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Abstract

Let a be an algebraic element over the quotient field of an integral domain R. Let 3 be a linear
fractional transform of «, that is,

ca—d
ax—b

B=

(a,b,c,d € R, acx—b#0).

We give a condition that two obstruction ideals Ji, and Jig are the same under the assumption
(a,b,c,d)R = R.
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Let R be an integral domain with quotient field K and R[X] a pdlynomial ring over R in an
indeterminate X. Let a be an element of an algebraic field extension of K and 7 : R{X] — Rla] the
R-algebra homomorphism defined by 7(X) = a. Let ¢,(X) be the monic minimal polynomial of a over
K with deg ¢, (X) =t, and write:

(pa(X)=Xt+1hXt—1+"°+‘m, (7]1,... ,'I’]tGK).

We define the generalized fractional ideal of a: Ijq) = N, I, where I, = (R:r 1) = {c € R; cn; € R}.
We define the obstruction ideal of flatness: Jio) = Ijo)(1,71,- - ,7:) Where (1,71,... ,7) is the R-module
generated by 1,m,...,7.

Let B be a linear fractional transform of o, that is,

ca—d
acx—b

B= (a,b,c,d € R, aa— b #0).

We denote by R* the set of units of R and set Ag = ad — be.
Set a(X,Y) = Xtpa(Y/X). If Ag is in R*, then it is easily verified that

SOp(X) = ‘Pa(a’ b)—l‘Pu(aX —¢bX - d)'
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Set pa(X,Y) = X*po(Y/X). If Ag is in R*, then it is easily verified that

©8(X) = pala,b) 'pa(aX - c,bX — d).

Our notation is standard and our general reference for unexplained terms is (3].
Let p be an element of SpecR and o an algebraic element of degree t over the quotient field of R.
Set
¢Q(X) =Xt +171Xt-1 +et+ny, ("hs <oyt € K)

and (Ry :g, 1) = {c € Rp; omi € Rp}. Set In, (o) = Micy (By R, 7:) and Jg, (o) = In, jai(1, 715 - .- 1R,
where (1,71,... ,7%)R, is the R,-module generated by 1,7;,... ,7.

Lemma 1. (cf.[l, Lemma 1.1]) Let R be an integral domain and o an algebraic element over the
quotient field of R. Let p be an element of SpecR. Then I Ry,lo] = I[a) Ry and Jg, (o] = Jia)Ry.

Lemma 2. ([2, Theorem 19]) Let R be a Noetherian domain end o an algebraic element over the
quotient field of R. Let B be a linear fractional transform of a, that is,
co—

A= acx—b
with Ag = ad — be # 0. Assume that the following conditions hold:
(1) a is a unit of R.
(2) Ap + @ala,b)] la] = R.
Then J[a] = J[p].

(a,b.c,d € R, ac:— b #0)

Lemma 3. ([2, Theorem 22]) Let R be a Noetherian domain and o an algebraic element over the

quotient field of R. Let B be a linear fractional transform of a, that s,
co —
p= aa—b

with Ag = ad — bc # 0. Assume that the following conditions hold:

(1) b i3 a unit of R.

(2) Ag + @a(—a, =)o) = R.

Then Jig) = Jig).

(a,b.c,d € R, ac— b #0)

Lemma 4. ([2, Theorem 22]) Let R be a Noetherian domain and o an algebraic element over the

quotient field of R. Let B be a linear fractional transform of a, that is,
B= z—:‘; (a,b.c,d € R, ac — b # 0)
with Ag = ad — bc # 0. Assume that the following conditions hold:
(1) c is a unit of R.
(2) Ag + @alc, d)I[a] =R.
Then Jjo) = Jig)-

Lemma 5. ([2, Theorem 26]) Let R be a Noetherian domain and o an algebraic element over the
quotient field of R. Let B be a linear fractional transform of a, that is,
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coa—d
A= aa—b
with Ag = ad — bc # 0. Assume that the following conditions hold:
(1) d is @ unit of R.
(2) Ag + @a(—c,—d)I[o) = R.
Then Jio) = Jig).-

(a,b.c,d € R, aax — b #0)

Since
Ca(X,Y) =Y 4+ XY oo+ XY + XY,
we have Qo (—a, —b) = (—1)*@a(a,b) and pa(—c, —d) = (~1)*¢a(c,d). Hence po(—a,~b)Iq) = ¢a(a,b)]q)
and @a(—c, =)o) = Palc, d)q)-

Theorem 6. Let R be a Noetherian domain and o an algebraic element over the quotient field of
R. Let B be a linear fractional transform of a, that is,
ca—d
ax—b

8= (a,b.c,d € R, ac: — b #0)

with Ag = ad — bc # 0. Assume that the following three conditions hold:
(1) (e,b,c,d)R=R.
(2) Ag + ¢ala, b)I[a] =R.
(3) Aﬂ + Soa(c, d)I[a] =R
Then Jja) = Jig)-

Proof. Let p be an arbitrary element of SpecR. By the condition (1), we see that p Z a, p F b,
pFcorpFd Ifp Faorp F b, then, by Lemmas 2, 3 and condition (2), we have JiyR, =
Jro ol = IR, 8 = JgBp. Ep Fcoryp ¥ d, then, by Lemmas 4, 5 and condition (3), we have
J[Q]Rp = JR,,[a] = JRP![ﬂ] = J[p]Rp. Therefore J[o,] = J[m. ) QED

Assume that (a,b,c,d)R = R. Then the converse of Theorem 6 does not hold, that is, even if
Jia) = Jig), the conditions Ag + pa(a,b)l[o) = R and Ap + pa(c, d)Ijo) = R don’t hold in general:

Example 7. Let Z be the ring of all integers. Set R=2,a = V2,6 =1,b=0,c=0,d= -2 and
B =2/V2(= V2= ). Then the following five assertions hold:

(1) AgR = 2Z.

(2) Ija) = i) = B.

(8) Jja) = Jig =R

(4) A + ¢ala,b)ja) = 2Z # R.

(5) Ag + @alc,d)ja) = 2Z # R.

Proof. (1) It is clear from Ag = ad — bc = —2.
The assertion (2) is obvious from ¢, (X) = pa(X) = X? — 2.
(3) Since Ijo) C Jio) and Ijg) C Jig], We see that Jja) = Jjg) = R by the assertion (2).
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(4) and (5) We obtain ga(X,Y) = Y2 - 2X2. Hence pa(a,b) = pa(1,0) = —2 and Palc,d) =
¥a(0,~2) = 4. Therefore Ag + ¢, (a, b)Ij) = (=2, -2)Z = 2Z # R and Ag + pa(c, A =(-2,4)2Z =
9Z # R. QE.D.

In [2, Proposition 17], we have proved that Jia] = Jjaa) if aR + Ijq) = R. So it would be natural to
pose the following question: Assume that the following conditions hold.

(1) (a,b,c,d)R = R.

(2) Ag+ Il =R.

Then does the equality Jo) = Jig hold? Unfortunately the answer is negative as the following
example shows:

Example 8. Let R = k[X,Y] be a polynomial ring over a field k in two indeterminates X,Y. Set
a=Y/(X ~1) and 8= (Ya+1)/Xa. Then the following assertions hold:
(1) (e,b,c,d)R=R.

(2) Ag=-X.

(3) Ijo) = (X - 1)R.

(4) Ag+Ija = R.

(6) Jia) = (X -1, Y)R.

(6) Iy = XYR.

(7) Jig = (XY, Y2+ X - 1)R.
(8) Jia) # Jig)-

Proof. (1) and (2) are clear from a = X,b=0,c=Y and d = —1.

(3) Since @a(X) = X — e, we have Ija) = {c € R;ca € R}. Hence Ijy) = (X —1)R.

(4) By the assumptions (2) and (3), we know that Ag + Ijo) = (-X,X —1)R=R.

(5) Jiag = iy (1:m) = (X — L, ~(X — D¥/(X 1)) = (X - L,Y)R.

(6) Since B = (Y? + X — 1)/XY, we have Ijg) = XYR.

(D) Jig =Iizy(1,- (Y2 + X - 1)/XY) = (XY,Y2 + X — 1)R.

(8) We will prove that X —1 ¢ Jig). Assume the contrary, that is, X —1 € Jig = (XY, Y2+ X ~1)R.
Then there exist elements f(X,Y) and g(X,Y) of R such that

X-1=XYf(X,Y)+(Y?+ X - 1)g(X,Y).

Substituting X by 0 in the equation above, we have —1 = (Y2 — 1)g(0,Y). This is the contradiction.
Hence X —1 & Jig. On the other hand X — 1 € Jio). Therefore Jio) # Jig). Q.E.D.

Finally we prove a relation between Jjo) and Jg).
By the proof of [2, Lemma 1], we have the following:

Lemma 9. Let R be an integral domain and o an algebraic element over the quotient field of R.
Let 3 be a linear fractional transform of «, that is,
ca—d
eca—b

B= (a,b.c,d € R, aax — b # 0)
and set Ag =ad —be. If Ag # 0, then

Athw] C ¢ala,b)Ijq) C Iig
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where deg o (X) =1t.
Remark 10. The inclusion Ijg; C @a(a, b)]jq) does not hold in general as Example 7 shows.

Proposition 11. Let R be an integral domain and o an algebraic element over the gquotient field of
R. Let B be a linear fractional transform of a, that is,

ca—d
ﬁ= m (a,b.c,deR, aa—baéO)

and set Ag = ad —be. If Ag # 0, then AlJig C Jiqo.
Proof. Let K be the quotient field of R. Set
Ga(X) =X +mX* 1+ ey (My... ,m € K)

and
wa(X) =X+ X+ Ay (A,-.- X € K.

By the equality
08(X) = Pala,b) " pa(eX — c,bX — d),

we obtain pa(a,b)A; € (1,71,... ,m:). Furthermore, @q(a,b) € (1,71,... ,m). Therefore
Pala,0)(1, A1y. .., A)) € (L,m,-- 0 s T)-

By Lemma 9, we have A%Ij5 C ¢a(a,b)lj). Hence

AtﬁJ[p] = AEIw](l, Alyeee y M) C <pa(a,b)I[,,](1,A1,... yAe) C I[a](l,m,.‘. ) = Jia)-

This shows that AGJig C Jo- Q.E.D.
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