. Since S()EMh(y) (VyEw)

for some constant M>0),

JG @ o nfda(DEM- [GL O (-, ) ha(y)das).

Therefore fG D (e, »)f(y)da(y) is an H;-potential on » and equal to 0 on 9w. On
the otherh and,

J6.® (o fdaln

“MfG® (L Dk da) = [6.@ (.3 M= D Hha(y)dai.
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Hence wa W (o, ) f(y)da(y) is upper semi-continuous and so it is continuous on w.

Let v, be in Hx*(X) and v,=0. We set
E,,={w;: ;=0 and (w;, ) E H¥*(X) }
and v;=inf E,, « Then v:E,, by Lemma 11.6 in [7]. We call this function v, the
pure hyperharmouic function of order 2 associated with v, (see [7] and [9D. We
have the following lemma. This proof is similar to that of Lemma 11.8 in [7].

We shall note that the proof is given without the assumption of strongness of (X, H).

Lemma 4. Let vz be in H*:(X) with v.=0 and v\ be the pure hyperharmonic

function of order 2 associated with vs. Then
v1(x) = f’ald‘uwxﬁh me W (x, ¥)v2(y)da(y)

for any H-regular set v and any r<o.
Proof. Let » be an H-regular set. We put
inf (vl(x).fvldll"‘m+wa W (g, Yva(y)da(y)) for rew

w1 (x) =
v1(x) for x=Cew
and ws(z) =v; (z) on X. It suffices to show (wi, w2) =H*(X). Since v;(j=1, 2)
is non-negative lower semi-continuous, there exists an increasing sequence {f ™ ;}u
(=1, 2) of non-negative continuous functions on X such that
im f; ™ (x) =v;(x) (J=1,2).

N

Set

@ (2) = [ dpet [Go® @ fa® (daly)

for z=w. Then, for any r<o,

L@ (x) frl @ gy,
I''ry @ (z) =lim sup
SN fdv‘"'
wDo Do’
o’ : H-regular
G, ©®(x,y)f:™ (y)dw(y)

—1
im sup fG ’<1>(1 v)(fdl ,,)dw(y>

f GO/ ™ (da(y)  [G O @ pda(y)
=lim sup _
o[G0 Gz, 3)da(y) 6@ @ (frrday)
=f2 ™ (2).
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Since P’()L___Z‘Uz, P(‘Ul—f'l (n))(l')_\é'l)z(l‘) —fz > (l‘)go on ow.
Hence vi—r @ &H*(w). On the other hand,

@ (@) =r @ (@) + [ GO (2, 5)f2 @ (Nda(y)
=oi(@) ~ [ fo ™ dpe,=0

and fGa,“’ (o, ) 1™ (y)da(y) being an Hi-potential on w, we have wv,(z)=r ™
(x) on ». Letting n—co, we have

v (D)= f vidurs+ [Go® (2, y)va(y)de(y)
on . Since (wi, ws)|.&H*(w) and

lim inf w;(x)=vi(2) (YzE00),

wer—>z

(w1, w2) eH*(X) by Proposition 1.21 in [6]. This compltetes the proof.

If there exists the H;-Green’s function G ¢V (z,y) on X, then we shall define

a consistent system (G, @) of Hi-Green’s function by setting

w: H-regular

Go® (2,9 =GP (1,9 = [G® (2, 3)dpwa(a).
The composing measure associated with this system is called the composing measure

of (X, H) associated with G ® (r, v).

Lemma 5. Let 52 be in S:(X) with 5,220 and s,>=0. Then the Sfollowing condi-

tions are equivalent :
(1) there exisis s:1=0 such that (s1, s2) =S(X) ;

(i) there exists the Hy-Green's function GV (x,y) on X and for some r<X,

Je@ @ umda<+o.,
where a is the composing measure of (X, H) associated with G (x, y).

Proof. (i)=>(ii). Since there exists s:=0 such that (s1,5.) =S(X), the pure
hyperharmonic function p, of order 2 associated with s, is a strictly positive Hj-
potential on X (see Remark c) in [9]). Hence by Theorem 18.1 in [4] there exists
the Hi-Green’s function G ¢’ (z, y) on X. Let « be the composing measure of (X, H)
associated with G (z, y). Since p,=P.(X), there exists a unique positive Radon

measure m on X such that
p@ = [G® (2, y)dm(y).
By Lemma 4 we have

J6.® @ pams) = [6.9 (5 »a(nday)

for any H-regular set » and any r=w. Hence m=sa on o for any H-regular set
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o. Therefore

p= GO Msudaly
and so for some reX,
fG‘” (x, ¥)s2()dea(y)<<+-
(ihe>(i). Put
sl:fG‘”(-,y)Sz(y)dw(>’>-
Then s;=P(X) by Theorem 18.3 in [4] and (s, s;)=S8S(X). This completes the

proof.

3. Bi-harmonic Green’s function

Let (X, H) be an elliptic bi-harmonic space and (X, H;) (j=1, 2) be the as-
sociated Brelot’s harmonic space. We suppose that (X, H,) (j=1, 2) satisfies the
local proportionality axiom and (X, Hz) is strong. Then by Theorem 18.1 in [4]
there exists the H,-Green’s function G @ (z, y) on X.

A function N(x,y): XXX—(0, + ] is called the bi-harmonic Green’s function
of (X, H) associated with G @ (x, v) if for each y=X,

(NCo, ), G® (o, y))eP(X)NHAX —{y}).

We shall show the following

Theorem 1. There exists the bi-harmonic Green's function N(z, y) of (X, H)
associated with G ® (x, y) if and only if there exists the Hi-Green's function G < (z, y)
on X and, for each y=X,

[60 @ 26® G yda <+
for some x& X, where « is the composing measure of (X, H) associated with G (x,y).
In this case we have
N(z ) = [GD (@5 D6 @ (2, y)da(z).

Proof. The “only if” part is evident by Lemma 5, because for each y=X,
there exists N(+, ») such that (N(e, y),G® (o, y)sPX).

To show the converse, put

p.= [GO (-, G (2 y)da(z)
for each y&X. Then p,&P;(X) by Theorem 18.3 in [4] and for any x&X and any

H-regular set o>=ur,

po(x) — f podit = f G. @ (2, 2)G @ (2, y)da(y)
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=[G® (-, paves.
Hence (p,, G® (+,y))=P(X) by Corollary 5.16 in [6]. For any r=X—{y} and

any H-regular set o with rcocCocCX—{y} we have

Py = fpydwﬁ me D (z, 2)G P (2, y)da(z)
_ f G, D (z, 2) ( f G® (o, y)d\v.)da(z)

=fG @ (o, y)dves.

Hence (p,, G® (o, y))eH(X—{y}) and so there exists the bi-harmonic Green’s
function of (X, H) associated with G (z, y).

Let N(z, y) be the bi-harmonic Green’s function of (X, H) associated with G
(z, ). Since N(+,y)=P:(X) for each y=X, there exists a unique positive Radon
measure 'mj, on X such that

NG, )= [G® (-, dm, ().

Since (N(+,¥),G® (+,y))eHX—{y}), we have m,=G® (+,y) a on o for any
H-regular set » with eCcwcX-{y}. Hence we have

NGy =[G @06 (2 y)de().

This completes the proof.

Remark. By Lemma 4 we know that N(e,y) is the pure hyperharmonic
function of order 2 associated with G ® («,y) for each yeX.

Supposing the existence of the bi-harmonic Green’s function, we shall give the

integral represetation of an H-potential on X.

Theorem 2. Let (p1, p2) be an H-potential on X. Then there exists a unique

couple (my, mz) of positive Rabon measures on X such that
7@ = [N, ) dma(3) + [G O (2, y)dm(9),

2@ =[G (@ )dma(y).

Proof. Let(pi, p2) be an H-potential on X and g: be the pure hyperharmonic
function of order 2 associated with p,. Then there exists uniquely positive Radon

measures 8 and mz such that

p@ =[G @ 4B,

p2(x) = f G @ (z, y)dmz(y)
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and by Lemma 4
1) = [G® (2, 3)pa(3)da ().

Since (X, Hp) is strong, there exists an increasing sequence {p, ™ }, of continuous

H.-potentials on X such that lim p; ™ =p,. By Corollary 5.16 in [6], (g1, p2 ) be-

n—»co

ing in P(X), there exists the pure hyperharmonic function ¢; ®* associated with

Pz(m and
7@ =fG D (o, 3)p2® (y)da(y).

Since I'(pr—q1 @)= p2—p2 =0 and pr—q1 ™ =g1—q1 ™ =0, we have p,~q: ™ &
P.(X). Hence B—p, ™ a=0 and so B—p.«=0. Letting m,=pB—p.«, we have

n@ =[G (z,5)d8()
= [G® @ pGdam + [GO (2 ydm ()
= [G® @ » (G @ ndm)dea) + [GO (@ ydm(y)

= NG, ydma() + [G (@ yyami(y).

The uniqueness of this couple (mi, mz) of measures is evident by the uniqueness
of the integral representation of an Hj-potential p, (j=1, 2). This completes the

proof.

References

[1] C. Constantinescu and A. Corner, Ideale Rénder Riemannscher Flichen, Springer Verlag,
(1963).

[2] C.Constantinescu and A. Cornea, Compactifications of harmonic spaces, Nagoya Math. J,
25 (1965), 1-57.

[3] C.Constantinescu and A. Cornea, Potential theory on harmonic spaces, Springer Verlag,
(1972).

[47 R.M. Hervé, Recherches arxiomatiques sur la théoric des fonctions surharmoniques et du
potentiel, Ann. Inst. Fourier, 12 (1962), 415-571.

[5] M. Itd, Ftude des fonctions polyharmoniques par la méthode du balavage, C. R. Acad. Sci.
Paris, 267 (1968), 806-809.

[6] E.P.Smyrnélis, Axiomatique des fonctions biharmonigues 1, Ann. Inst. Fourier, 25 (1975),
35-97.

[ 7] E.P.Smyrnélis, Ariomatique des fonctions biharmoniques 11, Ann. Inst. Fourier, 26 (1976),
1-47.

[8] E.P.Smyrnélis, Polatite et effilement dans les espaces biharmoniques, Séminaire be Theorie
du Potentiel, Paris, No. 3, Lecture Notes in Math. 681, Springer Verlag, (1978), 252-
276.

[9]1 E.P.Smyrnélis, Sur les fonctions hyperharmoniques dérdre 2, Séminaire be Theorie du



68 Hidematu TANAKA

Potentiel, Paris No. 3, Lecture Notes in Math. 681, Springer Verlag, (1978), 277-293.
{101 H. Tanaka, The Riquier's problem of an elliptic bi-harmonic space, Bull. Acad. Royale de
Belgique, 64 (1978), 64-79.
(11] B. Walsh, Flux in axiomatic potential theory, Ann. Inst. Fourier, 19 (1969), 371-417.



