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AbstractEquivalenceofalinearsyｓｔｅｍｏｆ〃differentialequationsk＝Axwithanon-singularmatrixA，toaone-variable
homogeneousordinarylineardifferentialequatiｏｎｏｆｒａｎｋ恥isdiscussedbymeansofthecompanionmatrixofthe
FrobeniusfOrm・AKrylovsequenceofvectorsisinvolvedintheconstructionofamatrixtotransfOnnthesystemof
differentialequationstoaone-variabledifferentialequationThediscussionisbasedonthelinearandcombinatorial

algebra・Solutionofthehomogeneouslinearordinarydifferentialequationisderivedthroughthecompanionmatrix
KCywol匂｡,:ＣＯmpamonmatrix;Frobeniusfbrm;Krylovsequence;Combinatorics．

LIntroduction

TheNewtonequationofmotiongivesHamiltonequations・TheHamiltonequationsarpequivalentlyrepresentedas
LagrangeequationswhichyieldanEuler-Lagrangeequation[1］Inthisstatement,itisworthwhiletonotethatthereexistsa

certainequivalencebetweenthehomogeneouslineardifferentialequationofavariableofrank〃andalinearsystemof〃
differentialequationsi＝AxwithacoefficientmatrixAofranｋ〃・AnotherexampleofthiskindisfOundinthetheoryof
relaxationastherelationofdifferentialgenerallinearequationofapairofmacroscopiccolUugatevariablestothelinear
systemofdifferentialequationson〃pairsofmicroscopicconjugatevariables[4lThemacroscopicvariablesareusually
observablephysicalquantities,whilethemicroscopicvariablesdifficulttoobserve,consistof叩airsofconjugatevariables
correspondingto〃differentrelaxationtimesConjugatevariablesare,fOrinstance,strainvs・stress,temperaturevs・entropy，
electricdisplacementvs､electricfield,magneticHuxdensityvs・magneticfield,chemicalpotentialvs､concentrationandso
on．

Theaboverelationissummarizedtoanequivalentrelationbetweenaone-variablelineardifferentialequationofrank〃
andasystemX＝ＡｘｗｉｔｈＡＥＧＬ(";K)（Ｋ:Field),whereGL(Ｍ)isthegroupofallgcnerallineartransfOrmationsof

ﾙdimensionalvectorspaccoverKorallnon-singularmatricesoforder〃witMcomponentsLet/(Z)bcapolynomialof

d靴…､Ｍ１竺景F…w､､/(ﾕﾙｰい…､｡nm伽｡ffg…1m.……=AxMm=(靴
xl＝xandjri＝jti-](i＝2,3,…,"）TheconversedoesnotalwaysholdForinstancc,asymmetricmatrixwitha2-fOlded
eigenvalueisnotsimilartoanycompanionmatrixThispaperdealswithsuchconverseproblemanddiscussionleadsto
solutionofthehomogeneouslinearordinaryequationthroughthecompanionmatrix．

2.CompanionMatrix

Let/(Z)beamonicpolynomialinaKcoefficientpolynomialringK[Z]withafieldK：

(1)／(z)=Zaizm-’（α,EK,α･＝'）
ｉ＝O

Inpractice,Kistherealorcomplexnumberfield・Thecompanionmatrixof/isdefinedasasquarematrixAoforder〃

whosccharacteristicpolynomialMthatis,のA(Z)望lZE-Al＝（Z),whereの4(Z)isthechamcteristicpolynomialoM,and
EtheunitmatriXMatlices
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areoftencitedascompanionmatricesoftheFrobeniusfOrm［２，３１Hereafter，ＡｌｉｓｄｅｎｏｔｅｄｂｙＡ/、LetPbea

non-singularmatriMe，PEGL(";K)．sinceの,-,4p(z)＝のA(z)，P-lAPwithacompanionmatrixAof/isalsoa

…､……川｡…M･…Ⅲ…･Ｉｈ作(６１)…薑(;})……｡．m…
matricesof(Z-1)2,althougMisnotsimilartoBByHamilton-Cayleyistheorem,のA(A)＝ＯThen，

Propositionl・ﾖPeGL(":Ｋ);Ｐ~'AP＝A,‐八A)＝０

LetⅣ＝{1,2,…,"}ａｎｄＱ亡NwithlQl＝jwherelQlstandsfOrthcorderoflQlAsubmatrixofAassociatedwiｔｈＰ
ｄｅｆ

,denotedbyAn,isdefincdasamatrixwhosejthrowsandcolumnsaredeletedfromAfOrallノＥＱ;ＡⅣ＝(1)

Theorem2.〃Ｍａｃ川α"』。"matrjXqﾉｶﾉﾉ`"α,=(-1)'ZlAnl杣elMZ…加川。"川esoverq〃ＱＭｒハ
｜Q|="-i

lQl="-iα"dlAルノzjbjMM'erMmjqMn

PmqfSinceAisacompanionmatrixoff

(2)lZE-A|=ZaiZm-'（αo＝1)．
ｉ＝O

BWMm･noftM・に加川|仏Al一息剛直(sMjWM川)Ｈ､[｡`小Kr….州.,…,…。
signatureofapermutationCinthesymmetricgroupOfi,ｏｆorder凪BycompaIingthecoefficientsofdegreelz-jin(2)，

‘戸,農,｡ふ)sgnoj1(-｡,｡m】
Here,０４(/V-P)isthesetofallbijectivetransfOrmationsofⅣ-Ｑ,andthefirstsummationiscarriedoutoverallsubsets

ofNoforder"-jThen,α`=(-1)'ZlAol．■
lQl="-i

Especiallyfbrj=land",itfbllowsdirectlyfromTr(P-IAP)=mandlP-IAPl=|Althatq1=-TnMndam=(-1)mlAl
ThefOllowingisreadilydeducedfromTheorem2．

CoroUary3・ﾖPEGL(";K);P-1AP=Aノーα,=(-1)，zlAo
1nl="-ｉ

3.HomogeneousLinearOrdinaryDifferentialEquation(HLODE）

LetKbeatopologicalfield,Ｃ~(K)thesetofallinfinitelydifferentiablefimctions・SubstitutionoM,fOrzin(1)

yieldsadifferentialoperator〃i)ofＣ~(K)toＣ~(K）Letxbeafimctionofl（EK)andconsiderthehomogeneous
linearordinarydifferentialequation：

(3)/(｡ＩルーO

HerMlo雪IwiththeidentityoperatorJEquation(3)iswritteninthefOrmofX=A'xwithx=(xi沖!＝xルーx,…，
ｘ"＝ｘ("~】)＝。!"-1xasmensionedinlntroduction

Now,considertheconverseproblemtofindarepresentationof(3)equivalenttoagivensystemoflineardifferential

equations丈=Ａｘ(AEGL(";K)）

ＬｅｔＰ=(p1p2…p､）withcolumnvectorsHAP=PA/givesAp1＝-α川，Ａｐユーp1-am-Ip〃，…，

Apm=pi-]-α,p,Then,p,=(A､~'十α１AⅧ~j~!+…+qm-iE)pⅧThuMhefOllowingpropositionhold３

Proposition4・AP=PA,－Ｐ=(pi),p,=(A風‐'+ａ１Ａｍ－ｊ~'+…M-iE)Ⅲ
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TheconverscofProp4holdsfOrPEGL(Ｍ）

Proposition5､此tPEGL(Ｍ）

Ｐ=(pi几ｐ（=(Am-'+a1Am-i~'十…+am-iE)p,＝ＡＰ=PA，
Pmq/mtsufficestoshowAp,＝－α､p〃ＢｙＰｒｏｐ１，Ａ､＋αlAm-1＋…＋α､-,Ａ＝－αmE

Sincep,=(A､~!+a1Am-2+…+α風-,E)、,Ap1=-αⅢ ■

Letxobeagivenvectorandi=Axwithx(O)=xoThen,ｘ=(expZA)xoistbeuniquesolutionoftheinitialvalue

problcmofえ=Axwithx(O)=xolnthecaseoMP=川,withPEGL(Ｍ)andbysettin“=Py,y=(expfA,)ハ･
isthesolutionofj'＝A,y,ｙ(O)＝P-I川

4.JordanCanonicalForm

LetJbeamatrixoftheJordancanonicalformsimｉｌａｒｔｏＡ，ｉｃ.,ﾖＵＥＧＬ(Ｍ)；ノーU-lAUSupposc

ﾖVEGL(Ｍ);ﾉV=Ⅶ,、Then，Ａ(UV)=(ＷⅡNow,letＰ=(p]p2…p`）ｗｉｔｈｐｊ≠0（ﾉｰ1,2,…,")ａｎｄ

pﾉｰ`(ハハ…pmj)satisfyingA,P=〃TwocasesareconsideredaccordingtodiagonalandnondiagonaM

CaseLJ:DiagonaLLet几i(j＝1,2,…,")becigenvaluesA,、BytheassumptionofAEGL(Ｍ)orＡ'EGL(",K),all
几/sarenonzero・PisassumedtobeamatrixrelatedtoA/as

…いIl
HencM'pﾉｰﾙp｣(ﾉｰL2,…,"）ＴｈｕＭｗ=ﾊﾊｰﾊﾙＭ(j=L2,…,"－１）Then,ｐﾉｰﾊ/(ルノリー！)=０

「ﾄﾊﾊﾘ|脳ｲﾙﾙﾛiルリ
Proposition6.(1)入j≠几ｊ(ｊ≠ﾉ)－|Ｐｌ≠０(2)ﾖj,/(』≠/);几i＝ｽﾉｰ|P|＝０．

Corollary7・ﾖPEGL(Ｍ);AP＝PAノー几i≠几j(』≠/)．

Corollary7impliesthatalleigenvaluesofamatrixsimilartoanon-singularAノaredifferentoneanother,ｉｎcasetheJordan
canonicalfOrmofA／isdiagonaL

ｃａｓｅ２．Ｊ:Nondiagonal,i､ｅ,thereexistsaJordanblockofJoforderlargerthanL

ルル血ⅢMMM化’
Jisdenotedby雪Ｊ,orJ,①Ｊ２ｅ…①J,ThecharacteristicpolynomialofJis／(z)=Ⅱ(z-ﾉＷ，,witM≠/Ｗ≠/)，

Z"ガールＬｅＭ｝)denotethecompanionmatrixof(Z-/Ｗし恥uchthatAF1B＝２Ｊ,（j=1,2,…,r)resultsin

i洲…勺Ⅱ…肺…MM…伺伽Ｍ１（Ⅲ
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SinceAEGL(Ｍ)isassumed,几≠ＯＷｉｔＭ′望A,－岨,Ａ,P＝Ｒﾉyields

“FM仏即化…昨朋叱□;I
Suchasequenceofvectorsas{pi}definedbyp,=Aハwithp"≠OiscalledtheKrylovsequenceassociatedwitM′
[3]Bysettingp,＝ｐ，

Ｐ=(p,p`…pJ=(A,p小]…A,肌)=(A/i-'１Ｗ-2p…A,pp〕
Now,considerthedeterminantof川ncep,=A,m-ip=(A,-肥)､~'p,p,MinearcombinationoM,卿~'Ｍ/､~i-1p,…,p
Hence,lPl=W-lIW-2p…A,ppl

6.ConstructionofNon-singularMatrixPfDrNondiagonalJ

TheproblemtosolveistoshowtheexistenceofPＥＧＬ(";Ｋ);Ａ/Ｐ＝〃andconstructsuchP・
definedas

▲,竺(鰹かMLlで州弗'鯨鈩臺帥毘薑|;|槻1J

LetＡ〃ａｎｄＥ)ｂｅ

whicharefUrtherexplicitlyrepresentedas

▲w肚川Jl1

〃－ｋ

▲ＷＴＭ） ｌｌｎｉ－ｑ小Ⅲ一αハハ+１ ．．．￣αﾉ+１

--

E巧({J1《’ ("-ノーα舟,MAj，
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…耐…ト書(｝)(-州川柳急j覺卿)(川…薑≦M…｢z･臘恥怖吻、

□Ⅷ!>ｗ`ＦＩＩ|図lwJ
P”(1)FCM=1andj>1,9)))＝9iﾉｰﾉ19,-1ノー9i-j十m－ﾉI9i-ﾉ]＝ルノーノ|P,w_ﾉｰﾄ
Forｉ＞ｋ，

,ＩＭＭ－ｊｗ薑喜rTl)(-几)ﾙﾄ汁(-几)言(か)ん…
‐川片言|け(i二})}(胸汁(-川臺髻(ＤＩ－ルイ

(川行書に加川薑二(1かw≦(洲)即行霊に))腓)…い，

‐妄し鼻峰い({ﾙ化…
Here,thefactorintheparenthesessatisfiesthefOllowinglemma

L…'`、識鼻胞訓に')(ﾙ(ルノ篁伽〕
P"q/《Therightisthenumberofm-elcmentsubsetsXofⅣ＝{1,2,…,"}・ＬｃｔｌＶ１ａｎｄＭｂｅⅣ＝Ⅳ,ＵⅣ2with

NMi薑のルーノル(腿か｡({)…､…ん…!…MpMI仙伽､,．M1
-elementsubseM2ofⅣ2,respectivelyAnycombinationofX1andX2givesanXConversely,letk,／beＡ=ｌＸｒＷＩｌ
,！=|X､ﾉVilTheM+ﾉｰmThus,allthem-elementsubsetsXarecountedintheleft ■

SmＭ１薑Z・洲囑-jWF(ルアB'L…IMM……．p…鳥肌､Ⅱ…M
therestisobviousfromthcdefinitionofaj．

（３）Sincec(1)α･＝1,thepropositionholdsfOrm=1Ｆｏｒｍ>１，Ｚｃ(1)αk＝Ｚｃ(､､~&)αk＝Ｚｃ(願-k)αk+c(噸)α0．

ＢｙＰｒｏｐｌＯ(2),therightisequaltoO． ■

:１Ｗ:)i二菫威し…Sm.｡川戸w｢二A白川…川
ｒ鮒Ａｋ幟壯ａｆ１Ｊ，薑(喜客`川･ルパ,Dp

wM…､伽……Ⅷ…二|鐡吻ﾄﾊﾟmMMⅢ叩川M………a

Mmmm化;■ルルル
ByPropisl4andl7,denote
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Ⅲ…-ﾑ(ＡＡ)戸刈Ｍ－Ｉ１１ｊ三:=i｢叺
For〃－ｋノ≦〃－１，
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ThefbllowinglemmaisshownbefOrecompletingtheprooffOrノール

L…２２≦(-1yい)(Ⅷ-1+勺臺(-ﾘ'二(‐ﾘ(;二iル(州
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Itis,accordingly,verifiedthat

Theorem23．

（１）ＶＪ:ﾉＶｏ"｡､go"αﾉﾉ､伽"6ﾉ｡ＣＡＷ助ａＭｇｅ"wM"ビルヨPEGL(Ｍ);Ａ,P＝Ｒﾉ．

Pi`……P=(A,鳳一'pA/m-2p…A,ppﾙ肋p=`('('十小(Ｍｙ－１）
（２）Ｖﾉｰ雪Ｊ１,ヨＦ１(j=1,2,…,'加

（雪A〉))(雪隠)藝(雪鳳)(雪」,)＃(AﾄﾞﾙIMFwM化p）
M'ﾙｐｉ=11(Ｍ》(Miy'－１）

7．SolutionofHLODEthroughCompanionMatrix

Let/(z)beapolynomialof(1)and/(z)=Ⅱ(z-入iｿｶﾞ

ﾉ(ﾕﾙｰOisgivenby

㈹←晉吾・ハハ薑小MT;=７７(孟ｒ
ｒｎｉ－ｌ

「

几i≠几j(j≠ﾉ)，Ｚ"j＝畑Thegcneralsolutionof
i＝１

１
「

Ⅱ(ルーい､’
A＝1,A≠ｉ
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wb…｢美ハノ鬘01,F…mug､…､M,m,…､…､.……Ⅲ川｡g…，
s･lutionofj【=Axisexpressedasx=PyN='(xhwい))wherePMnoMngularmatlixsuchtMAP=川,Here，
x(j)requirescalculationoM1eルルThefOllowinglemmaisreadilyproved

L……戸にい)二1Ｊ
…伽2…戸…嘉刎“ルカ
肋q/『sinceルハj＝eAj,thcpropositionholdsfOrm＝O1nthecaseofO三ｍ≦ﾉ，

〃壜｢`(`，排鬘(“か…臺喜(Tlルル…Ｊ
‐｡…辮喜化)辮側牌}ハ篝菫ルノ…弓夷牌抄伽

Similarlytothiscase,themathematicalinductiononmisadaptedtom〉ノ．

‘'ｾ｢``仲u)‐(経Ｔｌ抄壮喜(噸｣１１ﾆﾙ)w胸挑"）
‐(い71Ｊ(二二)帖辮≦(い=対川角!`ルセ鰄薑ハ
ーに抄牛臺(榊_叩)…卿仙“
‐(噸ヱル社言いルハ薑喜“ルル■

ByTheorem23(2),itis,therefOre,sufficientonlytoapplytheabovegeneralsolution(4)tothecaseof/(z)=(Z-い､，，
inordertosolvethehomogeneousli､earordinarydifferentialequatio、

8.EngineeringApplication

Theautomobilecar-bodyrequirescold-rolledsheetoflowcarbonsteelwithhighstrengthaswellaspressfOnnability

andnon-ageinglntheprocessofproductionofsuchsteelsheet,thecontinuousannealinglinehasbeenemployedsince

l970s・Onrapidcooling,interstitialatomsofcarbonandnitrogencontainedinthesteelintheorderoflOwtppmremainin

solidsolutionTheseatomscandiffUsetodislocationstorelaxinternalstressevenatroomtemperamre,andtheydeteriorate

pressfOrmability・Theinternalfrictionmeasurementwhichisnon-destructiveandthemostpreciseanalysisofeach

interstitialhasplayedanimportantroletocontrolthecontentofinterstitialsinsolidsolutionAspeciesofinterstitialyields

aSnoekpeakofi､ternalfrictionduetostress-inducedorderingofinterstitialatoms[5]・TheSnoekpeakisananelastic

relaxationpeakoftheDebyetypeThemechanicalbehaviouroftheinterstitialsunderanappliedstressischaracteristicof

thestandardlinearsolid[6］Eachstandardlinearsolidcorrespondingtoaspeciesofinterstitialsisrepresentedbyan

ordinalydifferentialequationofstressandstrain・ThereexistdifferentialequationsfOreachspeciesofinterstitials・The

behaviourofsolid,heresteelsheet,isaresultantsynthesisofallinterstitialsinsolidsolutionThepresentmathematical

considerationlinkssinglerelaxationstoamultiplerelaxationtounderstandmechanicalpropertyofthelowcarbonsteel

sheet・FUrthennore,decompositionofthemultiplerelaxationintoitsconstituentsinglerelaxationsistheoreticallyasserted

Theconjugatevariablesofthestrainandstressarepointedoutastheintroduction
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