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The thermodynamical conditions for a second order phase transitions ac-
companied by the changes of a direct-product group symmetry are given according
to the Landau theory. The present theory explains successfully the phase transitions
of the system possessing order parameters which correlate with each other.

Since the publication of the phenomenological theory of Landau [1] on the
relations between the second order phase transition and a symmetry change, recently
many workers [2] have been mainly interested in the transitions of systems having
a coupling between different degrees of freedom.

In this report we apply the Landau theory to the second order phase transitions
accompanied by the changes of the direct-product group symmetry of two groups .1
and B possessing the different characters; these have no common element except
for the identity and any operator of A commutes with any operator of B. Then,
the present theory can give a good explanation for the transitions of the system
having order parameters which correlate with each other, for examples the liquid
crystals [3] and the ferroelectrics [4] which are, however, the systems giving arise
to the first order phase transitions.

A density function p specifing the internal variables can be decomposed into a
sum of the basis functions belonging to the irreducible representations of the direct-
product group Ax B, these functions are formed by the basis functions ¢,* and v.*

belonging to the irreducible representations of A and B respectively.
p=rpot+ Z'ZC DS ynd = py + Op (1)
where the sum does not contain the function belonging to the identical representation
of AxB.
Near the transition point, a thermodynamic potential ¢ can be expanded into

by a power series of 3p about p,, as Sp becomes zero contiuously in the second order
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phase transition. We must construct @ by the invariants under all operations of
AxB. On assuming the functions have already been determined, we consider the

invariants for the coefficients C,* and D.?.

® = by + 2 A b C. + z’ AP T DS+ g” Ay ”EyC,,“ D/, (2)
where each sum does not contain the functions belonging to the identical represen-
tations of A and B, and A’s are depend on the temperature and the external forces.
Hereafter we will consider only the single representation of AXx B.

When we introduce, according to the Landau theory, order parameters ¢ and 7
which are concerned with the symmetry change of A and with of B respectively,
and take account of the third and fourth order terms of those, @ can be given by

the equation ;
O = @y + Ayo? + Azp? + B1o® + Ban® + Asz0?np? + Ciot4 Cont. (3)

It is to be noted that ¢ and » interact with each other through As. As the third
order terms in equation complicate the problems, we will neglect them to see through
the essence in our approach.

Under the constant external forces, the equilibrium values of ¢ and » are
obtained by the roots of the first order partial differentiations @, and @,,
1) ¢=0,7=0;
(2) 6=0, n* = —A2/2C;; 02 = —A/2Cy, =10,
3) 02 = (A2A3—2A:C2)/(4C,Co— As?), 72 = (A1A3s—2A2C1) /(4C,Co— As?).
These roots must be real and the minimum point of @. The latter case is given by the
conditions for the second order partial differentiations; @,,>>0 and @,,90,,—®,,2>>0.

We study first case that when the temperature of the system is lowered down
through the transition temperature T,;, the symmetry of the system changes from
AXB to A’ xB’ where A’ and B’ are the subgroups of A and B respectively. In
each temperature region, we have the equilibrium values of ¢ and » and the
thermodynamical conditions ;
(a) T=T:; 0=0, =0, A1, A2=0,
(b) T<Ty;, o=x+a, n==2mn, As/2C;<<A»/A1<<2C,/As.
The values of ¢ and » are continuous by the conditions A;, A.=0 at T,.

We study next case where the symmetry of the system changes from Ax B to
A’ x B on passing through T; and A’ xBto A’ x B’ through T, (assuming T,>T>).
We get the followings under the conditions C,, C.>0;

(¢c) T=T:; e=0, =0, Ai=0, A:>0,
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(d) T>T=T,; 2=—A1/2C, =0, Ai1<0, A14:=2A,C,,
(e) T<T, ; o=ta, n==xn, 4C1C:>>As% A2A3>2A:C., A1As>2A.C:.

Our theory is more applicable to the systems giving rise to the first order phase

transitions, in this case it can be easily shown that we must take account of the

third order terms in eq. (3).
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