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1．Ｉｎｔｒｏｄｕｃｔｉｏｎ

LetAbeagradedcommutativeQ-algebrawithdimQA＜○○.ThenAisisomorphictoatruncated
weightedpolynomialring

Q[⑰,,…,z"]/(ハ,…,.f､)，

where、＞、and九isahomogeneouselement(i＝１，…,、）

Definition､AgradedcommutativeQ-algebraAiｓｓａｉｄｔｏｂｅｅＪｌ軌icifdimQA＜ｏｏａｎｄ

Ａ=Ｑ[ｚ,,…ハ]/(た,…,九)，

where九isahomogeneouselement(i＝１，…,､)．

lnordertostatethefbllowingtheorｅｍｗｅｓｅｔ

｜/|＝degf

fbrahomogeneouselement/ofweightedpolynomialringQに,,…ハ]．

Theorem・LetAbeqnelJ帆c9mdedcommutqtiUeQ-aJ9e伽.〃dimQA＝10,t/jenAisisOmoFphic
tooneqftｈｅ九ｌｌｏｕﾉing：

(1) Ｑ[⑳]/(z1o)．

(2) Q[ｚ1,⑰2]/(Z12,ｚ25)．

(3)Ｑ[範Ｍ２]/(`Ｍ２,Z15＋qZ25)，

⑩/Welm,|＝ｌＺ２１ｑＭａｅＱｘ／～(α～６骨ａ６ｅＱｘ５Ｏｒｑ/ｂＥＱ×5)．

(4)Ｑ[zＭ２]化,２－αz22,s`Ｍ24＋tz25)，
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uﾉﾉWelz,|＝|z21CM(α,(s,ｔ)）ｅ（(Ｑ×（Ｑ×2)×(Ｑ２（{(0,0)}))／～（(α,(８，t)）～(６，(Ｍ)）骨ｂ＝
αr2,0＜ｒＥＱ〔Ｍ(〒u＋ＵＭＪ)(_t＋Ｍ､/(±u＋uMD(t＋Ｍ７)ＥＱＭ７)f5,ＱＭ７)1＝{c＋d､/ZＪ
ＥＱＭＤｘｌｃ２－ａｄ２＝1})．

(5)Ｑ[zＭ２]/(釘,3＋z22,ｍ,5)，

ujherelZ21＝(3/2巾,｜

(6)Ｑ[釘,,z2]/(〃22,z15＋z13"2)，

⑩/WelZ21＝２１⑩11.

(7)Ｑ[Z1,Z2]/(Ｚ,4＋αz22,ｍ15＋z13z2)，

ujherel⑩21＝小l１ｑＭａＥＱ（{0,-1}．

(8)Ｑに,,z2]/(z14＋αz22,麺,5)，

WhemelZ21＝21ｚ１ｌｑＭｑＥＱｘ/Ｑｘ２．

(9)Ｑ[鯵Ｍ２]巾,4＋αz22,z13z2)，

⑩ｈｅ1℃|z21＝小ｌ１ｑＭｑＥＱｘ/Ｑｘ２．

(10）Ｑ[zＭ２]/(〃l2z2川6＋α､22)，

ｕｊｈｅ『℃lZ21＝叩ｌ１ａＭｑＥＱｘ/Ｑｘ２．

(11）Ｑに1,Z2]/(`Ｍ２,z18＋αz22)，

⑪herelZ21＝４１Ｚ１１ｑＭＱＥＱｘ/Ｑ×2．

(12）Ｑ[z,,z2]化,ｚ2,z16＋“24)，

⑩ｈｅﾂ℃ｌｚ２１＝(3/2巾11(ＭＱＥＱｘ/Ｑｘ２．

(13）Ｑ[ZＭ２]/(`Ｍ２ハ7＋z23)，

ujhemelz21＝(7/3巾,|・

(14）Ｑ[zＭ２]/(z12z2,z14＋2,23)，

uﾉﾉWelz21＝(4/3巾,|・

(15）Ｑ[⑩1,釘2,Z3]/(ｚ12,Ｍ3,z23＋⑩32)，

uhelwelZ21＝(2/3巾31.

(16）Ｑ[Z1,2,2,釘3]/(Z12,`Ｍ３川2,22＋Z23＋ｚ32)，

uﾉﾉWelZ11＝lZ21＝(2/3巾31．

(17）Ｑに1,Z2,ｍ3]〃12＋qZ22,`Ｍ３,z1Z22＋ｚ32)，

⑪berelz11＝lz21＝(2/3巾31(ＭａＥＱｘ/Qx2．

(18）Ｑ[qMWE3]/(Z12＋qZ22,Z2Z3,z1Z22＋⑩23＋Z32)，

mherelz11＝lz21＝(2/3巾31ｑＭａＥＱ（{０，－１}．

(19）Ｑ[Z1,Z2,ｍ3]/(､12＋qZ22,ｚ２ｚ３,z23＋⑳32)，
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W/WwelZ11＝|Z21＝(2/3巾31`ＭｑＥＱ×/Ｑｘ２．

(20）Ｑ[ZＭ２,Z3]/(`Ｍ２,Z13＋`Ｍ３,Z22＋Qm32)，

iDhe7welZ21＝|"31＝(3/2)|Ｚ１１ａＭｑＥＱ×/Ｑ×2．

(21）Ｑ[ｚ1,Z2,Z3]/(Z1Z2,ｚ13＋〃2ｍ3,qZ22-z2Z3＋Z32)，

mherelz21＝|Z31＝(3/2W11qndaEQ×．

(22）Ｑ[Z1,虹2,〃3]/(`Ｍ２川3＋z22,z22＋αｚ32)，

uﾉﾉWelz21＝|Z31＝(3/2)|ｚ１１ｑＭｑＥＱｘ/Ｑｘ２．

(23）Ｑ[Z1,2ﾂ2,Z3]/(`Ｍ２,Z22＋`Ｍ３,Z14＋qZ32)，

lDhe7℃|Z21＝(3/4巾31＝(3/2巾,|`ＭａＥＱｘ/Ｑｘ２．

2．ＰｒｏｏｆｏｆｔｈｅＴｈｅｏｒｅｍ

LetＡ＝Ｑに,,…ハ]/(た,…,九)beanellipticgradedcommutativeQ-algebra・Ｔｈｅｎaccording
ｔｏ[lＬｗｅｈａｖｅ

(2.1）dimQA＝'た|…'九|化11…|Z”l

Weassumethateach川i＝１，…,､)hasnolineartermsandthat

(22）に11三…三|､"|,|/11≦…二Ｗ・

Followinglemmais[3,Lemma21］

ＬｅｍｍａＭ．”`'三'九'んγｊ＝1,…,凪

Itfbllowsfrom(２１)ａｎｄＬｅｍｍａ２､３that

(24）ｄｉｍＱＡ三２，．

SupposethatdimQA＝l0Thenitfbllowsfrom(2.4)that、＝１，２or３．

（１）Supposethatn＝lThenAisisomorphictoatypeof(1)ofTheorem．

（Ⅱ）Supposethatn＝2.Thenitfbllowsfrom(2.1)that

(2.5）｜/11.'九|＝l01z11･lz21

Therearefbllowingtypeswhichcorrespondtothatof(2)ofTheorem：

(2α）Ｑ[ZＭ２]/(Z12,ｍ25）

and

(２６）Ｑ[zＭ２]巾,5,"22)．

（Ⅱ1)Supposethatlzll＝|z211tfbllowsfrom(25)that

５１/,|＝２１九|＝101⑩1１
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WeseM＝zl2-qm22and九＝sz1⑰24＋tz25(α,ｓａｎｄｔＥＱ）SUpposethat

P:Ｑ[Z1,Z2]/(た,1,ｍ)→Ｑ[Z1,Z2]/(た,1,九,2）

isanisomorphism,where企,,＝Ｚ,２－Ｍ22,ルーs仰,z24＋t仰25ａｎｄｐ(zi)＝伽,＋q仰2(αi,s`,ｔＭ,ｉ
ａｎｄ９ｉＥＱ;ｊ＝1,2）Ｔｈｅｎａ２＝ｒ２ｑ,(O≠ｒＥＱ）

(1111)Supposethatq＝ＯＴｈｅｎｔ≠OandAisisomorphictoatypeof(2α)．

（Ⅱ1.2)Supposethatq`ＥＱｘ２＝｛γ210≠ｒＥＱ｝(j＝1,2)．ＳｅＭｊ,,＝ｚ,＋Ｖ［Ｊ７ｚ２ａｎｄｕｊ,２＝
Z1-VZ57Z2(i＝1,2).Ｔｈｅｎ九,,＝ｕ'’1mi,2,(〃)＝(u`,15＋Ｍ`,25)(bにＱ×＝Ｑ（{0})andＰ(似,,‘)＝
Bu2,1＋Ｑｉｕ２,2(j＝1,2),wherePl＝((Pl＋Wml2M巧十ql＋､/Zm2)/21/［7万,Ｑ１＝((pl＋VZ7nl2M万一
９１－１両92)/２１/Z7面,Ｐ２＝((Ｐｌ－１/Z7Ij,2Ｍ万十q1-VZJT92)/21/Z万andＱ２＝((pl-1/Z71j,2Ｍ『す-91＋
､/Z7Tq2)/2V両.Thisimpliesthat

PlPh＝Ｑ１Ｑ２＝(Pl5＋blF25)b2-Q15-61Q25＝O

IfPb＝Ｑ１＝０，ｔｈｅｎＰ１Ｑ２≠Ｏａｎｄｂ２＝(Q2/Pl)5bllfPl＝Ｑ２＝０，ｔｈｅｎＨ２Ｑ１≠Oandb1b2＝
(Q,/Ｂ)5.Thiscasecorrespondstothatof(3)ofTheorem．

（Ⅱ1.3)SupposethatQiEQ×ｌＱｘ２(j＝1,2)ａｎｄα２＝ｒ２Ｑ，（ｒＥＱｘ）Ｓｅｔｕ`,，＝ｚ,＋,/ZJ7⑰２
anduf,２＝z1-VZ77⑰２(i＝1,2;〃す＝，ＶＺ７ｒ)．Then,ｉｎＱＭ７Ｔ池1,z2],犬,１＝ｕ`,lui,2,（此）＝
(u`,15＋Ｍｄ,25)ａｎｄ｡(u,,ｵ)＝Ｂu2,1＋Ｑ`u2,2(に1,2),where

⑪＝Ｐ⑭1:(Ｑ[zＭ２]/(/1,1,ｍ))⑭ｑ/Z7T→(Ｑ[z1,ｍ2]/(た,1伽,2))②ｑ/z7T，

bカー(sﾊ/Z77-tj)/(sﾊ/Z万十t`)(i＝1,2),Ｐｌ＝((Pl＋、/Z71j,2Ｍ『す＋ql＋、/Z7792)/2Ｗ万,Ｑ１＝((pl＋
､/Zml2M7百一ql-1/Z7丁92)/2Ｗ『す,Ｈ＝((pl-､/EJT〕,2Ｍ7百+９１－１/Zm2)/21/Z扇andＱ２＝((jll-1/Z､12Ｍ万－
9,＋VZJTq2)/２１/Z『す.Thisimpliesthat

PlB＝Ｑ,Ｑ２＝(P15＋b1B5)b2-Q15-b1Q25＝Ｏ

ＩｆＢ＝Ｑ１＝0,thenPl＝ｐｌ＋VZ7rp2,Ｑ２＝ｐｌ－１/ZJIp2andb2＝(Q2/Pl)561．ＩｆＰｌ＝Ｑ２＝０，
thenら＝ｐ１－Ｖｍｌ２,Ｑ１＝p,＋VZ7nl2andblb2＝(Q1/H2)5.Thiscasecorrespondstothatof(4)of
Theorem．

(Ⅱ2)Supposethatlz11＜|z2l

（Ⅱ2.｡)Assumethatl力lissomeintegermultipleoflz,|：｜/il
AccordingtoLemma2､３and(2.5),Ａ三２and(10/A)＝'た|/|z21三２

＝ハlz1トwherekisaninteger・
Ｔｈｉｓｉｍｐｌｉｅｓｔｈａｔ２＜ＩＤ＜５．－￣

(Ⅱ2.α､1)Assumeth帥Ａ＝2.Ｔｈｅｎ(f,)＝(z12)andAisisomorphictoatypeof(2α)．

（Ⅱ2.α､2)AssumethaM＝３.Ｔｈｅｎ'た|＝(10/3巾21,andhence九Ｅ(⑰,）Thisimpliesthatl/ilis
someintegermultipleoflm21：|f11＝mlz21,wheremisanintegerwith2＜ｍ＜aThisimpliesthat
m＝２，ａｎｄｈｅｎｃｅ

（/,’た)＝(z22＋qm13,⑫15）（ＱＥＱ)．

Ifq＝０，thenAisisomorphictoatypeof(２６)．ＩｆＱ≠０，thenAisisomorphictoatypeof(5)of
Theorem．

（Ⅱ2.α､3)Assumethatk＝４Ｔｈｅｎ'た|＝(5/2巾21,andhence九Ｅ(､,).Thisimpliesthatl/,|is
someintegermultipleoflz21：Ifll＝mlz21,wheremisanintegerwith2二ｍ≦(5/2)Thisimplies
thatm＝２，ａｎｄｈｅｎｃｅ

（/,’た)＝(Ｚ22＋Qz14,bz15＋cz13z2）（α,6,ｃＥＱ;Qc2＋６２≠Ｏ）
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Supposethatp:Ｑ[z1,z2]/(九1,/1,2)→Ｑ[z1,z2]/(た,1,ｍ)isanisomorphism,where九,1＝釘22＋αiz14，
ルール"15＋clz13z2andp(z1）＝p⑰1,ｐ(z2)＝Ｐ２釘12＋9＄２(α‘,s`内,p,ｐ２ａｎｄ９ｅＱ;j＝1,2).Ｔｈｅｎ

ｐ２＝ｑ１ｐ４－ｑ２９２＝b1c2p2-b2c19＝０．

lfa＝ｃ＝0,thenAisisomorphictoatypeof(２６）Ifu＝Oand6c≠０，thenAisisomorphictoatype
of(6)ofTheoremlfQbc≠０，thenAisisomorphictoatypeof(7)ofTheorem・Ifci＝Oandq`ｂｉ≠Ｏ
(j＝1,2),thenwecanassumethatb,＝６２＝１．Thiscasecorrespondstothatof(8)ofTheoremlf
bi＝Ｏａｎｄａｊｃｉ≠Ｏ(j＝1,2),thenwecanassumethatc,＝c2＝LThiscasecorrespondstothatof
(9)ofTheorem．

（Ⅱ2Ｍ)AssumethatA＝５.Ｔｈｅｎ'た|＝”21andlm21三(5/2)|z,|・Setlz21＝mlz,|(ｍ三５/2)．
Ｉｆｍ＝３，ｔｈｅｎ

（/,’た)＝(Qz12z2＋bz,5,ｃｍ22＋dz13z2＋eZ16）（α,６，c,｡,ｅＥＱ)．

IfQ＝0,thenAisisomorphictoatypeof(２６）Ifq≠0,wecanset

（た,九)＝(z12z2,z22＋ez16）（ｅＥＱｘ)．

Thiscasecorrespondstothatof(10)ofTheoremlfm＝４，then

（f'’九)＝(α`Ｍ２＋bz15,cz22＋dz14z2＋ｅｚ,8）（α,６，c,｡,ｅｅＱ)．

Ifq＝０，thenAisisomorphictoatypeof(２６）Ifq≠０，wecanset

（た,九)＝(`Ｍ２,"22＋ez18）（ｅＥＱ×）

Thiscasecorrespondstothatof(11)ofTheoremOtherwise,Aisisomorphictoatypeof(26)．

（Ⅱ２６)Assumeth帥I/ilisnotanintegermultipleoflz,|,ａｎｄitissomeintegermultipleoflz21：
|/11＝Ａｌ⑰21,wherehisanintegerThen(た）Ｅ(z2),andhencel九|issomeintegermultipleoflz1l：
'た|＝mlzll,wheremisaninteger・Ｔｈｅｎ２＜ｈ＜ｍａｎｄＡｍ＝10.Thisimpliesthat(ん,、)＝(2,5)，
andhenceAisisomorphictoatypeof(２６)．

（II2c)Assumethatl/ilisnotanintegermultipleoflz,ｌａｎｄitisnotanintegermultipleoflz21・
Then(た)Ｅ(z1z2),andhencel九lissomeintegermultipleoflz,|andlz21:'た|＝んlz1l＝mlz21,where
Aandmareintegerswith2＜ｍ＜A､Itfbllowsfrom(2.5)thatlz,|＝(ｍ/10)|/,|andlz21＝(A/10)|/i1．
Sincelf11三lzll＋|z21,weobtainm＋A＜10.Notingthatm≠2,A≠５andA≠2ｍ,ｗｅsee(ｍ’ん)＝
(3,4),(3,7)ｏｒ(4,6）If(ｍ,A)＝(4,6),then

（f'’九)＝(`Ｍ２,z24＋αz'6）（αＥＱｘ)．

Thiscasecorrespondstothatof(12)ofTheorem､If(ｍ,A)＝(3,7),then

（た,九)＝(Ｍ２,Z23＋qz17）（ＱｅＱ×)，

andAisisomorphictoatypeof(13)ofTheoremlf(ｍ,A)＝(3,4),then

（んん)＝(z12ｍ2,ｍ23＋α虹,4）（ｑｅＱｘ)，

andAisisomorphictoatypeof(14)ofTheorem．

（Ⅲ）Afterthis,weconsiderthecaseofn＝３.ＬＨｏｍ(2.1)，

(26）Ifll・'九|･If31＝l01Z11・lZ21・lZ31．
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Therearefbllowingtypeswhichcorrespondtothatof(15)ofTheorem：

Ｑ[Z1,ｚ2,Z3]化12,Ｍ3,Z23＋Z32)，(15α）

(156） Ｑ[ZＭ２,ｚ３]/(Z22,`Ｍ３,ｚ13＋Z32）

and

(15c） Ｑに1,ｚ2,Z3]化32,`Ｍ２川3＋Z22)．

Ⅱｌｚ１１＝lz21＝|z31,then'九|小''三２(j＝1,2,3)areintegers、Thiscontradictsto(2.6）Hence
lz11＜|z31andthereareonlythreepossibilities:|〃11＝lz21＜lz31,|z,|＜に21＝|z31andlz1l＜|麺21＜
lz31．

(1ｍ）First,weconsiderthecaselzll＝|ｚ21＜|z31.

（111.Ｌｑ)Assumethatlf1lisanintegermultipleoflz21:|/,|＝Alz21,wherehisaninteger・According
toLemma23and(2.6)，

叩21≦'九'三lfil･('た|/21⑳21)･('た|/21⑰31)＝(5/2巾21．

TheｎA＝２and'た|・'九|＝５１z21.|z31．Sincelz21＜|⑳31,八,九Ｅ(z1,z2）Ｔｈｅｎ'たlisaninteger
multipleoflz31:'た|＝mlz31,wheremisanintegerwith5/２三ｍ三２Ｓｏｍ＝２and'た|＝(5/2順21．
Thisimpliesthatl九|＝|z21＋ｌｚ３１,andhencelz31＝(3/2)|z2lHencewemayassumethatf,＝
⑳12＋cMz22,九＝z2z3and九＝ｚ32＋hM22＋鋤３（０，６ａｎｄｃＥＱ;qb2＋c2≠0）Supposethat

P:Ｑ[Z1,ｚ2,〃3]/(た,1,ｍ,/1,3)→Ｑ[⑳1,Z2,⑳3]/(た,1,ｍ,九,3）

isanisomorphism,where九,,＝⑩12＋α仰22,ルーＭ３,九3＝⑳32＋bi`Ｍ22＋ciz23,ｐ(zi)＝仇z,＋9iz2
andp(z3)＝γ⑩３（γ(pl92-QI1p2)≠O;αガハｃｊ,ZMjandreQfbri＝1,2).Weobtain

p2＝ｑｌ＝ｑ２ｐｌ２－ｑ１ｑ２２＝b2r2-blplq22＝ｃ２ｒ２－ｃ１ｑ２３＝Ｏ

ＩｆＱ＝ｂ＝0,thenc≠OandAisisomorphictoatypeof(15α).Ifq＝Oandbc≠0,thenAisisomorphic
toatypeof(16)ofTheoremlfc,＝c2＝0,Thenq1q2b1b2≠Oandwemayassumethatb,＝６２＝L
Thenr2＝p1q22andq1q26＝ＣＭ4.Thiscasecorrespondstothatof(17)ofTheoremlfabc≠０，then
Aisisomorphictoatypeof(18)ofTheorem・IfcM2c1c2≠Oandb,＝６２＝0,thenwemayassume
thatc,＝c2＝lThenr2＝q23andQ2p12＝q1q22・Thiscasecorrespondstoth帥of(19)ofTheorem．

（Ⅲ1.6)Assumeth乱lf1lisnotanintegermultipleoflz21Then力Ｅ("3）ｓｏ'たlisaninteger
multipleofl鯵21：’た|＝mlz21,wheremisanintegerwithm＞３．Thisimpliesthatl力｜＞叩21，
'九'三地21and'た|＜(10/6巾31.Thiscontradictstothefact21z31≦'た'．

(Ⅲ2)Secondly,weconsiderthecaselzll＜|z21＝|z31.

（III2q)Assumethatlhlissomeintegermultipleoflz,|、Ｔｈｅｎｌｈ|＝叩,|ａｎｄ(ｆｉ)＝(釘,2）ｓｏ
'九|小ilisanintegerwithl九|小`'三２(i＝1,2,3).Thiscontradictsto(2,6)．

（IⅡ２６)Assumethatl/,|isnotanintegermultipleoflz,|,anditissomeintegermultipleoflz21
Thenl力|＝小21,ａｎｄｈｅｎｃｅ

（5/2巾,'三'八'三２１z21〉21z,’（j＝1,2,3)．

Ｓｏ(んん,九)Ｃ(z2,z3）ThiscontradictstothefactdimQA＜CO．

（111.2.c)Assumethatl/ilisnotanintegermultipleoflz,|,ａｎｄitisnotanintegermultipleof
lz21・Thenlf11＝|z11＋|Ｚ２１ａｎｄｆ１Ｅ（〃1）ｓｏ'た|＝'た|＝叩２１Wecansetノｉ＝`Ｍ２,九＝



GradedcommutativeQalgebrasQ[妬,,…,x>J/(/i,…,九）ofdimensionlOoverQ 1７

ｚ32＋Qz22＋6z13,九＝αＭ３＋dz22＋ez13,(α,６，c,｡,ａｎｄｅｅＱ;ｅ≠0,(c,｡)≠(0,0)).Supposethat

P:Ｑ[Z1,Z2,Z3]/(た,1,ｍ,九3)一十Ｑ[Z1,ｚ2,ｚ３]/(た,1心,2,九,3）

isanisomorphism,where灸,１＝6Ｍ2,ｍ＝〃32＋qiz22＋biz13andJfd,３＝cj5M3＋diz22＋eiz13，
p(⑳1)＝pz1,<p(⑳2)＝92ｚ２＋M3andp(z3)＝q3z2+Ｍ３（p(q2r3-r2q3)≠O;α`ハcd,｡`,ed,p,92,q3,ｒ２
ａｎｄｒ３Ｅｑｊ＝1,2).Ｔｈｅｎ

ｑ３＝７２＝q2r32-q1q22＝ｂ２ｒ３２－６１ｐ３＝c1d2r3-c2dlq2＝c1e292r3-c2elp3＝dle2922-d2elp3＝０．

Ifc＝０，thencI≠Ｏａｎｄｗｅｃａｎａｓｓｕｍｅｔｈａｔｑ＝ｄ－１＝０.If6＝ｃ＝０，thenAisisomorphictoa
typeof(15c)Ifc,＝c2＝Oandb1b2≠０，thenwemayassumethate,＝e2＝lThenP3＝922and
62r32＝b,q22Thiscasecorrespondstothatof(22)ofTheoremlfc≠0,thenwecanassumethat
d＝ｃ－１＝ｅ－１＝Ｏａｎｄａ≠ＯＩｆｂ≠０，thenAisisomorphictoatypeof(21)ofTheorem・Thecase
b＝Ocorrespondstothatof(20)ofTheorem

（111.3)Lastly,weconsiderthecaselz11＜|⑳21＜|､31．

（IⅡ3.｡)Assumeth帥'八lisanintegermultipleoflz,|Thenl/11＝21zll,(fl)＝(zl2)and'九''九|＝
51ｚ211⑩31．

（In3.α､α）Assumethatl九|isanintegermultipleoflz211hen'た|＝叩21,'九|＝(5/2巾31ａｎｄ
'た|＝２１z31.Solz21＝|z31.Thiscontradictstothefactlz21＜lz31．

（Ⅲ3.ａ.b)Assumethatl九|isnotanintegermultipleoflz21Then'たlisanintegermultipleoflz21：
'た|＝Alz21,whereAisanintegerwitM＞３.ｓｏ'た|＝(5/ハル31,'九|＝２１z31andl九'三|⑳21＋lz31＝
((ん＋2)/5)'たlHenceA＝３andAisisomorphictoatypeof(15α)．

（IIL3.6）Assumethatlf1lisnotanintegermultipleoflz1l,anditisanintegermultipleoflz21、
Thenlf1l＝叩21ａｎｄ'た|･'九|＝５１zll･lｚ３１

（ＩｎＭｑ)Assumethatl九lisanintegermultipleoflz1l､Ｔｈｅｎ'た|＝Ａｌ〃,|(3三ＡＥＺ)ａｎｄ'た|＝
(5/ハル31＜北31.Thiscontradictstothefact叩31二'九'．

（111.3.6.6）Assumethatl力lisnotanintegermultipleoflz1ＩＴｈｅｎｌ九|＝ん|z,|(３三ＡＥＺ)ａｎｄ
'た|＝(5/ハル31.sCl九|＝叩31and'九'三|ｚ11＋|⑩31＝((ん＋2)/5)'たlHenceルー３andAisisomorphic
toatypeof(156）

（IIL3.c)Assumethatlf1lisnotanintegermultipleoflz1l,itisnotanintegermultipleoflz21and
fl伝(Ｚ,,z2）Ｔｈｅｎl/11＝２１"31ａｎｄ'た|･'九|＝５１鰺,|･lz21

（Ⅲ3.c､α)Assumethatl九lisanintegermultipleoflz,|､Ｔｈｅｎ'た|＝Al鯵,|(3三ｋＥＺ)ａｎｄ'た|＝
(5/ハル21＜２１z31Thiscontradictstothefact叩31≦'た|、

（In3.cb）Assumethatl九lisnotanintegermultipleoflz1lＴｈｅｎ'た|＝Alz,|(３≦んＥＺ)ａｎｄ
'九1＝(5/ハル21＜”21.Thiscontradictstothefact21z21≦'た'．

（111.Ｍ)Assumethatlhlisnotanintegermultipleoflz1l,itisnotanintegermultipleoflz21ａｎｄ
ｆ１Ｅ(⑳,,ｚ２）

（InM,α)Assumethatl九lisanintegermultipleoflz1l・Ｔｈｅｎ'た|＝Alz,|(3二ＡＥＺ)andlh'三
(5/ハル21.ThisimpliesthatA＝3,(fl)＝(zlz2),'た|＝(5/2)|zll,andhencel九|･'九|＝４１z21.lz31､ｓｏ
'九|ルボ|＝２(i＝2,3).Wecansetf,＝`Ｍ２,九＝ｚ22＋Qz13＋ｈＭ３,九＝ｚ32＋cz14（(α,c)≠(0,0)，
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(｡,6)≠(0,0)）Ifb＝０，thenAisisomorphictoatypeof(15c)．Ｉｆｂ≠０，thenwemayassumethat
Q＝ｂ－１＝OThiscasecorrespondstothatof(23)ofTheorem．

（Ⅲ.Ｍb)Assumethatl九lisnotanintegermultipleoflzll,anditisanintegermultipleoflz21
Thenlf21＝叩21,'九|＝Alz11(３三ＡｅＺ)ａｎｄl/11＝(5/ハル31.Thisimpliesthatl九|＝叩31,|/11＝
(5/2巾,|ａｎｄ/ｉＥ(z,）ｓｏ(/,)＝(z1z3)ａｎｄルー3.Aisisomorphictoatypeof(156)．

（IILMc)Assumethatl九Iisnotanintegermultipleoflz,|,anditisnotanintegermultipleof
l⑳21．Ｔｈｅｎ'た|＝ハ|z,|＝mlz21（３三ｍ＜ｈ;ＭＤＥＺ）Ｓｏｌｆ,|＜（5/ルル31,'た｜＜（5/2)|z1land
(/1)＝(`Ｍ２).Sincelz21＋lz31＞（(ｍ＋2)/5)'九'三'九'’九ｅ(釘1)つ(/i)Thiscontradictstothefact
dimQA＜○○．

ThiscompletestheproofofTheorem．
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