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Abstract

Letabeasuper-primitiveelementoveraNoetheriandomainR､WewillprovethatR[α]/Ris

aflatextensionifR[α]＝Ｒ[α2]holds・UndertheconditionR[α]＝Ｒ[α2],wewillstudyidealsL]，
Ｊ[・ｌａｎｄﾉ1.ｺ】whosedefMtionsarementionedbelow、FinallywewillexamineacondMonthat
Rに]/Rに2]isabirationalextension．

LetRbeanintegraMomajnwiththequotientfieldKandR[X]apolynomialrmgoverRinan
indeternnnateXLetabeanelementofana』gebraicIieldextensionoMandT：Ｒ[X]一一十Ｒ[α]the
R-algebrahomomorphismdefinedbW(Ｘ)＝αLetｐα(Ｘ)bethemonicnmimalpolynomialｏｆａｏｖｅｒ
Ｋｗｉｔｈｄｅｇｐα＝ｄａｎｄｗｒｉｔｅ

Pα(Ｘ)＝Ｘｄ＋り,Xd-1＋…＋ｗ，

（'71,…,'7ｄＥＫ)・

Ｗｅｗｉｌｌｄｅｆｉｎｅ
ｄ

Ｌ]＝ｎ(ｊＥＭｉ）
ｉ＝１

and

北】＝1tα](1,,71,…,〃｡）

where(Ｒ:Ｒり`)＝{ＣＥＲ;c恥ＥＲ}ａｎｄ(1,り,,…,り`)istheBmodulegeneratedbyl,り,,…,〃dAn
elementaiscalledananti-integralelementofdegreedoverRif

Ker汀＝北]Pα(Ｘ)R[X］

Anelementaissaidtobeasuper-primitiveelementofdegreedoverRif化]９ZtPfbreverypeDp,(R）
where

Dp,(R)＝{pESpecRidepthRp＝1}、

WedenotebyA(p)theresiduefieldofpESpecR、
Ournotationisstandardandunexplamedoneisrefbrredto[1１



２ Ken-ichiYosHIDAandKiyoshiBABA

Ｌｅｍｍａｌ、LetR6eajVOetﾉie7･ｉａｎｄｏｎｚ０ｍａｎｄａｍｑｎｔｉ－伽egm!elementqfdegmeedotﾉｅ７Ｒ・Ｓｅｔ
Ａ＝Ｒ[α｝LetP6eoneJementq/SpecAqndsetp＝ＰｎＲ.〃tr・degk(p)ﾉﾚ(P)＞0,then北]ＣｐｏＭ
Ｐ＝ｐＡ．

ProofWewillprovethat北]qlSupposethecontraryThenconsidermgpα(Ｘ),wecaneasily
seethatthereisapolynomial

box。＋b1Xd-1＋…＋bd

ofR[X]satisfying6`EPfbrsomej・ＳｅＭ/Ｐ＝R/ｐｎＴｈｅｎ百isarootofanon-zeropolynomiaｌ

ＪｏＸｄ＋J1Xd-1＋…＋6．

ofＲ/p[XlHencetr:degR/ｐＡ/Ｐ＝０，andsotrdegAG(p)ん(P)＝OThisisacontradictionTherefbre
北]cp

WewillprovethatP＝pASinceJiα】Ｃｐ,weknowthatpAisaprimeidealoMby[2],Theorem
l8(iii)TheinclusionpACPisobviousHence

tr・degん(，)ん(P)≦trdegA(p)ん(pA）

Notethattrdegk(,)ん(PA）≦LSincetrdegk(，)ん(P）＞0,wegettr・degAe(，)ん(P)＝lLetZ/bean
elementoMsuchthaty(ｍｏｄＰ)isalgebraicallymdependentoverR/p､AssumethatpA三PThen
thereexistsanelemenMofPsuchthat鰺isnotinpAWewillprovethatzandg(ｍｏｄｐＡ)ａｒｅ
ａlgebraicaUyindependentoverR/Ｐiｎordertocontradictthefacttr・degAs(p)A(pA)≦ｌＬｅｔ

ａｏ(y)＋α,(y)ｚ＋…＋α"Ｚｎ三０(modPA)〆

αo(z/),α,(y),…,｡"(ｇ)ｅＲ[y］

beanalgebraicrelationsuchthat7ＤｉｓｍｉｎｉｍａＬＴｈｅｎｓｉｎｃｅｚｉｓｉｎＰ,ｗｅｋｎｏｗｔｈａｔ

-αo(9)三Ｇ１(z/)ｚ＋…＋ｑｎｚｎ
三０

(ｍｏｄＰ）

(modP）

Henceao(Zﾉ)三０(modp)becauseｙ(modP)isalgebraicallyindependentoverR〃Therefbre

q1(y)＋α2(Zノル＋…＋Ｍｎ~'三０(modpA)．

Thiscontradictsthen血imalityof〃.Thus巧aｎｄｙ（modpA)arealgebraicallyindependentoverR小
ＱＥＤ

Ｌｅｍｍａ２、LetR6eQ1VOethe伽ｎｄｏｍａｍＱｎｄａ０ｎＧｎｔｊ－ｉｎｔｅｇｍＭｅmentqfdeg7でｅｄｏｕｅｒＲ・Ｓｅｔ
Ａ＝Ｒ[ＯｌｏＭＰ０”，，zejdeu!q/Ｒ・〃pAjSinSpecA,tﾉjenpAnR＝ｐ

ProofSincepA≠Ａ,weknowthatpApMp＝pEpHenceby[2],Lemma3､1,wegetPAnR＝P・
ＱＥＤ．

Proposition３．ＬｅｔＲ６ｅα/VDetﾉｉｅｒｉ０ｎｄｏｍａｉｎｃｌＭａｑ〃αnti-伽ｅｇＭｅＪｅｍｅ刀ｔＱ/deg7℃ｅｄｏｔﾉｅｒＲ・
ＬｅＭ６ｅａｎｅｌｅｍｅ〃ｔｑｆＲ[α]ｓＭＭＭβｉｓα”α〃ti-mtegMeleme"ｔｑ/deg1℃eｔ（＃二．）。ひｅｒＲ．〃
R[Ｃｌ/R[/β]ＭＭ脚､ﾉｅｚｔｅＭｏＭﾉbe"V7rZJ＝Ｖ７Ｕ５Ｔ．

ProoRWewUlprovethatV7両っ､/７i万TLetpbeanelementofSpecRsuchthaｔＪｉａｌＣｐＳｅｔ
Ｐ＝pR[α]・Thenby[2],Theorem１．８(iii),weseethatPisaprimeidealofR[α]andＲ[α]/Ｐ＝Ｒ/p[I1
whereTisanindeternnnateoverR/p・ＳｅｔＱ＝ＰｎＲ[β｝Ｔｈｅｎ(R[α]/P)/(R[１６]/Q)isanintegral
extensionbecauseR[α]/RDB]isanintegralextension、Hencetr・degA(p)Ｒ[β]/Ｑ＞OFurthermore，
Lemma2impliesthatp＝ＰｎＲ＝(ＰｎＲＤＢ])ｎＲ＝ＱＭＴｈｅｎＬｅｎⅡnalshowSthatJtβ]Ｃｐ・Since
aradicalidealistheintersectionoMlprimeidealscontamingit,weseethat,/う匠５．１/７U5T
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Conversely,letpbeanelementofSPecRsuchthat北]Ｃｐ・ＳｅｔＱ＝pR[βｌＴｈｅｎｂｙ[2],Theorem
L8(iii),weknowthatQisaprimeidealofR[β]ａｎｄＲ[１８]/Ｑ三尺〃[S]whereSisanmdeterminate
overR/pBesides,thereexistsaprimeidealPofR[α]suchthatQ＝ＰｎＲ[β]becauseＲ[α]/R[/3]isan
mtegralextensionNotethatR[α]/ＰつＲ[β]/Ｑ､HenCetrdegk(，)Ｒ[α]/Ｐ＞OLemmasland2assert
thatJtalcpHence,/７ETq/７面ＱＥＤ

Notethatsuper-primitiveelementsareanti-integralelementsby[2],TheoremL12

PrOposition4，ＬｅｔＲ６ｅｕ/ＶＯｅｔｈｅｍ０ｎｄｏｍｑｉｎｄｎｄαｕｓ叩e”γ伽ｉｔｉｕｅｅｌｅｍｅｎｔＱ/degmeedoひer
RLeta6eQnelementqfR[α］〃Ｒ[α]＝Ｒ[/B],tMDisas叩er-Prim伽eeJeme"tqfd印ｍｅｅｄｏＵｅｒＲ
ａＭ､/７両＝,/755「

ProoftSeM＝Ｒ[α]＝Ｒ旧lWewillprovethatβisasuper-primitiveelementofdegreedoverR、
Since[Q(R[,８１)：Ｈ１＝。,weseethatβisofdegreedoverRwhereQ(R[β])standsfbrthequotientfield
ofR[βlSupposethatthereexistsanelementpofDp,(R)suchthatJ【β]CjpThenpdoesnotcontain
心]becaUseaisasuper-primitiveelementofdegreedoverRSincepコノ【βI,byI2],TheoremL8we
knowthatAp/pAp三Ａ(p)[T]whereTisanmdeterminateoverA(p)Ontheotherhand,[2],Theorem
L8showsthatAp/pApisnotisomorphictoapolynomialringk(p)[T]becausepdoesnotcontain小｝
ThisisacontradictionHenceβisasuper-primitiveelementofdegreedoverR、

ThelatterhalfofProposition4isilmnediatefromProposition3・ ＱＥＤ

Ｒｅｍａｒｋ５・Ｂｙ[2],TheoremL8wehave：

｛pESpecR;ん]isnotcontainedinp｝

＝{peSpecIM,/RpisaHatextension）

Sotheidealv7ETistheobstructionofHatnessofR[α]/RHnce､/７ET＝Ｖ/７両becauseＲ[α]＝Ｒ[βl
ThisisanotherproofofthelatterhalfofProposition4．

WewilllistthefbllowingfbrrefbrencesakewhoseproofisclearfromProposition4

Proposition6、ＬｅｔＲ６ｅａＮｂｅｔｈｅｒｉａＭｏｍｑｍａｎｄaasupe7やrim伽eelementQ/d印meedo0erR．
〃[α]＝Ｒ[α2],tMa2Msoas叩ｅＭ了､伽eeJeme"ＭｄＭ１ｅｅｄｏひｅｒＲａＭ１/７rEFT＝何両

RecaUthat

Ｐα(Ｘ)＝Ｘｄ＋り,Xd-1＋…＋りd-1X＋恥

Ｅｘａｍｐｌｅ７・Ｌｅｔｄｂｅａｎｅｖｅｎｎｕｍｂｅｒ，say,。＝２e・Ａｓｓｕｍｅｔｈａｔり2i－，＝Ｏｆｂｒｉ＝1,2,…，e-1
andthereexistsanelementaofIiα]suchthaM7d-，＝lSetq2d＝αりzifbrj＝1,2,…,eThen
R[。]＝Ｒ[α2]because

α＝－(αα２．＋Q2a2e-2＋…＋αd-2a2＋｡｡）

Furthermore，

ｐα(Ｘ)＝X2e＋(α2/α)X2e-2＋…＋(αd-2〃)Ｘ２＋ｑ－１Ｘ＋(ａ｡/α）
and

Ipa2(Ｘ)＝(Ｘｅ＋(α2/α)Ｘｅ-1＋…＋(αd-2/α)Ｘ＋(αd/α))ｚ－ｑ－２Ｘ．

Proposition8・ＬｅｔＲ６ｅａｎｊｎｔｅｇＭｄｏ７Ｍｎα〃Clαqnanti-jntegMeJementq/deg7℃ｅｄ＞２ouer
R・ASS魁metMR[α]＝Ｒ[α2]、The〃the/Ｍ・伽gstQteme"tsh｡1.：

(1)Ｉ[α](り`-1,り｡)＝凡
(2)I[αlisaninvertibleidealofR．
(3)I[α]＝(Ｒ:Ｒり｡_,)ｎ(Ｒ:Ｍｄ）
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Proofb(1)AssumethatL](り｡_,,り`)≠Ｒ、ThenthereexistsanelementpofSpecRsuchthat
Iiα](り｡-,,,7`)ＣＰ・SinceaisinR[α2],wecanwrite

α＝６０＋６，α２＋、．．＋bna2〃

ｆｂｒｓｏｍｅ６ｏ,６，，．．．，６ｍＥＲ・set

ｆ(Ｘ)＝６０－Ｘ＋b1X2＋…＋6”X2m

Thenノ(Ｘ)isinKer汀＝I[α]pα(Ｘ)R[X］HencethereexistelementsaofI【α]and９(Ｘ)。ｆＲ[X]such
thatf(Ｘ)＝ａｐａ(Ｘ)，(Ｘ).sinceα〃d-1andQ'7dareinp,weseethat

６０－Ｘ＋b1X2＋…＋ｂｎＸ２冗＝(ｑ２Ｘ２＋…＋ＧｄＸｄ)9(Ｘ）

ｉｎＲ/p[X]wherea2＝α'7.-2,…，qd-,＝α〃ｌａｎｄｑｄ＝αComparingthecoeflicientsofXoftheboth
sidesoftheequation,wegetacontradictiOnHenceItα】(り`-,,'7.)＝Ｒ

(2)ItisinⅡnediatefromtheassertion(1)thatIialisanmvertibleidealofR．
(3)BythedefinitionofIialitisclearthatI[α]Ｃ（Ｒ:Ｒ７ｄ－,)ｎ(Ｒ:Ｒり`）Theassertion（１）

impliesthatthereexistelementsclandc2ofL]suchthatMd-,＋c217d＝1Letcbeanelementof
(Ｒ:Ｍｄ-,)ｎ(Ｒ:Ｒり`).Ｔｈｅｎｃ＝c,(c〃｡_,)＋c2(cり｡)isinItα]Hence(Ｒ:Ｒ〃｡_,)ｎ(Ｒ:Ｍｄ)Ｃｌ【α｝
Soweobtaintherequiredresult、 ＱＥＤ

Theorezn9・LetR6eajVDetﾉｶｅｒｉａｎｄｏ７Ｍｎａｎｄａｑｓｕｐｅ”"ｍ伽eelementQ/degmeedooe7R．〃
R[α]＝Ｒ[α2]伽ｅｎＲ【α]/ＲｊｓｕﾉMezteMon．

Pro･通Wehaveonlytoprovethat小】＝Ｒby[2],PmopositionMAssumethat化]≠RThen
thereexistsanelementpofSpecRsuchthat化】Ｃｐ・Proposition6impliesthaMla2]Ｃｐ・Ｓｅｔ
Ａ＝Ｒ[α]＝Ｒ仁ｚ１Ｔｈｅｎｂｙ[2],Theorem1.8,weknowthatA/ｐＡ二尺/p【T]＝Ｒ〃[T2]whereTisan
indeterminateoverR/pThisisacontradictionHence心]＝Ｒ・ ＱＥＤ

ＲｅｍａｒｋｌＯ･Proposition8imphesthat

R＝恥]('7.-1,〃`)ＣＬ](1,り1,…,'7.)＝ん]・

HenceJiα]＝Ｒ,andsoR[α]/RisaHatextensionifd＞２.Theorem9saysthatflatnessofR[α]/R
holdsfbrd＞１ifaisasuper-primitiveelementoｆｄｅｇｒｅｅｄｏｖｅｒＲ．

Ｈｅｍａｒｋｌｌ､WewillfindaconditionthatR[α]/R[α2]isabirationalextension：
(1)Ifdisodd,thenＲ[α]/R[α2]isabirationalextension
(2)Ifdisevenandifthereexistsanon-negativeintegerisuchthatり2i+,≠0,thenＲ[α]/R[α2]isa

birationalextension．

(3)Ifdiseven,say,。＝2eandifl72i+,＝Ofbri＝0,1,…,e-1,thenＲ[α]/R[α2]isnotabirational
extension．

Prooｆ(1)set。＝2e-1fbrapositivemtegere・Ｔｈｅｎｗｅｈａｖｅ

α(a2e-2＋'72a2e-4＋…＋〃｡_,)＝－(り,α2.-2＋…＋り｡)．

Notethata2e-2＋り2α2.-4＋…＋〃d-,≠０because[Ｋ(α)：Ｋ]＝。＝2ewhereKisthequotienMield
ofR・Therefbre

α＝－(り,α2.-2＋…＋り｡)/(a2e-2＋ﾜｺa2e-4＋…＋Ⅶ-,)，

andaisinK(α2)HenceK(α)＝Ｋ(α2)．
(2)set。＝2efbrapositiveintegereThen

α(刀,a2e-2＋…＋刀｡_,)＝＿(a2e＋〃2a2e-2＋…＋刀｡)．

Since伽十,≠0,weknowthat

り,a2e-2＋…＋恥-,≠０
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Hence

α＝－(a2e＋り2a2e-2＋…＋り｡)/(ﾜｭa2e-2＋…＋り｡_,）

andaisinK(α2）ThisshowsthatK(α)＝Ｋ(α2）
(3)Bytheassumptions,weseethat

a2e＋刀2ａ２ｅ－２＋…＋り。＝０．

Therefbre[Ｋ(α2)：Ｋ'三ｅ＝｡/2Hence[Ｋ(α)：Ｋ(α2)]＝２because[Ｋ(α)：Ｋ(α2)]≦2．
thatＲ[α]/R[α2]isnotabirationalextension．

Ｔｈｉｓｍｅａｎｓ

ＱＥＤ
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