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Abstract

LetRbeaNoetheriandomainandaananti-integralelementoverR・ＳｅＭ＝Ｒ[α].Letabean
elementofR・Thenweinvestigatethecontractionideals(α一α)Ｒ[α,α－１]ｎＡａｎｄ(αα－１)Ｒ[α,α-1]Ｍ，
whicharedescribedintermsofthedenominatoridealsI[・】ａｎｄﾉi・_,】，andthemonicminimal
polynomialsp｡(Ｘ)ａｎｄｐｑ－,(Ｘ)．

LetRbeaNoetheriandomainwithquotientfieldKandR[X]apolynomialringoverRman
indeterminateXLetabeanelementofanalgebraicfieldextensionoMand汀：Ｒ[X]→Ｒ[α]the
R-algebrahomomorphismdefiｎｅｄｂＷ(Ｘ)＝α、Letｐα(Ｘ)bethemonicminimalpolynomialofa
overKwithdegpα＝。,andwritepα(Ｘ)＝Ｘｄ＋りｌＸｄ－１＋…＋り｡,（り1,…,〃ｄｅＫ）Wedefine
Iiα]:＝ｎ二,LMnd妬]:＝I[α](1,り,,…,り｡)wheEeL,`＝{ＣＥＲ;c〃にＲ}and(1,り,,…,り｡)isan
R-modulegeneratedbyl,り,,…，り｡、AnelementaiscaUedananti-integralelementofdegreedoverR
ifKer汀＝Iiodpα(X)R[X］AnelementaissaidtobeasupeE-primitiveelementofdegreedoverRif
化]PtpfbreverypEDp,(R)whereDp,(R)＝{pESpecR;depthRp＝1}・

Ourgeneralreferencefbrunexplainedtermsis[2］

Ｌｅｍｍａｌ.([5,Lemmal])Letq6eq〃elementqfRmheMie/bJJo伽gqsse伽"３Ｍ｡：
(1”α_｡(Ｘ)＝Ｐα(Ｘ＋α）
(2)I[α-゜]＝I[α]．
(3)〃αisαね伽i-mtegmcuMementQ/degmeedoひerR,the”ｓｏｉｓａ－ｑ．

Proposition2・ＬｅｔＲ６ｅｃｍ伽e9mclMomajn0ndαα〃α"tj-integMeJementqfde9meedouerR・Ｓｅｔ
Ａ＝Ｒ[α]qMJetMeQねeJeme"tQfRZ1he”tﾉｶe/Ｍ・伽gtUjoasse花jonsMd：

(1)LIP血)＝(α－α)ＡｎＲ．

(2)〃ａ－ｑ≠0,ｔｈｅｎ(α－α)ＡＭ＝１t(α_α)－，｝

Prooｆ(1)WeprovethaM[α]pα(α)Ｃ（α－α)ＡｎＲ、ＢｙＬｅｍｍａｌ,weknowthatItα]pα(α)＝
I[α_｡]pα_｡(O).ThenitisclearthatIiα]pα(α)Ｃ(α－｡)ＡｎＲ．
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WeprovetheconversemclusionLet6beanelementof(α－α)ＡｎＲ・Thenthereexistsapolynomial
9(Ｘ)｡ｆＲ[X]suchthat6＝(α－α)，(α)SinceKer所＝Italpα(Ｘ)R[X],thereexistsapolynomialh(Ｘ）
ｏｆＬ]Ｒ[X]suchthat(Ｘ－Ｑ)，(Ｘ)－６＝ﾉｶ(Ｘ沖α(Ｘ）SubstitutingQfbrX,wehave-6＝ん(岬α(α)．
Hence6isinIIα]pα(｡)because/j(α)isinL]・Thisshowsthat(α－α)ＡｎＲＣＩ[α]Pα(α）

(2)Bytheassertion(1),ｗｅhave(α－α)ＡｎＲ＝I[α]P水)ＢｙＬｅｍｍａｌ,weseethatIiα]Pα(α)＝
I[α_α]pα_｡(0)．SimplecalculationshowsthatI[α_α]Pα_｡(0)＝I【(α_｡)－１]becauseＬＰα(0)＝りdIiα]＝

ＱＥＤﾙｰﾘHence(α一α)ＡｎＲ＝Ii(α_α)-L]．

Corollary3、ＬｅｔＲ６ｅａｎ伽egMdomQinqndaanqnti-jn均MeJementQ/de9meedotﾉｅｒＲ、Ｓｅｔ
Ａ＝Ｒ[α]uMleta6eo〃elementq/ＲｍＭａ－ｑｊｓｕ川tqMがＣＭＯ"ｌｙがＩ[α】p血)＝Ｒ、

ProofByProposition2(1),weknowthat(α－α)ＡｎＲ＝RifandonlyifI[α】p抑)＝Ｒ・Itis
easilyseenthata-qisaunitofAifandonlyif(α－α)ＡｎＲ＝RHencewereachtheconclusion
QED．

Wewillconsiderthecontractionofanideal(α－α)Ｒ[α,α-1]ｔｏＲ[α]ａｎｄｔｏＲ．

Theorem4・ＬｅｔＲ６ｅｑ/VOether伽ｄｏｍｑｄｎａｎｄａａｓｕｐｅﾄprjm伽ｅｅｌｅｍｅｎｔＱ/degmeedouerR・

SeML＝Ｒ[αlAssumetMdepthIBp＝１/breUelW伽ｅｄ伽｡ｒＰＱｆａＡｕ)ｊｔｈｐ＝ＰｎＲＬｅｔａ
６ｅａ狐element球RsucﾉＭＭＱ(modﾙｰﾘ）is0non-zelM伽｡rQfR/Iia-L]１Ｍ､ﾋﾟﾉhe/bJl｡伽g伽
Gssertjo几ｓｈｏＭ：

(1)(α－α)R[α,α-1]ｎＡ＝(α－α)Ａ
(2)(α－α)R[α,α-1]ｎＲ＝I[α]Pα((2)

Prooｆ（１）ＳｅｔＢ＝Ｒ[α,α='］Theinclusion(α－α)ＢｎＡ。(α－α)AiscleaLWewillprove
theconverseinclusioinLetcbeanelementof(α－α)ＢｎＡ、Thenthereexistsanelement6ofB
suchthatc＝(α－α)6.LetPbeanelementofDp,(A）IfaisnotinP,thenルールａｎｄｃｉｓｉｎ
(α－α)ルー(α－．)hHencec/(α－α)isｉｎ岬ＩｆａｉｓｉｎＰ,thenPisaprimedivisorofaAby[６，
PropositionL10］Ｓｅｔｐ＝ＰｎＲ・Then,bytheassumption,pisanelementofDp,(R).WewUlprove
that几α_ﾘCpNotethatり｡≠OandIta-,]＝n割ﾑﾖ,汀‘whereりo＝lLetrbeanelementofIia-,]，
ｔｈｅｎ

－ｒ＝r〃ｒ１ａｄ＋mZ1り,αd-1＋…＋rﾜﾖ'りd-1a

andrりJ1川面'り,,…,『り面'り｡_，aremRbecauserisanelementofIiα_,]HencerisinPnR＝ｐ，
andsoIia-,]Ｃｐ・SinceIIa-,]isadivisorialidealofR,weseethatpisaprimedivisorofIiα‐ﾕ］
ｂｙ[6,PropositionL10lSmceα(modIia-,])isanon-zerodivisorofR/ルー,],weseethaMisnotin
p、TherefbreaisnotinP、Thisimpliesthata-qisnotinPbecauseaisinRHencec/(α－α）
isｉｎ沖Thisimpliesthatc/(α－α)isinnpEDp,(A)ルーＡ、Therefbrecisin(α一α)A,hence
(α－α)ＢｎＡＣ(α－｡)Ａ

(2)Theassertion(1)andProposition2(2)shPwthat(α一α)Ｒ[α,α-1]ｎＲ＝(α-α)Ｒ[α,α－１]ＭｎＲ＝
Ｑ､Ｅ、(α－｡)ＡｎＲ＝恥]化(α)．

Proposition5、LetR6ecljVbethericlndomqmun。αａｎα"ti-integMelementQ/deg7℃ｅｄｏＱﾉｅｒＲ・
SetA＝Ｒい]qndassumetﾉｊａｔＡ/Hisα比Mrtension・LetabeqMemenMRsUcMmtq(modIia-,]）
ｉｓα…-zemo伽s･rQfR/Iia-ﾘ．Ｔｈｅｎ(α－α)Ｒ[α,α-1]ｎＲ＝Ｌ]Ip北)．

ProoRSinceA/RisaHatextension,ｗｅget北]＝Ｒｂｙ[3,Proposition2.6］Henceaisasuper-
primitiveelementofdegreedoverRby[3,TheoremL12]LetPbeaprimedivisorofaAThen
deｐｔＭｐ＝ｌｂｙ[6,PropositionL10lFlatnessoM/RshowsthatdepthEp＝１whereｐ＝ＰｎＲ・Ｓｏ

ＱＥＤ、wegettheconclusionbyTheorem4．
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Ｒｅｍａｒｋ６、ＬｅｔＲｂｅａＮｏｅｔｈｅｒｉａｎｄｏｍａｉｎａｎｄａａｓuper-primitiveelementofdegreedｏｖｅｒＲＳｅｔ

Ａ＝Ｒ[αlAssumethatA/RisLCM-stable・LetqbeanelementofRsuchthatq(modIia-,])isa
non-zerodivisorofR/ルー,]・Ｔｈｅｎ(α－α)Ｒ[α,α-1]ｎＲ＝Iiα】pα(α)．

ProofLLetPbeaprimedivisorofaA・ThendepthAp＝１ｂｙ[6,PropositionL10]・SinceA/Ris
LCM-stable,weknowthatdeptMp＝１whereｐ＝ＰｎＲｂｙ[4,LelmnallTheIefbreTheorem4(2)
impliesthat(α－α)Ｒ[α,α-1]ｎＲ＝I【α]pα(α）ＱＥＤ

NextwewiUconsiderthecontractionofanideal(αα－１)Ｒ[α,α-1］

Ｌｅｍｍａ７・LetR6eq1VbetherjdMomqmqMqqneIementq/ｎｍＭ(αα－１)Ｒ[α,α-1]ｎＲ[α]＝
(αα－１)Ｒい]．

ＰｒｏｏｆＳｅＭ＝Ｒ[α]ａｎｄＢ＝Ｒ[α,α-1]・Theinclusion(｡α－１)ＢｎＡ。(αα－１)AiscleaLWe
willprovetheconverseinclusionLetcbeanelementof(αα－１)BnAThenthereexistsanelement
6ofBsuchthatc＝(αα－１池LetPbeanelementofDpl(A)IfaisnotinP,thenルールand
(αα－１)bisｉｎ(αα－１)ルー(αα－１)此Hencec/(｡α－１)ism町ＩｆαｉＳｍＰ,thenaa-1isnotm

PHencec/(αα－１)ism〃.Thisshowsthatc化α－１)isinnpEDp,(A)Ａｐ＝AHenceweseethat
cisin(αα－１)A,andｓｏ(αα－１)ＢｎＡＣ(αα－１)Ａ ＱＥＤ

Prposition8，LetR6eq/VOethermMomqmandacInqntj-伽egMeleme"tq/degmeed＞２ouerR・

AssumetMR[α]/RjsMqte鋤ensjon・Letq6eqneﾉemetqfRsuchtMgrade(I[α]ｎＪ[α-,]＋αR)＞Ｌ
Then(αα－１)R[α]ｎＲ＝IIa-wa-,(｡)．

ProofSeMl＝Ｒ[α］Wewillprovethat(αα－１)ＡｎＲ。Ｉｉａ－,]pα-,(α)Let6beanelement
ofL-Wa-,(α).Wehaveonlytoprovethatb/(αα－１)isinALetPbeanelementofDp,(A)and
setp＝ＰｎＲＳｍｃｅＡ/RisaHatextension,weseethatPisinDp,(R)HenceP。I[α]ｎＩｉａ－,ｌｏｒ
ｐヨabecausegrade(Iia]ｎＩｉａ－Ｕ＋αR)＞ＬＩｆＰ五Iia]nIia-,],thenbothaanda-1aremtegralovｅｒ
Ｒｐｂｙ[3,Corollary23]・HenceR,[α]＝j3p[α-1]andaisaunitofnp[α］Therefbre(α-1-α)ＡＰ＝
(αα－１)AP・Notethata-1isananti-integralelementoverRby[1,Theorem6］HencePropositiOn2
(1)impliesthat(α-1－α)ApnRp＝ルー,]化Ⅲ(α)IBp・SincebismI[α-Ｗα-,(｡)R，,weseethat肱
ｉｎ(αα－１)Ap,ａｎｄｓｏ６/(αα－１)isinAp・Ｉｆｐラα,thenqisaunitofEp、Proposition2(1)asserts
that(ａ－ｑ－１)ApnRp＝I[α]pα(α-1)RpBesides,wehaveqdIiα]pα(α-1)＝Iia-Wa-,(α）Hencebisin
(α－α~')Ap＝(ｕａ－ｌ)AP,andso6/(αα－１)isiMpTherefbre6/(αα－１)isinnpEDp1(A)ルーA

Wewillprovethat(αα－１)ＡｎＲｄｉａ－,]ｈ,(α)Letcbeanelementof(αα－１)ＡｎＲＴｈｅｎ
ｃ/(αα－１)isinASincec/(α-1-α)＝α(c/(１－αα)),weknowthatc/(α-1-α)isinAHencecisin
(α-1-α)ＡｎＲ＝ルー､]Pa-Ⅲ(α)．ＱＥＤ．

Theorem9、ＬｅｔＲ６ｅａ１ＶＭｈｅｒｊａＭｏｍＱｍａＭαα〃`M-mtGgmqMeme"ｔｑ/deg7℃eｄ三２ouerR、

小sumetMR[α]/RisMQteztensionLetq6euMemenMRsuchtMgrade(１１α]ｎＩｉａ－,]＋αR)＞L
Z1he,z(αα－１)R[α,α-1]ｎＲ＝ルーｗα-,(α)．

ProofByLemma7wehave(αα－１)Ｒ[α,α-1]ｎＲ[α]＝(αα－１)Ｒ[α］ThenProposition8implies
that(αα－１)R[α,α-1]ｎＲ＝(αα－１)Ｒ[α,α-1]ｎＲ[α]ｎＲ＝(αα－１)R[α]ｎＲ＝Iia-リル,(α)．ＱＥＤ
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