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1. Introduction
In[1]it was observed by a numerical experiment that, for ene-dimensional dynamics arising from Newton

and Halley iterations applied to polynamials x + (1 —I)x —1, g =3,5, ***, there are geometrically convergent
A -sequences. However, in that paper, it remained unsolved that the Halley iteration of x* {1 —1)x — 1 admits
no pexiodic arhits of periods = 2. In this artide we shall confirm this fact by proving that , for the above
polynomials of degree 4, attractive basins of attractive fixed paints, together with backward arhits of a repulsive
fixed point, cover the whale real line. For this purpose we examine the arder structure of fixed paints and the
condition for periodic paints of periods =2 to exist generally .

2. Halley Iterations of x7 HA1 —1)x —1
Fixst we recall some basicnotationsfrom [ 1]. For asmooth fimction £(x) the Halley methodof f( x)is
defined tobe

H(x)= x—2(x)f " (x) /Px) 21)
where

O (0)=2f"@)2— Ax)f (). (22)
Itisknown (see [2]) that the dexivativeis given by

Hr™ (x)=£(x)2 ®A(x) 2 Pr(x) (23)
where

TAx)=3f (0)22f" (0f (x). (24)

This shows that the axitical paints of Hr(x) arerootsof f(x)=0 androotsof ¥r(x)=0, the latter of which are
the socalled fee critical points of the Halley method. We shall be cancemed with the 1-dimensional dynarmics
anising from iteration of Hr. Let a be an attractive fixed paint of this dynamics;  then the immediate attractive
basin is denoted by A ,( 2) and the attractive basin by A (a).
From now on we take for £ a ane-parameter family of paynomials
f(x)=f,(x)=x1+(1—1)x—1, ¢g=3

Then anehas
Hr(x)=x ~(x9+(A —Dx—2)(gxs—1+1—1) /DO x) (25)
where
PA0=q(gt)x%2— g(g B (A —Dx71+g(g—DAx2+AAL—D2. (26)
Since
Prx)=q(qg —D)x73{q(q+) x91 —2A g2 (1 D}, 27
ane hasfree aritical paints 0 (if ¢ >3) and

v =[2(¢-D(A—Dg(g+D) 1D fareveng,
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or respectively,
y =—[2(¢g—2(1-1)g(g+]) 11D faroddg, A =L
Note that Hr(x) takes alocal maximum at. v .

Since Hr (x) tendsto(g—1) A(g+1) as | x |— o, we see that the graph of Hrhasa asymptotic
%géggﬁg.wgﬁggg&mggsgéggg
asymptoticratiostatedin [ 1]. Similar phenomena ave cbserved for Newton method of £ ; .

The fixed paint set consists of the sohutions of £ , (x) =0 and of the solution

B =(1—1) /@)@
df, (x)=gx7+ L —1=0,whereweassume 1 < 1frq odd. Since
Hr (B)=3f(B ) (B)2/NA B)f (B)]2=3,
wesee that Bis arepulsivefixedpoint. Notethatf, (x)=(x —1)(x9 1+ x972 + - +]),

Lemma2.1. Thefunction { (x)=x971+x972+ --+x+1 (g 22) Isstrctly increasing for even q and convex
froddq.
Prool 1etqg beeven;then { ()=¢ >0. Since {(x)=(x7—1) (x—1) ifx #1,wehave
£ (0=[(g —Dx9—gxa1+1] Ax 12, (28)
i which the dexivative of the numerataris g( g —1) x92(x—1), and therefiwe the numerator takes the minimum
Oatx=1. Itfollowsthat { ~(x) >0.
Next we assume that ¢ isodd. For x = 0 we obviously have
C(x)=(g—Dxv1+ - +2x+1 >0,
Using the aboveformulaof { ~ (x),mehas
¢ (D)=(Ni+N2) A1),
where M =2(1+x+--x92), N2=(q—D[(¢2Dx—q]x72 Forx with —1 <x<0
wehave M =(1—x771) (1 —x) >0and N2> 0. Farx withx < —1,snce
(9Dx—q= 2q—2= 2
andsince Mi+ Neisthesmof {(g —2)x —g} x92+2xkover0 < k < ¢—2,weseethat { ' (® >0.

In the light of Lemima 2.1 the equation x4 1+ x972+ -+ +x+1 = {(x) —1+1 =0has the anly one solution
aif g iseven and at most tworootsif gisodd. In case gis odd and if there exist roots , we denote the greatest ane
by aandtheotherby « " (o =a ). Notethat1, cand o ~aresuper-attractive fixed paints.

| Proposition 22. The fillowing inequalities hold:

1<B8<a frqgevenand 2 < 1—q,
1=a =8 frqevenand A =1—q,
a <B <1 forqgevenand 12 2 > 1—q,
a <—f<a< <1 frqoddand 2 >0.

Proot Firstlet gbeeven.f 2 < 1—¢q then B8 >1and
E(B)—1+ A =(B—D+ - +(BT ! —D+g—1+A
=(g-I(BI1-D)+qg—1+1 =(g—1+2) /q <0,
thereby proving 8 <abylemma2.1. Similady,if 1 >1—¢ then 8 >land o <B.
Nextlet gbeodd. Notethat 0< A implies 1 >1—¢q,thus 8 >1. Hence o <B. Ontheotherhand,
wehave
EEB)1HA <L(B)—1+A < gB71—1+1 =0,
whichimplies o ~ <—8.

According to Proposition 22 ,incase g isodd, o ~ =a, ie,y= {(x)—1+1istangenttothe xaxis ifand
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Ax)f " () >0 forx >max(1, a),
AX)f () <0 frmin( 1, @, ¢ 7),
A (max(1, a))=( 8, ).
K @A x) > 0then HAx)isomtinuousand HA(x) <x and
Hi(x) > x and A,(min(1, a))=(—0, ) foreven g,
Hi(x) > x and A(e)=(—B8,8), A a ")=(—oo, —B) firoddq
I @ takes anegative value, that is, theaunve y= ®Ax) meets y=0at twopaints z1, zz with z1 < z3,
then ztmight belikelythat 21<y < z2 and, if HKX v) <y then the aitical paint v gives rise to periodic
artuts other than fixed points and Hr takes a local maximumat v . 1et
La=mf{ A : @/(v) <O, 1*=sup{ 1 : ®Ay) <0} forevengq,
A¥={1 : ®Ay) <0} forodd g.
Thesevalues 1+ and 1*can be computed by finding 1 at which
D4(v)=2(2—DHqg-DAg8 Mg(gtD] — eq(¢—D2, e=(—1)#
changesitssignas A varies.
We have obtained by a numerical computation , in the notation of [ 1],
NS(3, —1049117,9,711;0.15134-)  with p ;=11 /9 for g=10,
NS(3, —0.397917519, 11,713;022904--) with p ,=13/11 forg=12,
NS(3, —0.147938843,13,715;02770- ) with p ;=15/13 forg=14,
NS(3, 00111889, 15,717;0309--)  with o ;=17/15 for g=16,
NS(3, 007614197,17,719;03339--) with p,=1917 farg=18,
NS(3, 0455116098,127,/129;047--)) with o ,=129/127 forg=128
(asfor g=6,8, see [1]. We must withdraw the statements “ We could not find stable periodic paints “in [1, p.
33]).
Thusit will be natural to make
Conjecture 2 . Foreacheven 2 6 there exists the parameter sequence geometrically converging to 1#
at which a eritical arit of corresponding peniods consisting of a segment af natural numbers = 3 appears.
Farevenq = 8 anehas Au=—0 ,
Canjecture 3. For the dynamics of Hr, where f(x)=x9+( A —1) x — A, toadmit arhits of persods =2,
it necessary that A#<A<A*. Faroddqthedynamicsaf Hrwith A+ <1 <1 cannot admit any pexodic
paints af non-positive multipler.

3. Attractive basins of fixed points of x4+H1 —1) x —1
In this section we consider attractive basins of fixed paints of H for f(x)=x*+(1 —1)x —A1 . Then1and
c are attractivefixed paintsand 8 =[(1 —1),74]"%isrepulsive. From now an f( x)is assumed to be the
above palynomial of fourth degree .
Lemma 3.1. The valueof
%POAx)=10x6+2(L —1) x3+6 1 x2+ (1 —1)2
Isalways positive, exvept fir . =1 ar —3.
Proaf. Thesubstitution 1 =21 +3yidds
BOAx)= p2+2(x—1)(x+2)2 u +2(x—1)2(5 x++10 x3+15 x2+16 x+8)
whose disciminamt is
%D=—3(x—1)2x2(3x2+4x+2)
Since 3 x2+4 x+2 > 0forreal x, it follows that % D < 0, the equality being valid only if x= 1 ar 0, acoording
towhich 1 = (x—1)(x+2)2=4 a0, thatis, 1=1c —3. Itfollowsthat,forreal 1 #1, —3, ®PA(x)is
..
Carollary 32. Far A #1, thefunction H (( x) is cantinuous an the whade real fine.



Attractive Basins of Fixed Points of Halley Iterations 27

Lemma 33. Let g x) bea smooth fimction definedon R whase iterations give nise to the dynanical system
having superattractive fixedpaints a,and a, andarepulaveone bwith a,X b<a, Fimtherassume
that & x) has otheraitical paints ¢, andc, withc,<c, such that

g (x>0 an (max(c;,a,), ©) U (—o°, min(c; ,a,))
andc,<b. Thenattractive basinsofa,, a,, together with b and the backward et of b, cover the whale real line.
) ¢;<a,<c, Inthiscasewehave g(c,)> a,> g(c) and,if g(c,) >b thenput
g7 (D)={b,, by}, by<b,
Onehas Aday-(b, ), A(a))=(—=,b) a(b,b).
) a,<c,<c, Inthiscasewehaveg(c) < g(cp) <b and
Ada)=(b,»), Adlar)=(—>,b).
i) c;<c,<a,. Inthiscasewehave g(c,) > g(c),g(c,) <a,and,ifg(c,) >b thenusethesame
notation asini). Onehas
Ada))=(b, ), Afap)=(—2,b) ar =(b,,b).
Inanyway,incase A«a;)=(b,,b) aehas g (A(a)=(b, b, and thebasinsoffixed pants are
A(a)=U"0g™Ada), A(a)=U,"gg*A(a),
the endpaints of these sum intervals cmstitute the backward arbit of { 5} . The umion of these sets and points ill
up the whole real line , since any paint lying an theleft of b, moves to within [ 5,, ) after some iterations of 2.

Applymglemma33to{a,, a}={1,a},b = Band{c, c}={0, v}, aneobtains

Theorem 34. Attractive basins af attractive fixed paints 1 and a af Halley iterations fix- the polynomial
xX*+(A—Dx—1, A<, togetherwith the backward arhit of the repulsive fived paint. B, fill up the whale
real line.

Cordllary 35. Halley iteration dynamicsof x*+(A. —1) x — A, A <1, admits no persodic paints of periods
22,
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Tabe 1 A* for even ¢ Table2 A, fr even g
g=6 —0.47788906 g=6 —412. 20000
8 0 g8 ~—co
10 0.15134 3999
12 0.2290491
4 0.2770661
16 0. 30997754
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0.3523066
0. 3786459
0. 3786460

0.3884383
0.3966998
0.4037688
0.4098902
0.4152456
04190722
0.42417681
0.42794242
043133548
0476352743

3 Axfr odd ¢
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0.250007
0.32465
0.36490611
0.3884333
0.4044570
0.4161423
0.4250778
0.432153
0.437909
0.4426909
0.4467330
0.45019897
0.4532068
0.45684414
0.458177133




