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lLmtroductmn

OneofthemostimportantprOblemsmone-dimensionaldynamicsistostudythebellaviorof

periodicorbits、InordertodescribeiteraMintervalmapscombmatoriany,MilnorandlllurstonN

developedtllekneadingtheomWfbruni-modalcontmuousmapsGeeMilnorandTTesser[5]fbrmulti‐

modalmaps）,tllerebysucceededmrefmingthenalveargumentusdngpatternsmMet】Popolisetal[3】
andDemdaetal[2l

Foruni-modalmapwithcmEiticalpomtctheitinermyofapodnMisdefnedtobethesequenceofletters

LorHwhicllisdetermmedaccordingaseaclliterateofaliesmlheleftormghtsideofGButthis

melhodofassdgnmentisnotsomucllef6cientfbrdiscontmuousfimctionssucllasrationalfilnctions、

Infheprevlouspaper[6］Ihaveinvestigatedtheorderstructureofparamete】伊sequencesfbrwhich

periodiccmtjcalorbitsarisefbrHaneyiterationsofcertainpolynomals、ButlhaveloolEedoverperiodic

orbitscontamingthecritjcalpodntOHereweexan血ethelattercasesbynumerical抑erimentm

whichtllereoccurstrangephenomenathatcannotbeansemthecaseoflogisticfamiliesomPmthecaseof

super-stableperiodicorbitsfbrHalleyiterationsofthesamepolynomiaLs・

ItwmturnoutthatkneadmgpatternsisusefhlmclassdfyinglheparameteBfamniesadmitting
superstableperiodicorbits．

2．KneadingPatternsofPeriodicOrbiｔｓ

ＬｅＭ(』ｳbeareal-valuedfmctionwhichissmoothmanyBniteintervaleUmept遍nitelymany

pomts・Weassumethat几asaEnitelymanycmciticalpointsmany通､iteinterval

Letcbeacritjcalpomt・Forapointawede伍neiZmem2yZ上)Ｑｆｍｕ肋zlaqpectのctobe
L(a)＝JiI2…Ｌ…，

whereJXis
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＋ｉｆが－１(a）＜Ｆと(a)andbothiteratesliemthesamesddeofc

ifFk-1(a）＞ＦＡ(a)andbotlliteratesmemthesamesddeofc

l＋ｉｆＦｋ１(a）＜ｃ＜Ｐｔ(a）

｜－ｉｆＦＡ(a）＜ｃ＜Fk-1(a)．

Inparticular,Whencisaperiodicpointofperiodp,ｗｅｄｅｍｅＡｍｅａｍｇｐａｆＺａｍＫ(ｃ）αf､ctobetlle

truncatedJb(c)uptopjtllatis，

瓜c)＝r1z2…ｚ，，

whereＺ｡(c)＝Z1Z2…．Fmrtherwemakeabbreviations(+)Ａｆｂｒ+＋…＋（とtimes）and(－)｣ｍＤｒ－

－…－（ｋtimes)．

WeLlstaprogram（usingUhasdc）whichoutputsperiodicorbitsandkneadingpattemsofacmGitical

pomMo,mWhichMenotes血erepulgiveBxedpointgivenmthenextsection．

print``motjonofperidicorbitsofhPeecmdticalpointzOofHalleyiterationsofzﾊq＋(c-1)z-d，

、
別
別
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刷
帥
加
肌
帥
Ⅲ
Ⅲ
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伽
Ⅷ
伽
伽
加
伽
伽
珈
川
測
測
測

pointl8

input"degreeq,periodp,c,ｗｉｄｔｈｍ,sdgn＝";ｑ,ｐ,ｃ,ｍ,ｅ

ｚＯ＝e＊(2.0＊(q－２)＊(c-10)／q／(け1))八(1／(q－１)):ｗＯ＝fmk(z0,c,q）

view(31,31)－(399,399),１

wmdow(-2.0＊ｍ＊abs(wO),２)－(2.0＊ｍ＊abs(wO),p+４）

CHS

ｐset(z0,3),６

１＝１:ｕ＝zO

whilel＜ｐ+ｌ

Ｈｎｅ－(仇k(u,c,ｑ),Ｉ＋３),６

ｕ＝、K(u,c,ｑ）

Ｉ＝Ｉ＋１:ｗｅｎｄ

ｕ＝zO:j＝l

whilej＜＝ｐ＋１

line(u-0.2＊ｗ0,j+2)－(ｕ＋0.2＊w0,j+２),２

ｕ＝ｈｋ(u,c,CO:j＝j+1:wend

1ine(z０，２)－(z0,p+4),４

print‘`ｑ,ｐ,ｃ＝``;ｑ,ｐ,ｃ；“cmGiticalpoint＝``;ｚＯ

ｘ＝zO:j＝l

Whilej＜＝ｐ

ｙ＝丘1k(x,c,ｑ）

ｉｆｙ＜xthenprint“－，，；

ｉｆｙ＞xthenprint"+，，；
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２
２
２
２
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ｘ＝ｙ

ｊ＝j+1:ｗｅｎｄ

ｂ＝((１０－０／q)ﾊ(1／(q－１)）

remline(－b’2)－(－b,p+3),7:lineOb,2)－①,p+3),７

remprint:print``repulsdvefixedpt＝"；－b;`‘“;ｂ

ｅｎｄ

ｍＫ(z,c,q）

localr,ｓ,t,ｗ

ｒ＝z八q＋に-1.0)＊z-c:ｓ＝ｑ＊zﾊ(q－１)+c-1.0:ｔ＝ｑ＊(q－１)＊z八(q－２）

ifabs(s八2-0.5＊r＊t）＜OOOOOOOOOOOOOOOOO1then370

w＝z-r＊s／(s八2-0.5＊r＊⑪

return(w）

ｗ=100000000.0:return(w）

３．ParameIpmBse皿encesassociatedwiththepeqdodicorbdtofOmHalleyitemtimms

GivenasmootMmcti〔、f(x),theHZUIbyjZazzYtibmfmcZZbMZf(x)isde週nedby

H,(x)＝ｘ－２ｆｌ(x)ｆ(x)／の,(x）（3.1）

where

①,(x)＝〃`(x)２－盃(x)f,。(x)．（3.2）

TYlederivaldveisgivenby

UZ)`(x)＝八x)ｚｑＫｘ)の,(ｘ)-２（3.3）
where

⑩,(x)＝３ｆ･(x)2-2が`(x)f､．(x)．（3.9

FromnowonwetakefbuM(x)aone-parameterfamilyofpolynomialsofdegree9：

ｉｎ)＝ｘ９＋(几－１)ｘ－几 （９≧５）

Thenasdmplecalculalionshowsthat

HXx)＝ｘ－２(ｘ９＋(几－１)ｘ一入)(似9-1＋几－１)／のf(x）（3.5）

⑩“)＝９(吠1)X29-2-9(9-5)(几－１)X9-1+9(9-1)》Ｍ-2+2(１－１)２（3.6）

ｕＫｘ)＝９(9-1)ｘ９~3(α(9+1)ｘ9-1-2(9-2)(几－１))．（3.7）

Thusllleecm2iticalpodntsofH(x)areOand

γ＝－[２（9-2)ｕ－１)qF1(９+1)~'】('／(9~助 ｆｂｒｏｄｄｑ几≧１

γ＝－[2(９－２)(１－入)QF1(敬1)-1]('/(9-1)リ fbreven9

Inwhatfbmowsweassume9isodd．、[hentllefxedpointsetcon2nstsofthesolutionsof

fl(ｘ)＝(ｘ－１)(ｘ9-1＋…＋ｘ＋几)＝Oandthesolulions±βof似9-1＋几－１＝０，

whereβ＝((１－入)／9)'/(9-,．Notehm[7】tllat(Ｈｆ)￣(±β)＝３andthaMllenumIandthaMhenumberof
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solutionsofx9-1＋…＋ｘ＋几＝Oisatmost2(ifemstthenwedenotetllembyα￣andα，

α＝≦α）．nrtherObservetllat①,(x)hasatmosttwozemPosmx＞Oandwedenotelhemby
６，and６２(６１≦６２)．

n1ordertostatetheresultsofournumericale］qOenmentweSllanuselllefbllowingnota‐

tionsmtroducedm[6]・WesM1denotetheparameter-value几fbrwhichthecorresPonding

HaIleyiterationfimctionH｝hastlleperiodiccriticalp(mtcwithperiodpgenericanyby

几(p).ⅡthereemstsamonotonegeometIicaUyconvergentsequence1(ｍＭ(ｍ+1),…，几(k)，
…suchthatthesuccessdveratiosof遍rstdiflbrences

l0(k)＝[几(k+2)－１(k+1)]／u出1)－几(&）l

tendstoaaqym2p勿鹸ｍＵｂｉｂｐ(｡｡),ｗｅe]qPressthisfactby

NS(m,几(、),Ｐ(｡｡)；几(｡｡))，

where几(｡｡)denotestheIimdtof几⑰asktendstoaninj6nitywhichisarougdlestimatemmost

casesJn[6]wehavemadenumericalcomputationofparametersfbrwhichyaresuperstable

pemEiodicorbitsbutdidnotsucllcomputationfbrorbitsofO、Sowehavepelfbrmednumerical

computationfbrllleperiodicmticalpodntOandhavefbundfbllowinggeometricany

convergentparameter倉sequencesmwhichpattemsarethosefbr几(p)：

1）Parameter-sequencescontainmg几(3)ａｓａｌｍｍ(seeTablesland2)：

ｆｂｒ９＝５

ＮS(3,0.582862必5,2／3；1）withpattern－㈹P￣l

NS(3,0.48156607,2／3;0.55948038）withpattem－+－(+)p￣３

ＮS(2,0.44686875,1／3;0.4374605214）withpattern-l＋(-)p-2

NS(3,0.3904072,2／３;0.427608592）withpattem－－(+)p-2

NS(3,0.3649024915,2／3;0.387376987）witllpattern---(+)’－３

ＮS(2,0.35020664,1／3;0.3486429479）withpattern-l＋(-)p-2

NS(3,0.3353712,2／3;0.347168858）withpattem－－(１－)p￣２

ＮS(3,0.3286387,2／３;0.33500326）withpattern－－－(+)’-３

ｆｂｒ９＝７

ＮS(3,0.54532,3／4;１）withpattem

NS(3,0.47523782,3/４;0.5337131323）witllpattem

NS(2,0.4488294,1／３;0.44416952647）withpattern

NS(3,0.4111679,3／4;0.4394051981）witllpattern

NS(3,0.3928835,3／4;0.4096437096）withpattem

NS(2,0.3819007,1／3;0.381113223481）withpattem

NS(3,0.37144282,3／4;0.380364186）withpattem

NS(3,0.36651422,3／4;0.3712528241）witllpattern

－６)p－１

－+－㈹ｐ－３

－ｌ＋(-)'－２

－－㈹p－２

－－－句'－３

－｜＋(-)ｐ２

－－㈹'－２

－－－６)〃－３
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２）Monotonedecreasdngparameter-sequenceswhichbegdnwith几③mtllelastseqUences

listedml)fbreachq(seeTable3)：

ＮＳ(3,0.3286387,1／９;0.32044677652358999）ｆｂｒｑ＝５

ＮS(3,0.36651422,1／9;0.36490610602825847673）ｆｂｒ９＝７

ＮS(3,0.38969882,1／9;0.3884333094204250803）ｆｂｒ９＝９

wheretheamsequenceshavepattems(-)P－１＋，

3）Eadltermmtllesequencessllownml)and2)hassequencesasof69lloots・mrthereachterm

mtheseof6Shootshassequencesaso低hootsltseemsthatsuchhierardliescontinueinde価nitely、

Forexample，

ｆｂｒ９＝５

ＮS(3,03904072,1/3;0388948）withpattem-|+(~)p~３

ＮS(3,0.3904072,1/3；0.401156）withpattern-(+)，~ｚ

ｆｂｒ９＝７

ＮS(3,0.38122575,3／4;0.39198）witllpattem-+－(Ｄｐ－３

ＮＳ(4,0.3871682794,1／3;0.3870555435）withpattem-+--|+(-)'~４

Thesenumemcicalresultsseemtosupport：

Conjecturc1、Fbrea血odkf9≧５UZIezleazleszxgBomemm助cDnwa22g巴ntseUuenc己smGzlBasmgas

pez7afp

S9,と＝いと(3)，恥(4)，１A(5),…）

miZhagW2Zp"比垣如(9-1)／(9＋1)，wzhe21e几A(ＰＭ色noねａＰａｍｍｅ伽･かwzh1nhO由apeIrbdhbpomt

mithpe2?ｉｂｄｐａｍＭ１③＞Ｚ２(3)＞…＞ﾉ26(3)an〔Mleheadlingpatねmsazle-㈹’－１，

－+－ＧＷ－３，－－(+)p－２，－－－G)’－３，－－(+)'－２，－－－(+)ｐ－３ｈｋ＝1,2,…，6

21eqpBmiwa6zFtzrtherthez，ea21gtwDg色DmemMb'cnnwang檀ntseﾜuencBsdb囮zlBasZngaspGmf

S(1)＝(几(､(2),几(1)(3),几(1)(4),…）ａｎａＳ②＝(几②(2),几②(3),几②(4),…）

wUithafympの比、肋1／3anα阿可hhPatZ巳ｍｓ－｜＋(-)'-2,杣e２℃

几2(3)＜几(1)(2)＜几3(3)ａｎｄＭ３）＜几②(2)＜几5(3)．

OSequencesmthisconjecturemaybecanedpmzzazysSgzJGnc巴眉）．

Conjecture2､Mzjkjnh臼zlgQfYpezﾌﾞｂ[hbozbjZ窓omazlenQn-nagzI面veamMIeI1aibzlepezibdLdbnhZilZg
hiffmaaZ2bnscannotocUuzR

Conjecture3・Fbreacho〔ｊｔｆ９≧５theI1eおａ9℃DmemnaZlWmzvaz1g巴ntsBQHencF

T9＝（入6(3)，几(4)，几⑤,…）

w九haqy'mpmUbiMmbl／9anawzhjhlbjMbu21aasmgaspemb[ノハanawzhoselo⑤,１０⑥,,o(7),…hTnsa

se9zzen〃ｗ九haqynpZDZ]bzzu的１／3．TIlezneおｎｏｐａｍｍｅＺ…uぞＲｍｅｍ幼ｅｈＺａｉ化ｏｆ几(p)Zbz.、肱h

pe2Tb[hbm6iZ召ommhhpezﾌﾟb[ｆｐ．（SequencesmthisconjecturBmaybecanedmH
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８℃vzJezzc巴s)．

Conjecture4，６，≦－β≦６２ｒの,C｡ｈａｓａｚＢｍ

Thefactthat(Ｈｊ)￣（β）＝３andthefollowingpropositionsseeｍｔｏｇｉｖｅｕｓｒｅａｓｏｎｆＯｒａｓｙｌ

ｒａｔｉｏｖａluesstatedinconjectures，becauseperiodicorbitsstartingfromacriticalpoint

backafRtertmyeJilZg･〃ear･ZlaPm皿ｉ'efBixedPomtS，

PrDposdtionl、ｍｅｃｕｗＳｙ＝HXDhasaaqy5mPわZZMdney＝(9￣1)(9+1)－１ｘ・

ＨｍｆＳｉｎｃｅ,by(３．５)and(3.6),wehave

HXJO＝①`()-1{9(9-1)x29-1-u-1)(9-1)(9-2)Ｘ９

＋9(敏1)x9-1+2几ｕ－Ｄ}，

weseetllatthedistanceD9②homapomt(XHXjO)totlleliney＝(9-1)(9+1)~lxisgiven

by

±、9()＝［１＋(9-1)2(9+1)－２]~髄（日）(X)－(9-1)(9+1)-1Ｘ)，

mwhicllafhctorofdenominatoris

（９+1)①,(ｘ)＝９(9+1)2x29-2＋1owerterms

andafactorofnumeratorｉｓ

（け1)(ＨＸｊ０－(9-1)(敬1)-lx)－(9-1)ｘｑ(ｘ）

＝－２ｕ－１)(9-1)(92-39-1)ｘ９＋l0werterms・

ｎｍｓＤ９(x)tendstoOaslxl→｡。

giveusreasonfOrasynnDtotic

gfromacriticalpointreturn

PruIposdtion2.。。おａ血飢pQintofH,wrkhmu助nhEr(９＋1)(9-1)-1．

H10QfSincethede厚eeofthenumeratoris29-1andthatofthedenonmatoris29-2，oo

isaBxedpodnt、Byacllangeofvariablex＝ｔ~1,Ｈ,(x)isconjugatetoHXt-1)￣land,】Ｄｙ

(3.5)and(3.6),ｗｅhave

［HXt-1)-1丁＝6-2(Ｈ〉)￣（t-1)Ｈｆ(t-1)－２

＝r(ｔ-1)21Ｆf(ｔ-1)ｔ-2[９(9-1)t-29+１－(１－１)(9-1)(9-2)ｔ－９

＋几９(9口H)t~9+'+2入ｕ－１)］￣２，

mWhiChtJnefactor

fl(ｔ－１)1P,(ｔ-1)＝ｔ~仏9~4)[１＋ｕ－１）t9-1-几]２９(ｑ－１){９(9+1）

－２(9-2)(1-1)t9-1）

andthereciprocaloftheremainingfhlctorLs

t-(49認)[9(9-1)－(１－１)(9-1)(9-2)t9+3＋几９(9+1)t㈹十２１(几－１)t29十s】2．

Hencetllelimitof[ＨＸｒ１)－１]￣ｉｓ（９＋l)(9-1)￣last→０．

ReRelenOe8
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TablelPrimarysequencesSq．と

９＝５

几，⑨

0.582862445

0.694259908

0.7814449855

0.846889762

ｐ② １２⑨

0．４８１５６６０７１

0.521929513

0.54025966518

0.54879093569

ｐ
３
４
５
６

p(p）

0.7826486766

0.7506419590

0.4541275966

0.4654227913

1８０．９９８６８７９５７８２３１３

１９0.999125053277137

20０．９９９４１６５９０１６２１６５

0667386667029

0.667146759758

0.6669867699607

0.55942106726458467

0.55944086350461388

0.55945404411120915

0664746247431

0665386828535

０．６６５８１３６３８１３６

几８(p）

0.3904072

04095066352

0.41791191097

0.6２１９８０８７９５７７

ｐ⑨ １４⑨ｐ(ｐ）

0.3649024915（pattern-＋＋）

0.37829663214

0.38338613957０３７９９８

0.3853724898410.390283

ｐ
３
４
５
６ 0.44007

0.484097

18042757455856692417

1904275859１３５３１８６１０５８

２００.427593476350542616

0.6652472027 0.38736737146945910

0.387370580546530735

0387372716274798449

0.6640992269

0.6649565496

06655272590

0.6657208009

0.6660362866

ｐ １５(p）

３０．３３５３７１２

４０．３４１９６４３６４１

５０．３４４６８４６３１８６

６０．３４５８３６８１８２９

ｐ(p） 几60,）

0.3286387

0.3323460497

0.33395619445

0.３３４５４７３４２１０４

p⑨

0412589

0.423556

0.434317

0.367139

1７0.3471616702510706

18０．３４７１６５２７１５９６０１９５

１９０.34716766771357445

0.66367454573 0.335000079466260424

０３３５０００９１３０１５４１４７６９

０,３３５００１４６６６３３１１１４４７

06610260367

0.6629148255

0.7041188796

0.66467444637

0.665339640856

ゴ
ｐ
３
４

９

几，⑨

0.5453239

0.6291340

ｐ(p） 几２(p）

0.47523782

0.504760448

ｐ⑨



KneadingPatternsofHalleylterations 1３

５０７０１５５０６

６０．７６２９９６８

0.8640557

084850987

0.5181648487

0,5244931381

0.45403829

0.47210538

1７０９８７９３６４７０５８

１８0.99093188878

19０９９３１８７３６１４９

075526951524

0.75395985723

0.53348345682119

0.53354166025646

０５３３５８４９５５１４９６１

0.73900383742

074148334159

0743854006190752974229107

ｐ １３（ｐ）ｐ(p）

30.41116790（pattern-++）

４０．４２５０９７７８

５０．４３１２５７１６００．４４２１７

６０４３４３１０２０６５９0.495674

１４(p）

0.3928835

0.402770988

０４０６５１７１７９

0.407981084

ｐ⑨

(pattern-++）

0.378885

0.3907716

３
４
５

１
１
１

0.43893738306760.7216646126

0.4390585430047710.72898245779

0.4391475187915023073436639916

0.40952683888385

0409557628456714

0.409579984109246

0.7061750436

0.7176932645

0.7260786836

几５⑨ｐｐ(p）

３０．３７１４４２８２

４０．３７６３１７３１

５０．３７８３３０１９３0.41294166

６０３７９１９２６１８５0.42845306

210.38035123826638680.746003004436

220,38035347962903140.747456043539

230380355156379333480.7480941587206

几６⑨

0.36651422

p(p）

０３６９２５６５５３

0.3704520172

0.3708904324

0.43593003

0.36673208

0.3712510832026880.744669365479

０．３７１２５１５１９７６３６７０１０.７４６０１１１８８１４１７

0.37125184588062410.7470135157429

Table2PrimarysequencesS(1)ａｎｄＳ(2)

９＝５

ｐ几(1)(ｐ）

２０４４６８６８７５

３０４３９０４５９３９

４０．４３７９０２５５０６

５０．４３７５９９８２０１８

６０．４３７５０６０８４９７

几(2)⑨

085020644

03489069943

0.3487156963

0,3486657748

0.34865040744

p(p） ｐ(p）

OPattern-+）

0.14616072

026476597

0.309632527

0.14719

0.26096

0.30783



YasutoshiNoMuRA1４

1２0.4374605421173570.333300207

1304374605007883040.3333222546

140.437460487012104103333296797

0.3486429581006630.333297331

0348642951345835890.3333213752

0348642949094253840.3333292942

９＝７

１(1)(p）〃

２０４４８８２９４

３０．４４４８３０８

40.4443489802

５０４４４２２５６８７９

几(2)(p）

0.3819007

0.38122575

０．３８１１４３５２

０３８１１２２６７７

ｐ(p）

(pattern-+）

(pattern-l＋－）

0120517

ｐ(p）

(pattern-+）

(pattern-｜＋－）

０１２１８２

0255846 0.25356

1１０．４４４１６９６０１４００３６0.33322200249

12０．４４４１６９５５１５８８７９0.33329610830

13０４４４１６９５３４９８５５４７００.３３３３２１１５４９０１

0.381113236022050.3332170411

0.3８１１１３２２７６４９８８033329365632

0.3811132248592680.33332036364

Table3TailsequencesT9

９＝５

ｐ 几(pリ

３０．３２８６３８７

40.3266792778

5032647224809109

60326449593819155

ｐ⑨

0.1058544016

0.10942517425

190,32644677652358999220538429778525363

200.326446776523589991222396358552359651

２１０．３２６４４６７７６５２３５８９９９１１１３１７５４７65264862026

９－７

ｐ 几(｣ﾛノ

３０．３６６５１４２２

40.365077780

５０．３６４９２４９５１１７

０．１１１１１１１１００９３７７１０９７

０.１１１１１１１１０７７１９９７７７８

０１１１１１１１１０９９８０７３３３４

ｐ③

0.1063942803

0.3649061060282584906531591480020.11111110849399838435

0.364906106028258484011446670759952０１１１１１１１１０２３８７４８４８６７１

０．３６４９０６１06028258483373478619649328520.１１１１１１１１０８２０３０７００５２３

８
９
０

１
１
２


