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1. Let R be a topological space with the depth w(R) and » be an inaccessible
ordinal number such that w,<lw<{w(R). The space R is called a topological ranked
space if, for each ordinal number e, 0<<a<<w, there corresponds a family of neighbor-
hoods of points of R, ®., which satisfies the following axiom (a) :

(a) For any neighborhood v(p) of p=R and any ordinal number ¢, 0<<a<<w,
there exist an ordinal number 8 and a neighborhood u(p) of p such that a<g<<w,
u(p)Cv(p) and u(p)EV..

The number o is called the indicator of the topological ranked space R. Members
which belong to ¥, are named neighborhoods of rank «. (For the notion of the
depth of spaces and the definition of ranked spaces, see [1])

For pe R, we denote by .(p) the set of all neighborhoods of p of rank «.

2. Definition of the fundamental sequence of neighborhoods. Let R be a topological
ranked space with the indicator » and p be a point of R. A sequence V(p)= {v.(p))}
(0<a<<w) of neighborhoods of p is said to be fundamental if the following conditions
are fulfilled :

(1) v(p)2vi(p) D Dua(p) D+, 0L A<,

(2) There exists a monotone increasing sequence of ordinal numbers : v,<v:<

cr<lYasr, 0<7.<<w such that v.(p)eN,,(p) for @, 0<a<o, and sup y.=o.

For p=R, we denote by F(p) the totality of fundamental sequences of neigh-
borhoods of p. Let V(p)={v.(p)} and U(p)={u.(p)} be elements of F(p). If, for
any v.(p), there exists a u;(p) such that v.(p) Du;(p), then we write this by U(p)
<V(p) or V(p)>U(p). Furthermore, if U(p)<<V(p) and V(p)<<U(p), then we
say that V(p) and U(p) are equivalent and write V(p)~U(p).

s

Clearly, for each peR, “~" is the equivalence relation on elements of F(p) and,
by identifying equivalent elements, F(p) becomes a partially ordered set.
Proposition 1. For each p=R, F(p) is directed downward, i.e., for any two ele-

ments V(p), U(p)=F(p), there exists a W(p)=F(p) such that W(p)<<V(p) and
W(p)<<U(p).
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This follows easily from (a) and the definition of the fundamental sequence.

3. A metrizable topological space is a topological ranked space with the depth
o, and the indicator o,.

Definition. Let E be a set and A, B be families of subsets of E. If for any a= A
there exists a b=B such that a5, and vice versa, then we say that A and B are
equivalent.

Definition. A topological ranked space R with the indicator  is said to be
metrizable if there exirts a metric 4 on R such that, for each p=R, the family of
subsets of R, B(p)={B(p:&)|0<<E<+ =}, where B(p:&)={q=R|d(p, )<}, is
equivalent to aL<Jw Ba(p).

From this definition it is obvious that if a topological ranked space is metrizable,
then its indicator is w,. On the metrizability problem of spaces, the following Frink’s
Theorem ([3]) is well-known :

Theorem. A topological space S is metrizable if and only if, for each pES, there
exists a sequence of neighborhoods of p, {v.(p)} (n=1, 2, ---), which satisfies

(1) vi(p) Dva(p) Do+ Dun(p) Do+,

(2) Nodp)=iph,

(3) {va(p)} is equivalent to the neighborhoods system of p,
and

(4) For any va.(p), there exists a natural number m=(p, n) such that if q is any
point of S for which v.(p) and vn(q) have a point in common, then v.(q)CVa(p).

By putting B.= {v..1(p) | p€S} (=0, 1, 2, ---), a topological space S which
fulfills the above conditions (1), (3) becomes a topological ranked space with the
indicator »,. Under what conditions, is a topological ranked space metrizable? In
the next section, we shall study Frink’s Theorem type metrizability of topological

ranked spaces.

4. Let R be a topological ranked space with the indicator o.

Definition. Let p be a point of R and T(p) be a subset of F(p). An element
V(p)=T(p) is called a minimum element of T(p) if V(p)<<U(p) for any U(p)&T(p).

Proposition 2. R is metrizable if the following conditions are fulfilled :

1° wo=uw,.

2° For eack p=R, there exists a minimum element of F(p), V(p)={v.(p)}, which
satisfies the condition (4) in Frink’s Theorem.

3° For each p=R, there exists a U(p)={u.(p)}EF(p) such that Nu.(p)=1{p}.
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Proof. Let p be any point of R. As V() is a minimum element of F(p) for any
u.(p) there exists a vn(p) such that u,.(p) Dv.(p). Hence {p}= Nu.(p)DNv.(p)
Sp and so Qv”(p)= {p}. Let w,(p) be any neighborhood of p ofnrank Yo nThen,
by (a), there exist a neighborhood w.(p) of p and a natural number v, vo<<y <<,
such that w,(p) Dwi(p) and wi(p)EB,,. By successive applications of (a), we
obtain a fundamental sequence of neighborhoods of p, W(p) = {w.(p)}. Since W(p)
€F(p) and V(p) is a minimum element of F(p), we have V(p)<<W(p). Thus
there exists a neighborhood v,.(p) such that w,(p) Dv.(p). This proves that {v,(p)}
is equivalent to U%®,.(p), so that by (a) {v.(p)} is equivalent to the neighborhoods
system of p. He;ce, by Prooosition 3 and Frink’s Theorem, R is metrizable.

Proposition 3. R is metrizable if and omly if R is metrizable when it is considered
as a topological space.

This follows at once from (a) and the definition of metrizability of topological
ranked spaces.

Proposition 4. In Proposition 2, the conditions 1°, 2° and 3° are necessary for
which R is mrtrizable.

This will be proved, by an application of (z), in the same manner stated in [3]
pp. 141-142.. So the detailed proof is omitted.

For each p= R, we can define the depth of F(p) in the same manner of defining
the depth of R at p (see [1]). We denote by w(F(p)) the depth of F(p).

By virtue of Proposition 1, o(F(p)) becomes an inaccessible ordinal number.

Hereafter, for p& R and a neighborhood v(p)= UB.(p), we denote by r(v(p))
the rank of v(p). '

Proposition 5. For p& R, we have o<Zw(F(p)).

First we have a next lemma.

Lemma. For V(p), U(p)eF(p), if V(p)=>U(p), then there exists a W(p)eF(p)
such that U(p)~W(p), v.(p)Dw.(p) and r(v.(p))<<r(w.(p)) for all «, 0<a<<o,
where V(p)={v.(»)} and W(p)={w.(p)}.

This follows easily from the definition of the fundamental sequence and the
relation V(p)>U(p).

Proof of Proposition 5. Suppose o>wo(F(p)). From the definition of the depth
of F(p), there exists a monotone decreasing sequence of elements of F(p) :

Vo(p)>Vi(p)>>Ve(p) >, 0<<B<o(F(p))
such that, for no U(p)eF(p), we have V;(p)>U(p) for all g, 0<<B<<o(F(p)).
Put V;(p)={vf(p)} (0<ae<<w), 0<B<o(F(p)). Again put Vy(p)=Wy(p) and
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v.2(p) =w.2(p), 0<a<<w. Now assume that, for an ordinal number 8, 0<<B<<w(F(p)),
we have elements W:(p)={w.'(p)} of F(p), 0<<é<B such that
(1) Ve(p)~We(p), 0<E<B

and

(2) if o<E<n<<B, then w.i(p) Dw. (p) for all @, 0<a<w.
We consider two cases.

Case 1. B is a limiting number. Assume that, for an ordinal number @, 0<a<<o,
we have a sequence of members of of V,(p):

we? (p) Dwi(p) D Dwi(p) D+, 00
such that 0<<r(we’(p))<r(wy(p))<<-<r(ws(p))<<<w and w;/(p)C N ws(p)
for all §, 0<<8<<e, Since W:(p)>V;(p) for all &, 0<(§<<B and w.’(p) Dwalz;) DD
w(p) D+, 0<LE<B, there exists a sequence of members of V(p):

v, ($) D0 P(p) D Dvp F(p) e, 0NE<TB, 0<ye<<o
such that w.*(p) Dv,(p) for all ¢, 0=<E<<B. Put w.’(p)=v,(p), where v,(p) is
such that r(v,(p))=min{r(v#(p))| sup r(ws(p)), sup r(w, f(p))<r(vi(p))<<w}.
The number r(v,#(p)) really exists, siﬁce @, B<<w and m is inaccessible. Clearly we
have w.*(p)C EQﬂ v,eﬁ( pC Q,a w.i(p). Thus, by the transfinite induction, we obtain
an element W;(p) = {w.f(p)}=F(p) such that

(3) Ve(p)~Ws(p)
and

(4) if 0<<E<B, then w. (p) Dw.(p) forall o, 0<alo.

Case 2. B is an isolated number. Since W;_1(p)>Vs(p), by the above Lemma,
there exists an element W;(p) = {w./(p)} EF(p) which satisfies (3) and (4).

Therefore, by the trantfinite induction, we obtain elements W;(p)={w.’(p)} <
F(p), 0<B<<w(F(p)), such that

(5) Vi(p)~Ws(p), 0<B<e(F(p))
and

(6) if 0<é<r<<w(F(p)), then w.(p) Dw.'(p) for all @, p<La<o.

From this and the assumption o(F(p))<lw, using an analogous argument stated in
case 1, we can find an element U(p)=F(p) such that W;(p)>U(p) for every B,
0<<B<<w(F(p)). This is a contradiction.

Definition. Let p be a point of R and T(p) be a subset of F(#). An element
V(p)=T(p) is called a minimal element of T(p) if V(p)=>U(p), U(p)ET(p) yield
V(p)~U(p).

Proposition 6. Let p be a point of R. If there exists a non-empty subset T(p)C
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F(p) such that

1) forany V(p)EF(p) there exists a U(p)=T(p) which satisfies V(p)=>U(p)
and

2) sup {y|y isa type of a maxrimal sequence of elements of T(p)} < o,
then there exists a minimal element of T(p).

Proof. Suppose that the proposition does not hold. Let V(p) be any element of
T(p). As there is no maximal element in T(p), we have a sequence of elements of
T(p):

(7) V(p)=Vo(p)>Vi(p)=>-=>V(p)=>--. 0<.8<y (7 is an ordinal number)
such that, for no U(p)=T(p), we have V;(p)>U(p) for all B, 0-8<Cy. Since (7)
becomes a maximal sequence in T(p), v<o. But, by 1). (7) is also a maximal
sequece in F(p), hence o(F(p))-_y. Thus by Proposition 5 we have o(F(p)) =7=o.
An analogous argument stated in the proof of Proposition 5 provides elements W.(p)
= {w.(p)} of F(p), 0-_B<<w, such that

(8) Vi(p)~W;(p), 0-p<o
and

(9) if 0- i<7<<w, then w. (p)Ddw.(p) and r(w.(p))<r(w.(p) for all «,

I<a<w.
Put, for each e, 0<Ca<<w, w.(p)=w."(p). Then W(p)={w.(p)} is an element of
F(p) such that V.(p)>W(p) for all 8B, 0<CB<<w=7. But, by 1), there exists an
element U(p)=T(p) such that W(p)>U(p). This contradicts the maximality of
().

Corollary 1. Let p=R. If there cxists a non-empty subset T(p)CF(p) which
satisfies conditions 1), 2) in Proposition 6, then there exists a minimal element of F(p).

Corollary 2. Let p=R. If there exists a totally ordercd non-empty subset T(p)cZ
F(p) which satisfies conditions 1), 2) in Proposition G, then there cxists a minimum ele-
ment of F(p).

Proposition 7. Let p=R. If F(p) is finite by identifving cquivalent elements,
then there exists a minimum element of F(p).

This follows at once from Proposition 1.

Definition. A mapping t: R-»PgRF(p) is called a f-map if «(p)eF(p) for
each p= R. For f-maps 7, o/, we write ' >t if t(p)>7"(p) for each p=R.

Proposition 8. R is metrizable if, for cach p=R, F(p) is countable by means of
identifying equivalent elements and the following conditions are fulfilled :

1" The condition 1° in Proposition 2.
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2" There exists a f-map v such that, for any f-map v'>t, the condition (4) in
Frink’s Theorem holds for elements of v'(R).

3" The condition 3° in Proposition 2.

Proof. From Proposition 2, it is sufficient to show that there exists a minimum
element of F(p) for each pR. Let p be a point of R. For V(p)eF(p), put
[V(e)] = {U(L)EF(p) | V()~U(p)} and put E(p) = {[V(RNIIV(pEF(p}. If
E(p) is finite, from Prosition 7, there is nothing to prove. If E(p) is not finite, we
can write E(p)={Cy, Ci, C, --- }. Let V,(p) be any element of C,, 0<n<w, From
Proposition 1 we obtain, by induction, a sequence of elements of F(p):

Wo(p)>Wi(p) > >Wr(p) >+, 0<n<<o,
such that V,.(p)>W.(p) for all n. Clearly the set {W(p), Wi(p), Wa(p), ---} is
totally ordred and satisfies conditions 1), 2) in Proposition 6. Hence, by Corollary

2, there exists a minimum element of F(p).

5. Notes.

(1) Clearly, the condition 3° in Proposition 2 can be replaced with the following
axiom (D*) in [2]:

(D*) For any distinct points p, g R, there exists a non-negative integer m=
m(p, q) such that v(p) N v(g)=0 for any v(p),v(e) € U B

m<nwg

(2) In Proposition 8, can we replace the condition 2’ with the condition below ?

For any v.(p)=%B, there exist a non-negative integer m=m(v,(p)) and v,(p)
eBn(p) such that n<m<<w, and v.(p) Dvn(p), and if v.(p) has a point in common
with some v.(q)EVn(q) then there exists un(g) =Bn(g) which satisfies u,(q) Cv,
(#) and un(q) Non(p)7O0.

Further, in the above condition, if we change under “if ---” to “if v.(q) is any
neighborhood of rank  for which vn(p) Nvw(g)=~0, then v,(q)Tv.(p) ”, how goes
the above question ?

(3) In Proposition 7 and Proposition 8, F(p) need not be finite or countable by
means of identifying equivalent elements. It is enough to assume an existence of a
non-empty subset T(p) CF(p) which is finite (in Proposition 7) or countable (in Pro-
position 8) by means of identifying equivalent elements and satisfies the condition 1)

in Proposition 6.
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