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Abstract

Let R be a Noetherian domain and « an anti-integral element over R. Set A — Rfa]. Let a be an
element of R. Then we investigate the contraction ideals (e —a)R[e,a']N A and (aa—1)R[a,a71]NA,
which are described in terms of the denominator ideals Iia) and Ij4-1}, and the monic minimal
polynomials ¢(X) and ¢,-1(X).

Let R be a Noetherian domain with quotient field K and R[X] a polynomial ring over R in an
indeterminate X. Let o be an element of an algebraic field extension of X and r : R[X] — RJ[e] the
-algebra homomorphism defined by 7(X) = a. Let %a(X) be the monic minimal polynomial of a
over K with degp, = d, and write po(X) = X%+ g X914 ... 4 Nd, (M,-.. ,na € K). We define
Iiq) = N&, I,, and Jia] = Ja)(1,m, ... ,74) where I, = {c € Rycn; € R} and (1,74, ... ,7d) is an
R-module generated by 1,7,,...,74. An element « is called an anti-integral element of degree d over R
if Kerm = Ij4)0o(X)R[X]. An element « is said to be a super-primitive element of degree d over R if
Jia) & p for every p € Dp, (R) where Dp,(R) = {p € SpecR; depthR, = 1}.
Our general reference for unexplained terms is [2].

Lemma 1.([5, Lemma 1]) Let a be an element of R. Then the following assertions hold:
(1) Pa-a(X) = pa(X + a).

(2) fta—a] = Ifay-

(3) If @ is an anti-integral element of degree d over R, then so is a — a.

Proposition 2. Let R be an integral domain and o an anti-integral element of degree d over R. Set
A = R[a] and let a be an element of R. Then the following two assertions hold:

(1) fizppa(a) = (@ — a) AN R.

(2) fa—a #0, then (a—a)ANR = I(a—a)-1-

Proof. (1) We prove that Ij4jpa(a) C (@ —a)AN R. By Lemma 1, we know that Iiojpala) =
Ita—ajPa—a(0). Then it is clear that Iia)pa(a) C (@ —a)ANR.
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We prove the converse inclusion. Let b be an element of (@ —a) AN R. Then there exists a polynomial
9(X) of R[X] such that b = (a — a)g(e). Since Ker 7 = Ijq)po(X) R[X], there exists a polynomial h(X)
of Ij)R[X] such that (X — a)g(X) — b= h(X)pa(X). Substituting a for X, we have —b = h(a)pa(a).
Hence b is in Ijsja(a) because h(a) is in Ijs). This shows that (@ —a)4A N R C [ja)pa(a).

(2) By the assertion (1), we have (@ —a)ANR = Ijoj«(a). By Lemma 1, we see that Iiajpala) =
I(g—a)Pa-a(0). Simple calculation shows that Ijq—ajPa—a(0) = [j(a—a)-1] because llapa(0) = nale) =
I[a—l]. Hence (Ot —a)ANR= I[(a—a)—l]- Q.E.D.

Corollary 3. Let R be an integral domain and a an anti-integral element of degree d over R. Set
A = R[a] and let a be an element of R. Then a — a is a unit of A if and only if Ijo)pa(a) = R.

Proof. By Proposition 2 (1), we know that (o —a)AN R = R if and only if [,jpa(a) = R. Tt is
easily seen that a — a is a unit of A if and only if (@ —a)AN R = R. Hence we reach the conclusion.

Q.E.D.

We will consider the contraction of an ideal (@ — a) R[a, ™ ] to R[] and to R.

Theorem 4. Let R be a Noetherian domain and o a super-primitive element of degree d over R.
Set A = Rla]. Assume that depthR, = 1 for every prime divisor P of aA withp = PN R. Let a
be an element of R such that a (modIj4-1}) is @ non-zero divisor of R/Ijo-1y- Then the following two
assertions hold:

(1) (@ — a)R[e,a”']N A= (a — a)A.

(2) (a - a’)R[a¢ a_l] NR= I[a]‘Pa(“)'

Proof. (1) Set B = R[e,a™]. The inclusion (@ —a)BNA D (@ — a)A is clear. We will prove
the converse inclusioin. Let ¢ be an element of (o — a)B N A. Then there exists an element b of B
such that ¢ = (& — a)b. Let P be an element of Dp;(A). If  is not in P, then Ap = Bp and c is in
(a — a)Bp = (a — a)Ap. Hence ¢/(a —a) isin Ap. If a is in P, then P is a prime divisor of a4 by [6,
Proposition 1.10]. Set p = PN R. Then, by the assumption, p is an element of Dp;(R). We will prove
that Jjo-1] C p. Note that 74 # 0 and [jo-1) = ﬂf;olfﬂ::m where 79 = 1. Let r be an element of /[4-1],
then

d—1

—r = rn;'lad+rnd'lnla + ~-~+rnglnd_1a

and rn;l,rnglm, ... ,rn;1n4_1 are in R because 7 is an element of I[,-1). Hence ris in PN R = p,
and so Ia-1) C p. Since Ijg-y is a divisorial ideal of R, we see that p is a prime divisor of Ij4-1
by [6, Proposition 1.10]. Since a (modJj4-1)) is a non-zero divisor of R/Ijo-1), we see that a is not in
p. Therefore a is not in P. This implies that o — a is not in P because o is in P. Hence c/(a — a)
is in Ap. This implies that ¢/(a — a) is in (\pepp,(a) AP = A Therefore ¢ is in (@ — a)A, hence
(¢ —a)BNAC (a—a)A.

(2) The assertion (1) and Proposition 2 (2) show that (e—a) R[a, a~'NR = (a—a)R[e,a"JNANR =
(e — a)AN R = Ijhjpala). QED.

Proposition 5. Let R be a Noetherian domain and a an anti-integral element of degree d over R.
Set A = Rlo] and assume that A/ R is a flat extension. Let a be an element of R such that a (modja-13)
is a non-zero divisor of R/Ijq-1|. Then (a — a)R[e, a~ N R = [jq)pala)-

Proof. Since A/R is a flat extension, we get Jjo} = R by [3, Proposition 2.6]. Hence « is a super-
primitive element of degree d over R by [3, Theorem 1.12]). Let P be a prime divisor of aA. Then
depthAp = 1 by [6, Proposition 1.10]. Flatness of A/R shows that depthR, =1 where p= PN R. So
we get the conclusion by Theorem 4. Q.E.D.
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Remark 6. Let R be a Noetherian domain and o a super-primitive element of degree d over R. Set
A = R[a]. Assume that A/R is LCM-stable. Let a be an element of R such that a (modlj-1)) is a
non-zero divisor of R/Ijo-1). Then (a — a)R[e, o] N R = [,pa(a).

Proof. Let P be a prime divisor of a«A. Then depthAp = 1 by [6, Proposition 1.10]. Since A/R is
LCM-stable, we know that depthR, = 1 where p = PN R by [4, Lemma 1]. Therefore Theorem 4 (2)
implies that (a — a)R[o, a™ ] N R = Ijajpa(a). Q.ED.

Next we will consider the contraction of an ideal (aa — 1)R[a,a™1].

Lemma 7. Let R be a Noetherian domain and a an element of R. Then (aa —1)R[a, " ]NR[e] =
(aa — 1)R[c].

Proof. Set A = R[a] and B = R[a,a~!]. The inclusion (ac — 1) BN A D (aa — 1)A is clear. We
will prove the converse inclusion. Let ¢ be an element of (aa — 1)B N A. Then there exists an element
b of B such that ¢ = (aa — 1)b. Let P be an element of Dp;(A). If  is not in P, then Ap = Bp and
(e —1)bisin (aa — 1)Bp = (aa — 1)Ap. Hence ¢/(ac:— 1) isin Ap. If o is in P, then aa — 1 is not in
P. Hence ¢/(aa — 1) is in Ap. This shows that ¢/(ac — 1) is in (pep,, (4) Ap = A. Hence we see that
cisin (aa — 1)A, and so (ea —1)BN A C (aa — 1)A. Q.ED.

Prposition 8. Let R be a Noetherian domain and o an anti-integral element of degree d > 2 over R.
Assume that R[]/ R is a flat extension. Let a be an elemet of R such that grade(Ijq] N I[o-1)+ aR) > 1.
Then (ac — 1)R[e] N R = Ij4-1)pq-1(a).

Proof. Set A = R[o]. We will prove that (aa — 1)AN R D Ijo-1jpa-1(a). Let b be an element
of Jjg-1}pa-1(a). We have only to prove that b/(aa — 1) is in A. Let P be an element of Dp;(A) and
set p= PN R. Since A/R is a flat extension, we see that p is in Dp;(R). Hence p P Ijo) N I[o-1] OF
p 3 a because grade(I[o) N [[o-1]+aR) > 1. If p B Ijq) N [jg-1}, then both o and o~! are integral over
R, by [3, Corollary 2.3]. Hence Ry[a] = Rp[a~!] and « is a unit of R,[a]. Therefore (a=! — a)4, =
(acr — 1)Ap. Note that a~! is an anti-integral element over R by [1, Theorem 6]. Hence Proposition 2
(1) implies that (e~! — a)A4p N Ry = Ija-1jpa-1(a)Rp. Since b is in Ijg-11pq-1(a)Rp, we see that b is
in (ac —1)A,, and so b/(ac — 1) is in A,. If p & a, then a is a unit of R,. Proposition 2 (1) asserts
that (@ —a~')A, N R, = [jg)pala™")R,. Besides, we have a®Ijqpa(a™") = Jjg-1)¢q-1(a). Hence b is in
(e —a"!)A, = (aa — 1)Ap, and so b/(ac: — 1) is in Ap. Therefore b/(aa — 1) is in Npepp, (4) AP = A.

We will prove that (aa — 1)AN R C [jo-1)@s-1(a). Let ¢ be an element of (aa — 1)A N R. Then
¢/(ac—1) is in A. Since ¢/(a~! — a) = a(c/(1 — aa)), we know that ¢/(a~! — a) is in A. Hence c is in
(a‘l —a)ANR= I[a—l](pa—l (a). Q.E.D.

Theorem 9. Let R be a Noetherian domain and a an anti-integral element of degree d > 2 over R.
Assunie that R[a]/R is a flat extension. Let a be'an element of R such that grade(Ijo)NI[o-11+aR) > 1.
Then (aa — 1)Rla,a '] N R = [jp-1)p0-1(a).

Proof. By Lemma 7 we have (aa — 1) R[a,@~!] N R[a] = (ac — 1) R[a]. Then Proposition 8 implies
that (aa —1)R[e,a™']NR = (aa - 1)Rle, a7 [N R[e]N R = (aa — 1)R[o] N\ R = Ijq-1)pa-1(a). Q.E.D.
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