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FlemingandMeUorextendedthenotionofchorddiagramsonci正lestogeneralgraphs,andgaveplanality

conditionsoftheminvariouscases・WefbumdaHawiMheproofofthecasewherethebasegraphsaredirectedand
haveMdges・WeshaUcorrecttheproofandgjveasimlarconditioninthenon-diuTBctedcase、
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血n℃ductiom

In[1】,FlemingandMellorextendedthenotionofchorddiagramsoncirclestogeneralgraphs,aimingto
provideanewtoolfbrspatialgraphtheolyOneofthemaingoalsofthearticle,istodiscussaboutplanarityof
chorddiagramsfbrplanargraphsTheygavesomeplanarityconditionsinvariouscasesWefbundaflawmthe

proofofthecasewherethebasegraphsaredirectedandhavebridgeslnthisarticle,weshallcorrecttheproof
andshowaconditionfbrplanarityofnon-orientedchorddiaglamsfbrnondirectedgraphs・Furtherwewill
discussaboutthecomputationalquantltytoexamineourcondition

LChOrddiagmmsfbrgraphs

LetG＝巴ﾘﾉ)beagraphwithedgesetEandvertexsetP:InthedefinitionbelowBweregardGasaone
dimensionalcomplexwiththesetEofonedimensionalsimplexesandwiththesetyofO-dimentionalsimplexes

AchorddiagramD＝(Ｃｅ)onGofdegreenisapairofn-elementssetC＝{c,…,ｑ､),andamapEofC

into2GV'where,fbreachcEQtheimageg(c)istwoelementssubsetofGlVWecallanelementcECa

chordofD,andtheelementsin8(c)theendpointsofcWefiJrtherrequirethat,fbranyc,c,ＥＱｉｆｃ≠c,then
itholdsthats(c)ｎど(c,)＝の

WhenGisadirectedgraplLanorientedchorddiagramDisatriplet(･巴,の,where(Ｑど)isthesameasabove，
andびisamapofUcEcg(c)intotheset(-1,1)ForcEQthetwoendpointMandBofcissaidtohavethe
sameorientationifびい)訂(B),ortheoppositeorientationotherwise

ThesedefinitionsareslightlydifferentfiPomthosein[1],butessentiallythesamelfwetakealoop(ie・a
graphwithjustoneedgeandjustonevertex)asGweobtainanequivalentfbraclassicalchorddiagramona
circle

2.ｈte聡ectiomgraphsofchoHTldiagmmsfbrgraphs

LetG＝似nbeagraphwhichmaybedirected,DbeachorddiagramonGForachordcoｆＤ,wedenote
byP(c)thesetofallnon-directedpathsinGwhichconnecttwoendpointsofc

Letc,beananotherchordofDJfanypathspEP(c)andp,ＥＰ(c，)overlap,butnoneofthemproperly
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mcludedmtheanotheLwesaythatcan。ｃ,intersectIfDisaclassicalchorddiagramonaloopGdrawnin

planeaslinesegmentsconnectingpointsofacircleinsideit,thisdefinitionindicatesthatcandc，geometrically
intersect、

Weconsiderasimplegraphノ&(､),thevertexsetofwhichisthesetofchordsofnVerticescandc，ｏｆ

尾(D)areadjacentifandonlyiftheyintersectaschordsofnWecallthisgraphtheintersectiongraphofn

3.ChorddiagmmsfbrplanargraphS

Froｍｎｏｗｏｎ,weconcentmteonchorddiagramsfbrplanargraphs

LetGbeaplanargraphPbeachorddiagramfbrG,and′beanembeddingofGintotheplaner．
ForachordcofDwithendpointsonedｇｅｓｅ１ａｎｄｅ２ｏｆＧ,wesaythatcrespectsハfthefbUowing

conditionsaresatisfied：

(1)Theedgese1ande21ieontheboundaryofasingleregionRoMG)(i・eoneofconnectedcomponents

ofnハバG)）

(2)ThisconditionisrequiredonlywhenGisdirected,Disoriented,andnoneofe1ore2isabridgelfthe

aboveregionRisonthesamesideofe1ande2withrespecttothedirectioninherited丘omthatofG，

thentheendpointsofchaveoppositeorientationOtherw心etheendpointsofchavethesameorientatio、

WhenGisdirectedandlheedgese1andezlieontheboundaryoftwodiBfbrentregions,anyoftheregions

isalwaysontheoppositesideofeachedgetotheanotherregionSowhetherornotthecondition(2)issatisfied，

ismdependentfTomthechoiceofareglonsatisfyingthecondition(1)

IfaUchordsofDreSpecMwesaythatDrespects〆

WenowdefineagraphJb(Di/)resembling尼(D)buttheadjacencyconditionissomewhatrelaxedbyusing

/ThevertexsetofJH？(D力isthesetofchordsofD・Verticescandc,ofJb(D力areadjacentifandonlyif;fbr
anypathpconnectingtheendpointsofcontheboundaryofasingleregionoMG)andanypathp,connectlng

theendpointsofc,ontheboundaryofasingleregionoMG),pandp'overlap,butnoneofthemmcludedinthe

another・WecalUH;(Di/)theintersectiongraphofGwithrespecttol

lftwochordsareadjacentiＭｂの),theyareobviouslyadjacentm妬(Di/)Hencewecanregard尾(D)asa

subgraphofJb(D力．

Letlpbeaninjectivemap9pftomthesetofchordsofDontoasetofpiecewisesmoothcurvesegmentsin

theplane彫.WecallqpembeddingofDintotheplaneextendingエｉｆ①satisfiesthefbllowingthree
conditions：

(1)ForeachchordcofD,①(c)isacurveinsidearegionoMG)connectmgtheimagesofendpointsofcby〆

(2)Fortwodifferentchordscandc,ofD,①(c)、９０(c，)＝｡．

(3)WhenGisdirectedandDisoriented,fbranychordcofD,ｅｄｇｅｓｅ１ａｎｄｅ２ｉｎ（qonwhichendpoints
ofqD(c)lie,andtheregionRinsidewhich9D(c)is,theendpointsofchavetheoppositeorientationifRis
onthesamesideoｆｅ１ａｎｄｅ２ｗｉｔｈｒｅｓｐｅｃｔｔｏｔｈｅｄｉｒｅｃtionsinheritedfiFomG，ｏｒｔｈｅｙｈａｖｅｔｈｅｓａｍｅ
ｏｒｉentationotherwise．

4.Planarityofchomldiagramsfbrphmargraphswithoutbridges

InthecaseofthegraphwithoutbridgawehavethefbUowingplanaritycondition[1,Proposition3］

Theo斑、4.1.血rG6eaphPmlWnpmI′肋。〃6ｍ』gUsb’6ｅα'2e"Tbα幼"ｇｑ/Ｇｍ〃澱2,α"`Ｄ６ｅａｃｈｏｌｚノ
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NOtethaLalthoughtheaboveconditionisrestrictedtothecaseWhereGisdirectedandDisorientedm[1L

theirproofisobviouslyapplicativetothenon-directedcase

5.PkmarityofchoHTldiagramsfbrplanargraphswithMdges

Asbefbre,letGbeaplanargraph,’beanembeddingofGintolR2,andDbeachorddiagramfbrG

ForanedgeeofGwhichisnotaloop,byreplacingewithtwonewedgese'andｅ”connectingthesame

endpointsase,ｗｅｏｂｔａｍａｎｅｗｇｒａｐｈＷｅｄｅｎｏｔｅｂｙＧｅｔｈｅｎｅｗｇraph,andcallittheblowupofeinGIfGis

directed,wegivethesamedirectiontothenewedgesase・

ForasubsetSoftheedgesetofG,wedenotebyGsthegraphobtamedbyblowmgupalltheedgesinSItis

obviousthat’isnaturallyextendedtoanembeddingofGsintoⅣLetcbeachordofD,anMbethenumber

ofendpointsofcwhichlieononeofedgesinHIfk三１，wecopysuchendpointstothenewlyaddededgesin

Gs・WewishtoaddnewchordslDDconnectingthesenewendpointsmthesamemannerascThoughthereare

2kcombinationsofnewendpointswhichthenewchordscanconnect，becauseoftherequireInentthatall

endpointsofchordsmustbedifferentffomeachother,thecombinationsaredividedtotwogroups，eachof

whichcontam2k-1pairofnewpossibleendpointsWechooseoneofthegroupsandreplacecwithnewchords
connectingthepairsofendpointsinthechosedgroupWhenDisoriented,wegivethesameorientationtonew

endpointsastheoriginalendpoints・Wedenotebyβ(c)thischosedgro叩whenlt三1,andthepairofendpoints

ofcwhenA=ORepeatingthesechoicesfbrallchords,weobtai…ewchorddiagramWedenoteditbyDg

WeconSidemnewgmp叫国(､！;丁)ｃ・ntainmgthemtersecti・ngraphIMDf;/)asaSpammingsubgraph

TWochord…､｡‘,of喀…djacentM;s(Dfj/)ifandonlyifthey…djacentinIMDf;')orcame
fiFomthesamechordofD・

TakingthesetofallthebridgesofGasaweobtainthefbllowingcriterionfbrplanarityofn
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肋q/fWefhrstshowthesufficiencyByremovingallthechordslabeledbyRof、曙,weobtainachord

diagramfbrGBsatisfyingalltheconditionsmmeorem41Hence’extendstoaplanarembeddingofthis
chorddiagramChordsinthisdiagramareinnaturalone-to-onecorrespondencewiththosemD,andfUrther，
theyarealldlawnoutsideRointheembeddingSo,collapsingRotolinesegments,ｗｅnatulaUygetaplanar
embeddingofD・

Theproofofthenecessityisessentiallythesameasthatof[1,PIoposition5],notingthatanembeddingofD
automaticaUydetermmesonechoiceβＱＥＤ

NOtethattheconditionsinourthe・remrequiresthatD:respectハVhenGisdirectedandDisoriemed，

thMquirementuniquelydetemlmeMh・choiceβWiththischoice,喀givesthereducedorientedchord

diagramfbrGB,andhenceourtheoremgives[1,Proposition5]asaspecialcase

htheproofofsufficiencyof[1,Proposition5Litismentionedthat’extendstoaplanarembeddingofthe

reducedorienteddiagramButthereexistcountere,【amplestothisstatement・Onesimplestexampleissmgle
chordconnectlngtwoconsecutivelinesegments

Asmentionedin[1LifGisdirectedandDisorienteCLthiscriterionisexaminedmpob/nomialtime・

Inthenon-orientedcasawedonothaveanyideatodetermineeffectivelywhichchoiceβgivesaplanar

embeddingWemustexamineallthe2lvchoiceswitMVthenumberofchords,ｏｎｅofwhoseendpointsliesona
bridge．
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