On Poincarée duality theorem of infinite

cyclic covering.
* w = 54

§0 B i
Infinite cyclic covering (D Poincaré duality theorem ICDU T4, Combinatorial manifold D
A% 1968 (T Milnor [1] MRNTWV S, T D XIE Topological manifold DIFAITDONTHE
AtebDT, MPFRKOKDIITK B,
T OH
M % compact connected topological n-manifold without boundary & U, M % M L orien-
table infinite cyclic covering &3 5. REE L TRAKF Z2EZ S TODK, dL He(M : F)
MBF ETHRERICIZ 21251,
H"Y(M : F)=F
HY(M : F)=H,_,.,(M : F).
X 5T cup product oparation (LK - T

H'M: F)Q H (M) —H"(M : F)=F

MO 31D,
OMx9p O& & FEBICKRD XD ISEEMRD LD,
M % boundary D& % compact topological n-manifold. M % M F® orientable infinite

cyclic covering £ 3 %, & L, H. (M) DEREAR F ETHBAERICIE A1 51E, cup product

operation {Z XK - T
H'(M : F) QE™''(M, oM : F) —>H""(M, 6M : F) =F.
MR D 3D,

FE MR DA
3L DIT, kithy O—EDH 3L [31[4]1[5]1[6] 55 levery compact topological manifold
M (T finite complex K (D homotopy type 2 &D] & & M5 T BEDT, topological manifold

FDRE* finite complex FDOEICO XK.
X1, M % M O infinite cyclic covering, K % K L@ infinite cyclic covering & L fc&
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%, M & K O homotopy equivarent 75 M & K e LT bk IrDC & ERT
homotopy equivarient 73 5 (¥ homology group »3% L U 5 & &3 [finite complex K LD

infinite cyclic covering K #% poincaré duality theorem ZH7z LT3 ] ¢ & N EET IS
5. TOAEPOHTHEREBE A LTINS “ends” IC DWW TIRH 2RI LTk~

§1. M=K opzB

i &A1
. fEED compact topological manifold M™ |3 finite complex ¢ homotopy type % & D,
E

£, OM=¢ D& &x%%Z%. M %, normal R*™ bundle v b D>k Hic RS ®HiC imbed
9% (Milnor [8]). total space E(v) 13 RS OHT open set & U TCEZAESE I N 3. 4,
S(v) % sphere bundle £33 L. SWXR=EQW)—M i EQ)DHD open set & L T
&I, R.C.Kirby[4] 32 7.2 & S(v) 28 PL submanifold i€75% X 5 ic, EQW) Lo PL
strucure =& X 5 B TXx 5. Z OB disk bundle D) X PL THY, finite complex T&H
5. UL»d D) & M © homotopy type 2 b Db 53K 2 FE R 0E S h 7z,

RIT, OMxg DE&%2EZ %5. M O double 2M % imbed L 72 & % normal R5™-bundle
T vy EF5. KREO 7.2 2FESE, S(lM) UD(G:|0M) % PL submanifold IC 75 3 & 51
EETE5. TOF, ZAKESEIXN S finite complex Do (M) 25254, ZHIE M @ homo-
topy type b -> T3,
iy A 2

M % compact connected topological manifold. M % M ) oriented infinite cyclic covering
manifold, K Zfirfl 1 TfE->7c M & homotopy type D% L (> finite complex &9 3. X BIC
K % K O oriented infinite cyclic covering manifold & 4% &, M & K &/3[f L homotopy
type &b,
iE BH _

K M1 THES Nk M &F—® homotopy type % & finite complex 7275, map f
K—M, g; M=K KL T, gf=id, fg=id L15->TW3. 4 K %, M % f T induce L7z
infinite cyclic covering & U TYES &, K= (&, &) |7 =f&), kEK, s€M, 7: M—> M}.

WICER [ K—M, ¢;M—K % Fhs)=s, 0= n(),s) LEHTBE, Fg®
=flg-n(®), =5 £13D, [ g=idii. 51 g ) =g&)=(g-7(), =f®), )=
) &MY, g f=idi. #>T M & K &id homotopy equivarent T 5.

§2. Ends

- COHITIL, finite complex D{FED infinite cyclic covering 252 DD ends % & DT & %R
3. (cf. Epstein [2])

E
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locally compact space Y @ end ¢ &3, % compact subset KCY T 5EES Y—K D
1508 ¢(K) 20X 43EKT, KCL OLxidn>Thd e(®) De(L) &85,

locally finite simplicial complex K @ ends DO e(K) &id K O finite subcomplex L %3 K
Az & X X7 infinite components D n (L) O ERTH 5.

/- CX(K) # finite cochains, C*(K) % infinite cochains & 3 % &, exact sequence:0 —
Ct(K) —— C*(K) —CF(K) — 0 218515, HR7ZHE T, homology exact sequence : 0
—H;(K) —H" (K) —H; (K) —H}(K) —H!I(K) —biF 5N 5.

o3
vector space H. (K) @ dimension [ K @ ends O¥ITHL L.
dimH, (K) =e (K)
CI .

H, OITEOIEIEZ D coboundary #8 finite l-cochain & 785 cochain ciC & »> THRDHINS.
5%, dc 13H S finite subcomplex L DM TIZO0 THS. WA, ¢ i K—L OZ®RIE
T constant 1T78 5,

H? O linearly independent elements % 0 - cochain c1, cg=cn & F 5 &, K—L OERS
25 infinite 1C75-> TWT, L b, & o BENE N DS ET constant TH S K 578 finite
complex L 723769 5. H; ORITEIF BI0 ¢ D linear independence &£ 0, n<n)<eXK) &
13 %. WA, dim H, =e¢(K),

5¥1C, finite subcomplex L Z @/ LT, # (1) fHl® infinite component 28I 7c LT 5.
7 (1) 13#175 - 72 O-cochains % 1 DD ETIR 11T, TOMTROICIE 5 & 5 IClE 3.
ZN 5D cochain 13 H @ linearly independent ST % E#HT 5. WAL #(L)=dim H, &
720, e(K)=dim H,

FodmEm s e(K) 13 K @ lskelton OARIIREL TNB T &5 5.
iy 4

K 738 finite, K — K 725 7 (K) =G  subgroup H ICX}IJ3 9 % covering space &§ 5 &,
H, (K), HY(K), H(K) @ G H, BREAFICOAKETS. X H 2 G T normal 725,
H (K) 3 G/H COHRKET 3.

W

HI(K) =Hom (1 (K : 2), F) =Hom(H/[H, H], F) 75, HI(K) K>\ TRIEH S hi.

g B (K) & HU(K) OEMIREL L30T, BEEHE->TEHTE. §2 0 H»5F~
DEMEEE TS, [Hy) % G O H O cosets DERET S, @ % subgroup {fIfE T, @
fhg) =fR)+f(g), ® BEELK g TIEEAETNTO I ICHLT, fyg) —fly=0}Cg &
T2 @O MDD @ 13 coset DRETT yi DBVFICESIRNT ENS B, RIC @ % subgroup
flfeg, ® & @ R ® f) =0} <@ &35, © & ® 5 fed, g=EHY X5,
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f@=fy) &753. &5, P % subgroup {flfEF, @, @ & @, RU @ HBEELL k
LIBEALELTD i ITHLT, fly) =k Ch T 5.

ME4IROGES HOEON B,
o B8 5
 Z} % K O finite lcocycles DBEL T2 &, 12D =0, 2(0C°NZY =Py, 1(3C)) =Pp % &HI<
THEF 10— BWEET 3.
it B3

#H OSK LOEAS 0K 2B iy 2 K WTHRA P BB BEELZZ. 4, K O
T Maximal tree T %22 &, K 23 finite 7235, T & X finite 1753, T % Pi 383
kS K I lift L7cbD% Te &35, Tiid disjoint 75 finite trees TH 3,

mK)=G2g 25XT, g ZIBA O %2bD path g i€ lift T3, 20Ok 1()g=cl(p) ic
EoT, A2 ——§ BEHTE. g DBUFEEASD I g I homologous 74 &, X o
i3 cocycle 720 5, A id well-defined ThH 3,
W 6

Mz =

iE B

FPBBIC AEDCO 2RT. ZLOEBEDOT o KL T, 2t g)=c!(k g) = o)+
l(g) =2c! (W) +acl(g) LB DE, @ O D DLEMEMHL SN, RIC ¢ BHEHN P £ 5
g @ lifting £ 45 &, FEAZTNTD i IKHLT, Aet(yig) —Ac (o) =c! (g go)—e! @) =
Al =0 L1255, @ D@ OERUNELIATNE. WAk WZCA.

e, AZHDD@ ERT. @ DEEORT f KL T, Acd=f L1733 €z 25 D31 00
@578, T I3 maximal tree 7225, K OHDFTRTDEID 0 2HEA LT3 loop &85,
K OO simplicial path % w, w % K CHELdD% w &T3. w 08 Ti OHTHESE
bo& &, o) =flymw) —fly) EEHT5.

4V D w T follow XNBE5IE, (v w)—cl(v)=c(w) LB EMP B, BELD,
O EMBEN T RIC, READN T, RICHB6DETEE, yw 1 coset Hys OHICH 5. WAIC
et () = f(yaw) —f (y) =f(yoow) —~f(yr). ETAHT, @ DEEFE D %2HE S &, flyaw) —flyw) =
[f yoow) —f (o) 1—[F o) —f () 1=c! @0 w) —c! () &5 3.

bL w=1 ¢T3, clw)=flw)—fu)=fG)—f@d=0 &3, @™ =c W w)—
ctw)=0—ctw) X, ¢! H cochain IC13 2T EMF B, & AD 2simplex D boundary (3
0 & homotopic 725 ¢t I cocycle IT73 5,

RIT cocyele ol 23 finite THBZ EZRT. w % K OHTHEE Shi l-simplex & L, w;
T THA%ZLD w O lifting LT5&, @ OFHEOLY, BLEALTRTO i THLT,
() =flya) —fly) =0 &725. LT AM, K Oficid Lsimplexes BARMEL L 73
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Wi, el i3 finite THB. WAIC clEZ;

BRICCOESIL TR b cl€Z) 45 Mel=f Zifi/c 9 L AR FIEHIIES. g 13 O
EBEAELTOED S, Alg=c(Q=f@—f1) &72%. A0 @ OEHEDO XD, f(D=
fO+F, Wi, fD=0. LT, klg=f(g).

o7
A(6C°NZy) =,

Zﬁ_I-LlI

A
H!(K) =Hom(H((X), F) 75, ZiNKer(H—H!) D{LED cocycle ¢! [Z/EED cocycle
cEZ1(K) I LT <el, e>=0 &785. #HiT Z3c! B Z1(K) DEED cycle ¢ IZxH LT,
<cl, ¢>=0 &5 51F, !€ZNKer(H}—H!) &72%. homology D exact ¥ip 5, Ker
(H}—HD =Im(H, —HD =06C°. WZIiT, LOFE, ZNoC° ITHLTHKDIL> T3,

ZCT 20C°NZY C @y Zmrd. 6C°NZEK) DIEEDTT ! Z2& 5 &, fili6 XD, D0,
H OEEOIE b L TR, th=c®) =f@) —f(D=fk). &AM, b i cycle K5,
A =0. WAL f)=0. @1 ® @ OERUDBIIZINIID LKED L1585,

Wi, A@C°NZYD@Py 2RT. @y DIFEDIE f 2 E 5 &, fB6X D, f=2' &2 7%
ACZ MEET B, w B K OITED cycle E33&, w ik 0 £HAETS loop EEZ BN
2. wEM®) % pw)=w &T2&E, wEH £330 5, @)= w) =fuw) —f1)=fuw)
=0. WXIC !EJC°=Ker(HI—>H!) &30, !EaC°NZL
W oE 8
2(0Cy) =,

iE B

2@CYC @y £RT. JEZ E cl=0c° (°ECHK)) LB EIKRTEE, REALTNTO
P ITRLT, Al - yi=ct{y) =8c® (y) =c® (P) —c°(0) =—c°(0). WAIT A!EDs.

WHZ A@CYD D@ 2IRT. lEP2 EFB8E, FEAETANTOD ¢ ITHLT, el yi=k.
yi % deleyi=k E L, QEK 2527t %, PQ A2 P, b Q ~DiEETEE, Q=
d(PQ) LEHTE2Z., FETIYD, cEZIK) ITHLT <cl, c>=0 5, TOEFHFILHE
OWHHFIE S, Qr Qg A5 1-simplex 73 51T, PQQe 12 P; 25 Q ~DiiL73 5, Likh
> T, 6c®(QiQ2) =c°(Qe—Qp =c! (PsQi1Q2) —c! (P,QD =c!(Q1Q2). WZIT dc°=cl.

LCAT, BEAEARTO i LHLT, ¢®@)=c! (PP =c!(OP) —c! (OPy) = Aclyi—k=0
E-TWV5E, bL QET O & &, PR=PPQ (122U, PQCT) £33 &, c°Q=c!(PPQ)
=cl(P;Py) +cl (PiQ) =c°(Py) +c!(PiQ), WZIT, ¢°(Q)x0 51T, P50 » c°PQ) =
0, WAIC Ti A5 el @ finite support ERHBH 5, *CCHE) Lichi>T, 2(GCH D Py &

8%
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6, 7, 8oL MIEHINT.
#nRE 4 DIAERA

A5 p & H}=2Z}/0C)=@ /P2 WZIT H} ITDNTIad 4 23K D ILD.

L, H # G T finite index 75 512, K 78 finite &720, e®)=0. @ME3 L0, dim H
=¢®)=0, WAIT H=0 &75%. H % G T infinite index 2 b2 5iF, H}=0, H!=F
T exact sequence : H)—H'—>H}—>H!->H!—>{3, 0—>F->H\—>@(/@y—~0, (XL, ImH-
HY) =Ker (H!~HD = (3C°NZY/6C)=P1/P2.) L1335, Lich->T, H @1/@: & F DA
WCIRFEL TG, LA, @1, @2 31EDHEXD, G, H, F CUPKELTE VLR S, H
WDWNT b1 4 A D 3D,

JICHMGT nomal 55 &, @1={flG-G/H>F, @ f1)=0, @ EEShk ¢gE6G/H
LIFEAETRTO yEG/H ICHLT, flyg) =f} &itb, P:={{1 ®©, ®, @ HIEEX
hick &, BEAETRTOD yEG/H THLT, fly) =k &%, WAL @V/¢: 3 G/H L
RIELTOE, Licds->T, BERICKRL K exact sequence £V, HY & G/H ICOAKEL T
5.

o

@i 4XD, Group G D ends D (@) % K D ends DMEEHTE S, XL, Kid
finite complex K D regular covering T G (I covering translation group TH 3.

i 9

G 7% finite index D infinite cyclic subgroup % &2/ 51X G 3 2 DD ends £ D.
iE B

F3ILDIC H 23 G T finite index ZH DM 51, HE G D ends OFIFE LI 3 C
EERT. K— K % e(@) K93 covering £33, m® =M, mE) =N &9 3,
G=M/N, Wwxic H=L/M (/z#ZL, L {3 M T finite index 2bD). £ AT mE)=
L &175% covering K—K'—>K #% 275, K’ |i finite complex TH%. WZIT covering
K—KiZe=e®) 2522, LOFEHFLD e®) =e(@), WZIT e(H) =0(3).

4 R % real line & L7c& &, covering R — S' {d covering transformations @ group & U
T, G Tfinite index % & -D infinite cyclic subgroup H & ->TW3%, AN R E 22D
ends 25> TNBEDT, e(R)=2, LDOEHID e(M)=e(R)=2. £ HH, FLDITHENT
&k, HE G @ ends OBIZEHLOAS, e(@ =e(@)=2. D% O, infinite cyclic group
GiE22D ends 1D,

§3. TEEODIA

§1 X, M=XK. homotopy equivalent T&H1IF, homology group ML W5, Hi (M) =
He(K). UL7edsoT, EHEIZ, K B0 TERTUE L,
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&

5% e®) ZEATOAEEDHES NCY Z end e DIHEENS. 1 DD end % modulo &
95 Y @ cohomology group H'(Y. ¢) {3, N M e OF N TOHEMEEZH L & & 0 group
H'(Y.N) @ direct limit & FEHEINS.

7 & 10

¥ F 134k&9 5. K A3 finite complex K o infinite cyclic covering T, Hy(K : F) 78
FEOBRARZ S, §21cH532 K D2oD endse, ¢ KL T, HYXK, e, F)=
H*(K, ¢/, F)=0 &3,
it M

K 7% finite complex 775, K (% covering transformation group @ D F TOEH 171K,
K, tK, 2K & 5T cover NTW3 . |i—j|=constant 1T L TIF #KNK=g. [HF
DA K & KNiK 28 REL TH L.

end e DFEFE N OFEHRLD, N,=tPKU KUK - 2120 end e(K) DFEfEE 13-
T3, EEE, NoDONiDONgD---- [EAFED 1 DD cofinal sequence &75 3, BIOELETNLIIT,

e DATDHFBRIPEZN, ZEATVEENZ . AKICL T, Nq=t""KUt 97K+ F o)
15D end & @ cofinal sequence 7%, LT AMNLEDEHID, He(K, e)=lir)n B* (K, N,)
P-+oo

G, HE 10 13 lim H*(K, Np) =0 ZEHThEI0,
F 3, 1 UHIT, —I)I*No 3 F ETHREL S, 188735, Meyer-Vietoris @ exact sequence :

R Hi(NoNNp — H:(No)D Hi(Np) — Ht(f{)“@" ------ BN T, Hi(K) BIEEXLE
FRLERETH D, NoN, 25 finite complex 775, Hi(NoNNy) & BMRARK &7 3. w3 iz,
HiNo) DSEREKR SIS,

i He (K, No) &TEMRERRICIE S, 758725, Meyer-Vietoris ¢ exact sequence :

—>H,(Ny) — H,(K) —> H, (K, No) —>His1 (Ng) —> +++ev- BT, H(K), Hen
(No) DHBERZ, S, Hi(K, No bHRER L7253, LihioT, $3 finite subcomplex
LCK DHELT, #EE He(L, No —H4+(K, No) 2% onto &72 3.

N-sDL &2 E51C, T4rR&E L, &F Nos=t KUt VKU UKUIKU -+ B L,
He(K,No) & Nos O cycle THbEINE, D%V, #EK He(N_, No)—H«(K, No) »8
onto £75%. Wit (K, Noy, No) icxtd 3 triple O exact sequence :

—>H,(N_;, No) —H, (K, N, —H(K, N —>H.,(N_, Nj)—> 25, #[
# Hi(K, No—H(K, N_o) 12 0-map &755.

oz & Xy, triple (K, Nos, No) 55 triple (K, Ny, Npss) ~O automorphism £7** %
EZDE, TRTO p Ll T, HRDERE Ho(K, Npo) —H«(K, N») 75 0-map &75
LEHBEE >0 B12FEETS. B F BIK7ZH 5, dual cohomology homomorphism :
H* (K, Np) —H*(K, Np+) X 0-map &85, waic, H* (K, o) =lim H*(K,N») = 0.
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O™ 11
H«(K : F) 2 F FCHERERK S, ROFEMRK DI,

H! (ﬁ : F) =H,_1-4 (E F)

H'(K : F)QH" (K : F) —H""'(K : F)=F.
it B
K I3 finite complex K O infinite cyclic covering T& % 25, § 1 & v, K (2 disk bundle
D) TH-7:. DO) IZMEAEN manifold 25, £ ko K L T, H*(K : NpUNg)
@ direct limit (p. g—>o0) 2B x5 &, compact support IZBF % K o cohomology £ 755,
>% D, lim H*(K : NpUNq') =H compact (K) (p. q—> o) 723,
(K, N», N)) ic %93 Meyer-Vietoris 0 exact sequence {C%tL T, direct limit % & 3 &,
ROEDTF D sequence A3 exact & 78 5.
—H"(K) —H'(K, N, UN)) —H'(K, N,) PH'(K, N;) —>
la.l ld.l ld.1
—QHi"(ﬁ)—i’H‘ compact(K) —> 0 P 0 —>

L7zhio T, H-VW(K)~H* compact (K)-@. & %%, §1 kb, K & M &2 homotopy
equivarent 727 5, Hs(M) =H«(K). M (2% DD % topological n-manifold 722> 5, Poin-
caré duality theorem (Spanier [7]) MKV ILD>. WZXic, H compact (M) >Hos (M), U728
- T, H'compact K =~Hp-1 (K)o @ L@y, H Y (K)=H.-«(K)., 2CTi% i—11K
BE#i b &, H(K)=H,1-(K) E73 D, duality iso HFERH T &7z,

BRICEY F T He(K) BBEBERO L %12, RORD LD dual pair iITxL T cup
product 7% operate LT, sCH"'(M), yEH (M) gL T, 8 Uy=38@&Uy) 2> &,
RKDBERBELNS,

H'’ compact (E}{;X)H“‘%E) Yog conr%pact (K)=F
= =10
HEE) @ H(K) T-H7(K).

FAEIC U T relative OEA I XN S,
' O 12
H+K 4k F L THRARRE S,

H 'K QU (K, 0K) —H"'(K, /K)=F.
i

ZOWRICH L, 2 FROEIREEE D - R RFEZISHRESR LI E RS RL 9. 0,
KX O—IPIT [SRHAROMEMAE] TFEES QIT1E 11 B, F)ID KB TRELK,
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