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Foralinkdiagram,aGausscodeisoneofreprcsentatio､ｓｏfthediagramusingcrossinglabels,andtheSeibPt

systemisaplaneHgm配wMchgivesageomeMcalcharacteristicofthelinkThenumberofcirclesinthesystemgives

anefYbctivewaytodeterminethebraidindexofthelinklnthisarticle,weintroduceanothermetrictoinvestigatethe

braidindexofalink,whichiscomputedinapuMycombimutorialmmnerfromtheGausscodeofalinkdiagram,and

showthatourmetricisequallye縦ctiveasthenumberofcirclesintheSeifertsystemofthediagram．
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LIntEDduction

h[4Lweshowedthatthebraidindexofalinkcanbedetenninedbycountingnumbersofstrictlyincreasing

maximalsubsequencesofsequencesobtainedftomGausscodesofitsdiagrams,andconjecturedthat,fbreach

linkdiagramD,thennnimalnumberi(D）ofsuchsubsequencescoincideswiththenumbers(D）ofSeifbrt
circles

ThisarticleisdevotedtogiveanafTirmativeanswertothisconjectureThatis,weshowthatj(D）isalways
equaltos(D)．

Furth風weprovideanalgorithmtoobtainalabelingofcrossingsofDwhichgivest(D).Thecomputational
quantityofouralgorithmisO(〃）inbothtimeandspace,withnthenumberofcrossingsofD・

SinceweneedtovisitallcrossingsofDtocountthenumberofSeifertciｒｃｌｅｓｏｆＤ,wecanconcludethat

computingi(D）isequaUyeffectiveascomputings(D）ｉｎtheviewpointofcomputationalquantity．

２.Seifbrtsystemsamdbraidindices

LetLbeanorientedlinklandDbeadiagramofLByapplyingthefbllowingdefbrmation
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（２１）

toaUthecrossingsofD,weobtainasetofmutuaUydiSjointorientedcirclesandlineswithsignscomecting
thosecirclesThissystemiscalledSeifertsystemofD，eachcircleinthesystemaSeifbqtcircle,andeachline
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ConnectingtwoSeifbrtcirclesaconnection・TheconnectionsofSareinone-to-onecolrespondencewiththe

crossingsofnSoweidentifyaconnectionofSwiththecolTespondingcrossingofDthmughoutthispaper・
Wedenotebys(､）thenumberofSeifertcirclesofthediagramDafter[5ｌ

Ｉｎ[5】,itisprovedthatDcanbedefbrmedintotheclosureofabraidwiths(D）strandMndthat,asan

immediateconsequenceoftheresult,thebraidindexofthelinkLequalstｈｅｍｉｎｉｍｕｍｏｆｓ(D),swithD
varyingallthediagramsofL

DefbrmationofDintoaclosedbraidisperfbrmedasrepetitionofamoveofaSeifertcircle・Ｅachmoveofa

Seifbrtcirclemayormaynotgeneratenewcrossingslfnewcrossingsaregenerated,theyarenecessarilyofthe
fbrm
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Ｔｈａｔｉｓ,ｔｗｏｎｅｗｃｒｏｓｓｉｎｇｓｃ１ａｎｄｃ３ｐｅｒｏｎｅｏriginalcrossingczaregeneratedinsuchawaythatthe
originalcrossingsisplacedbetweennewonesalongthemovedcircle

3.Gausscodesandbraidindices

WekeepthesamenotationsLandDasintheprevioussection

LetL1,…,LmbetheconnectedcomponentsofL,Ｄ,,…,DmtherespectiveimagesinD，ｃ(D）thesetof

allcrossingsofD,〃(､）thenumberofelementsofc(､),and′:ｃ(､）ヨｃ－（c）Ｅ（1,…,〃(､))aone-
to-onemapping・

WechooseapointBonastrandofDidiffbrentftomanycrossingfbreachlニビニ几Westarth｢omP1and

walkthroughD1afterthegivenorientationuntilwearliveatBagain,andrepeatsuchwalksonallD2,…,Ｄｍ、

Foreachcrossingc,wepickupthepositiveinteger（c）whenwepassthecrossingcalongtheoverstrand，

orthenegativeintegerプ(c）whenwepasscalongtheunderstrandwhilethewalkForeachDi,byaITanging

theintegersfbrallcrossingsafterthewalk,wegetasequenceofintegersThelistofthesesequencesfbrD1,…,Ｄｍ
ｉｓｃａｌｌｅｄａＧａｕｓｓｃｏｄｅｏｆＤ

ＷｅｃｏｎｓｉderthelistofthesequencesofpositiveintegersobtainedbyreplacingallintegersintheGausscode

withtheirabsolutevalues・Eachsequencesplitsintomaximalstrictlyincreasingsubsequences・Ｌｅｔ

j(D抗日,…,B､)bethesumofthenumbersofthesessubsequences，ｉ(D）betheminimumofi(D;たP,,…,Ｂ､）

fbrallmappings′andallchoicesofstartingpointsB,…,Ｂ､,ａｎｄｉ(L）betheminimumofj(D),sfbrall

diagramsD，sofL

ASeifertcircleCofDisdividedintooneormoreorientedarcsbyconnectionsLetabeoneofsucharcs，

cthecrossingcorrespondingtothestartpointofa,ａｎｄｃ’thecrossingcorrespondingtotheendpointofqWe

calMincreasingif/(c)〈／(c'）

Ｌｅｔｂ(L）bethebraidindexofLh[4Lbycountingnon-increasingarcsineachSeifertcircle,weshowed

thefbUowingtheorem
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The０１℃、3.1.ｊ(L）ｅ９ＭＭ)(L)/b、")'ol7e"〃ﾉｶﾞ"ＡＬ．

4.TheminimalmmberofmaximalincH℃asingsequencesofaGausscode

ln[4Laddingtotheresultdescribedintheprevioussection,wereportedaboutourcomputationsofj(D),sfbr
diagramsD,sinthewell-knowntableof[1]:theyareallthesameass(D),sAndfilrtherwecolUecturedthatthis
resultwillbeextendedtoanarbitraryoIientedlinkdiagram

Wenowshowthattheanswertothisconlectureisa舐rmative

ForanyoIientedlinkdiagrａｍＤ,asdescribedin§2,byapplyingmovesofthefbrm(22)totheSeifertsystem
SofD,weobtainaSeifbrtsystemS’inwhichallSeifertcirclesshareasinglepointOastheircenterandhave
thesameorientationaroundOWeanFangetheconnectionsinS’insuchawaythatanytwoconnectionsare
placedontwodifferenthalflinesstartingftomO

WechooseanarbitralycrossingcOofD，andconsiderahalflineincludingtheconnectioncoinS’and
staltingffomO

WemtatethishalflinearoundOuntilitmeetsthestartingconnectionagain,andassigntheintegersl,2,…in
ordertoaUthecrossingsafterthisrotationWedenotetheassignedintegerby′(c)fbreachcrossingcofD'・
ObviouslyeachcircleinS’hasoneandonlyonenon-increasingarc

WeconsidertheinversedefbrmationhPomD’ｔｏＤ,andshowbelowthatthenumberofnon-increasingarcs
doesnotchangeineachstepofthisdefbnnation

WedenotebyCt，Ｃｈ,,andCb,theinnercircle,themovedcircle,andtheoutercircleineachinversemoveof
(2.2),repectively

Fornotationalconvemence,ｗｅｄｅｎｏｔｅｂｙＣ'ｍａｎｄＣ'０，thecirclesChuandCbaftertheinversemove
lespectively：
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Inthemove,clossingsc1andc3disappeaLandc2isnewlyconnectedtoC'o・HencethecomectionsaIong
Cidonotchange,andthosealongC'msimplyreduceAndsoitisclearthateachofthesecirclesstillhasone
andonlyonenon-increasingarc・

WeinvestigatethecircleC'０．

１，case′(ci）＜′(c3),thenon-increasingarcofGnmustbeincludedinthearcBPomc3tocmSincethe
numberofnon-increasingarcsofChuisl,itmustholdthat

八Cl）＜／(CZ）＜／(C3）

Incaser(c,）＞′(c3),sincethenumberofnon-increasingarcsofcoisl,itholdsthat

′(c3）＜′(c）＜′(Cl）fbranyconnectioncalongCb

(42）

(43）
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ｌｆ(48)holds,thearchmc''tothefirstmemberoMistheonlynon-increasingarcofC'０．
１f(49)holds,thearcfiPomthelastmemberoMtoc''istheonlynon-increasingarcofC'０．
Bysimilaralguments,weseethatthenumberofnon-increasingarcsofC'oislalsointhecasewhelCjust

oneｏｆｃａｎｄｃ’disappearsafterthemove

Thuswehavethefbllowinglemma

Ｌｅｍｍａ４､1.Ｆｂ、")'o伽"〃肋肋とUgｱ、〃Ｄα"αcmWmEsJ"ｇｃｏｑ/Ｄ,伽'UexjMsaJzz"?,6α勉gq/cmEs7卿
q/、剛cMizJMJcﾉｾ馳旅汀c加化伽olleq7D`ﾉolTb'ｍｅ"o"J"c1℃czsumga71M72zJ伽Mie"z""6e7cmg7Teamco
Zs腕e加加〃""2．

IfstartingpointsE1,…,脇aretakeninsuchawaythatthefirstcrossingofDiisminimalamongthepossible
choiceswithrespectto′fbreachl三ｊ三ｍ,ｉ(D;たＰ,,…,B､)iseqUaltothenumberofaUnon-increasing
arcs､Hencewehavethefbllowingtheoremasanimnediateconsequenceoftheabovelemma

TheoFem4､2.j(Zlﾉe9zuzJjFs(ZWb7a71yme"〃肋MZUgｱ､"、

５.Analgorithmtominimizethenumberofmaximalinc唾asingsubsequencesofalinkdiagmm
LetDbealinkdiagramofanoIientedlinkasintheprevioussections、
ChooseacrossingcOofD,andaSeifertcircleCbofDtowhichcoconnects

WedefineanorderofallcrossingsofDinductivelybwithrespecttowhichcOistheminimum
First,letc1,…,ci,betherestofthecrossingsconnectingtoCb,whereindicesO,1,…,Pareassignedafterthe

orientationofCbWedefinetheorderofthesecrossingsascj＜Gifandonlyift＜j
AssumethatwehavedefinedordersofallcrossingsconnectingtoSeifeItcirclesCb,…,Ｑ,andthatthcreisa

crossingconnectingtooneoftheseci１℃lesandtoaSeifertcircledifIerentfmmanyofCb,…,の
Letｃ'betheminimaloneamongsuchcmssin9s,andCb+，theSeifbrtcircleotherthanCb,…,Cl１，towhich

c'connectsWedefineanorderofthecrossingsconnectingtoCb+lwithrespecttowhichc'istheminimum
amongthecrossings,bythesamemannerasfbrCb・

Theremayexistcrossingsc'，＜ｃ'zconnectingtoQ+，suchthateachofthemconnectstooneofCb,…,角、
HoweveLthankstoLenⅡ､ａ4.1,theneworderofthesecrossingsdoesnotconflictwiththeoldone・

Aftercompletingtheaboveprocess,wecandefineamapping′ｏｆc(､)tｏ（1,…,〃(D))insuchawaythat
'(c）＜′(c'）骨ｃ＜ｃ'、

ThisprocesscanbeeasilycodedwithanyprograminglanguagewhichsupportsonedimensionalaITays・A
sampleprogramisavailableat[3lInthisprogram,threeone-dimensionalarraysareusedThefirstonerepresents
thelinkdiagramD,thesecondoneisusedasafirst-iMast-outbufIertokeepthecmssingstobeprocessed,and
thelastoneexpressestheavobementionedorderofthecrossings・

SincethenumberofmembersofthesealTaysareproportionalto〃＝〃(､)asseenfiPomtheprogram,the
computationalquantityinspacｅｉｓＯ(〃)Furthereachcrossingisprocessedwithinaconstanttime,sothe
computationalquantityintimeisalsoO("）
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