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A note on some conditions on integrality of the
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Abstract

Let R be a Noetherian domain and «, 8 algebraic elgments over the quotient field of R. In this
note, we give some conditions that R[a] N R[] is integral over R.

Let R be an integral domain with quotient field K and R[X] a polynomial ring over R in an
indeterminate X. Let o be an element of an algebraic field extension of K and « : R[X] — R[c] the
R-algebra homomorphism defined by n(X) = a. Let ¢4(X) be the monic minimal polynomial of & over
K with deg ¢, = d, and write

o X) = X+ X 4+ 4 g, (m1,...,74 € K).

We define Ijq) = Ne_y(R :r m) where (R g m) = {c € Rjen; € R}. We set Dpy(R) = {p €
SpecR;depthR, = 1}.
Our general reference for unexplained terms is [2].

Lemma 1.(cf. [3, Theorem 2.2.]) Let R be an integral domain and a an algebraic element over the
quotient field of R. If Iio) = R, then R[q] is integral over R.

Proof. Since 1 is in Ijq) = ﬂle(R ‘R 7)), we see that 71,... ,n4 are in R. Hence p4(X) is in R[X],
and « is integral over R. Therefore R[] is integral over R. Q.E.D.

Lemma 2. ({1, Theorem 11.11.] and [3, Proposition 2.1.]) Let R be an integral domain and A an
integral domain containing R.
(1) If Ap is integral over Ry for all p € SpecR, then A is integral over R.
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2) If A, s integral over R, for all p € Dp,(R), then A is integral over R.
P 1

Proposition 3. Let R be a Noetherian domain and o, algebraic elements over the quotient field
of R. If Ijo) + Ijp) = R, then R[a] N R[B)] is integral over R.

Proof. Let p be an arbitrary element of SpecR. Then p B Ijo) or p 2 Ijp). If p B Ija, then Rp[a]
is integral over R, by Lemma 1. Since R, C Rp[a] N Ry[B] C Ryla], we know that Ry[a] N Ry[F] is
integral over R,. If p P Ijg), then, by the same argument as above, R,[a] N R,[f] is integral over R,.
Then Lemma 2 (1) implies that R[a] N R[B] is integral over R. Q.E.D

We define grade(R) = co.

Theorem 4. Let R be a Noetherian domain and o, algebraic elements over the quotient field of
R. If grade(ljo) + Ijg)) > 1, then R[a] N R[] is integral over R.

Proof. Let p be an arbitrary element of Dp, (R). Then by the assumption, we have p 2 Ijo) + Iig)-
Then Proposition 3 assers that R,[a] N Ry[f] is integral over R,. Hence R[a] N R[Q] is integral over R
by Lemma 2 (2). Q.E.D.
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