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LetRbeaNoetherianintegraldomainwithquotientfieldKandletR[X]beapolynomialringover
RLetabeanelementofanalgebraicfieldextensionLofKandlem:Ｒ[X]→Ｒ[α]betheR-algebra
homomorphismsendｉｎｇＸｔｏａＬｅｔｐα(Ｘ)denotethemonicminimalpolynomialofaoverKwith
degい(Ｘ))＝ｄａｎｄｗｒｉｔｅ

ｐα(Ｘ)＝Ｘｄ＋り,Xd-1＋…＋,7.,

whereり,，…，ＷＥＫＬｅｔ
。

北]:=ｎ(R:Ｍ`)，
ｊ＝１

where(Ｒ:Ｒりj):＝｛ｃＥＲｌｃりにＲ}ThenIiα]isanidealofRTheidealIIα]iscalledthe9enemlized
denomiMo7ideoIofaFbrノ(Ｘ)ＥＲ[X],letＣ(/(Ｘ))denotetheidealgeneratedbythecoefYicientsof
/(Ｘ)Let化]:＝I[α]Ｃ(pα(Ｘ)),whichisanidealofRandcontainsI[α｝AnelementaELiscalledan
antj-mte91MelementofdegreedoverRifKer(汀)＝I[α]pα(Ｘ)Ｒ[X](Cf[1]）Whenαisananti-integral
elementoverR,Ｒ[α]iscalledanQntj-mtegMe釘tens畑｡fRAnyunexplainedterminologyornotation
isstandard,asｉｎ[2］

LetBbeasubEingofanintegraldomaiMPutID,[α]＝ｎ是,(Ｂ:川)andJD,[｡]＝IB,[α]C(P．(X)）
Thenweobtainthefbllowing：

Theoreml、ＬｅｔＲ６ｅｕ〃mtegnclldomaintu肋quotient比ｌｄＫｑｎｄｌｅｔａ６ｅｑｎａｌｇｅｂｍｉcelement
ouerKLetB6eQM2termediqtermg6e伽ｅｅｎＲｄｎＭ＝Ｒ[α］Ｓ岬osetMaisununtj-mte9M
elementotﾉｅ７ＢＰｉＭ＝叩)ＥＡ/brsomepolZ/nomiol9(Ｘ)ＥＲ[X）〃Ｃ(，(Ｘ)－β)＝Ｒ,ｔｈｅＭｉｓ
加touerB

ProofbSinceA＝Ｒ[α],thenthereexistsanB-algebrahomomorphism行：Ｂ[X]－MsendingXto
aThenwehave9(Ｘ)－βＥＫｅｒ(赤）Sinceaisanti-integraloverB,ｗｅｓｅｅＣ(Ｋｅ７(行))＝ＪＢ,[α｝It
fbllowsthatC(，(Ｘ)－９(α))二ＪB,[α],andthusJB,[α]＝BbyassumptionTherefbreAisHatoverB
(Cf(2,Proposition34])ロ

ＬｅｔＡＣＢｂｅａｎｅｘｔｅｎｓｉｏｎｏｆｉｎｔｅｇｒａｌｄomains、Recallthattr・de9ABdenotesthetranscendence
degreeofthequotientfieldofBoverthatoM､ForaprimeidealpinSpec(Ａ),leM(p)＝Ａｐ/pApbe
aresiduefieldatp．

Theorem2、ＬｅｔＲ６ｅＱｎｉｎｔｅ９Ｍｄｏｍｑｉｎｕｊｉｔh9uotlientルノｄＫａｎｄｌｅｔａ６ｅｑｎａｌｇｅ６ｍｉｃｅｌement
oiﾉerKLeM6eQnelementqM＝Ｒ[α]suchtMβ＝叩)/brsomemomcpolZ/nomiql9(Ｘ)ｅＲ[Xl
LetB＝Ｒ[β]αMQssumethQMisqnti-inte91mlouerRm/ＭＭＡe/bllo伽gstatementsハold：
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(1ﾉ{pESPec(R)lApjs/7qtoue7Rp}＝{PESpec(R)|BpisβqtouerRル
イ)2ﾉ1ｍ(SPec(A)→Spec(R))＝1ｍ(Spec(Ｂ)→SPec(R)）

Proofb(1)TakeaprimeidealpinSpec(R）
(二)：SupposethatApisnotHatoverIBpThｅｎＰ＝PAisaprimeidealoMsuchthatp＝ＰｎＲａｎｄ
ｔＭｅ此(p)侭(P)＝１(Ｃｆ[2Proposition26]).Putlo＝ＰｎＢＳｉｎｃｅＡ＝Ｒ[α]ａｎｄｇ(α)－β＝0,itfbllows
thatAisintegraloverB,andhencetMe9侭(p)侭(P)＝０．TherefbrewegettMe外(p)侭(p)＝１，ｗｈｉｃｈ
ｉｍｐｌｉｅｓｔｈａｔＢｐｉｓｎｏｔＨａｔｏｖｅｒＨＰ．
(二):SupposethatBpisnotHatoverRpTheｎＰ＝PBisaprimeidealofBsuchthattMe9侭(p)ﾊﾟ(P)＝l
SinceAisintegraloverB，thereexsiｔｓａｐｒｉｍｅｉｄｅａｌＰｏｆＡｓｕｃｈｔｈａｔｐ＝ＰｎＲ、Ｔｈｕｓｗｅｈａｖｅ

ｔＭｅ９侭(p)代(P)＝１ThisimpliesthaMpisnotHatoverRp．
(2)ThisfbllowsfiomtheintegralityofAoverBロ

Theorem3、ＬｅｔＲ６ｅｑｎｍｔｅｇｍｌｄｏｍｑｍｕｊｉｔｈquotientルノｄＫｕｎｄｌｅＭｆ(Mleta6eon0nti-

mtegMeﾉementq/degmeedoひｅｒＲＬｅＭ＝Ｒ[α]ａｎｄﾉetB6eQsu6rmgqMcontainiMRSuppose
tMAjs加川ﾉｅｒＲ〃αｉｓ川i-mtegmルノementouerB,ｔｈｅ〃ＡＩＳ/YdtofﾉeｒＢ

proofbNotethatA＝Ｒ[α]＝Ｂ[αlTakePESpec(A)andputPnB＝ｐ・ThenPnR＝pisaprime

idealofRSupposethatAisnotHatover8ThentMe此(腕)ﾊﾟ(P)＞OSince代(p)二代(p)二代(P),ｗｅ
ｈａﾊﾉetMe9脇(，)侭(P)＞０.ThiscontradictsthatAisHatoverRロ

Finally,wegivesomeresultsinintegralextensions．

Proposition4・LetR6ednmte91mldomqmuj肋quotie"t比ldKCMletai(１二t≦、）６e0ntj-
mtegMelementsoUerR・ＰｕＭ＝Ｒ[α,,…,α､］Ｔ/je〃the/Mom)ingstqtementsqmee9Ⅷαlent：

(1ﾉAismtegmMerRノ
イ)2ﾉI[αＪ＝Ｒ/ｂｒｑｌｌｚ．

proo丑(1)＝(2):Sinceaiareanti-integralandintegraloverR,恥j]＝Ｒby[2Theorem22］
(2)＝(1):IfI[αＪ＝Rfbralli,thenaiareintegraloverRHenceA＝Ｒ[α,,…,α"]isintegralover
R．□

Theorem5・LetR6eqnintegnqldomdmu）ith9Mjent/ＭｄＫｄｎｄｌｅｔａｉ(1≦ｉ≦”)beqnti-mtegmノ
elementsouerR・ＰｕＭ＝Ｒ[α1,…,α"］Then,/bγ川ｐｅＳｐｅｃ(R)，the/bﾉﾉoujmgstutementsqre
e9uiOqｌｅｎｔ：

(IﾉＡｐｉｓ〃egMoUeγＲｊ,/
仰ｐ＋ｎ廷,IｉａＪ

proo2(2)＝＞(1)：Sincep＋Ｉ[α`]fbralli,(ルルーRp・ThusaiareintegraloverEp、Hence
Ap=Rp[α,,…,α,JisintegraloverRp．
(1)＝(2):IMP=Rp[α,,…,α”]isintegraloverRp,thenajareanti-integralover脇Hence(I[αルーRp
byProposition4TherefbreP＋ｎ足叩Jロ
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