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WegeneranzeatheoremofHardyfbrthenuriertransfbrmonthereallinetothenuriertransfbrmonthePoincare
夕

disk．

Introduction

Hardy，stheoremfbrtheFouriertransfOnn[3]ａｓ‐
sertsthatノanditsFouriertransfbnnノcan､otboth
beverysmalLMoreprecisely,１ｅｔｐａｎｄｑｂｅｐｏｓｉ‐
tiveconstantsandassumethatノisameasurablefUnc‐
tiononthereallinesatisfyingl加)'三Oe-p錘zand
l/(")|≦Oe-q’，fbrsomcpositivcconstantCThcn
(1)ノーOifp9＞１/4;(2)ノーAe-p，c2fOrsomccon‐
stantAifW＝１/4;(3)thcreareinfinitelymanyノif
p9＜１/4．

SitaramandSundari［8］generalizedpart（１）of
Hardy，sresulttosemisimpleLiegroupswithone
colUugacyclassofCartansubｇｒｏｕｐｓａｎｄｔｏｔｈｅＫ‐
invariantcasefOrgencralsemisilnplegroups，There
areseveralworksthatextendtheresultofSitaramand

SundaritomorewiderclassesoftransfOnns・

Inthispaper,weproveananalogueofHardy，ｓthe‐
oremonthePoincar6disk，whichcontainsallstate‐

ments(1),(2),ａｎｄ(3)．Thekeyideaistoestimatea
fUnctio、ノbytheheatkemeLInthecaseoftheclas‐
sicalFouriertransfOnnonthereallineandtheHankel

transfOnn,theheatkernelisadilationofe-m2/２ａｎｄ
it，simageunderthetransfbnnisofthesamefOnn､In

thecaseofsemisimpleLiegroup,itisnotthecaseand
itisnaturaltochangee-p⑩zintheassumptionofthe
theorembytheheatkemelonthePoincar6disk・Using
upperboundfbrtheheatkemel,theresultofSitaram

andSundarifOrthePoincar6diskfO11owsasacorollary
ofourresult．

readertoHelgason[4]andTblras[9]fbrdetails．

L1mePoincar6diskD

LetDbetheopendisklzl＜１inCwiththeRie‐
mannianstructure1

‘｡(z)-4(,_睾竺,γ（ＬＤ
ｗｈｅｒｅｚ＝ｚ＋'9.ThentheLaplace-Beltramioperatoｒ
ｉｓｇｉｖｅｎｂｙ

Ⅲ－１(Ｍｗ(纂十券）（L2）
ＬｅｔＢｂｅｔｈｅｂｏｕｎｄａｒｙｏｆＤａｎｄｌｅｔｄ６ｂｅthecir‐

cularmeasureonBgivenby

］し八Ｍ-圭ﾉ(読'(･鰯)肌
TY1egroup

G-SU(L昨{,=(;加'L'’''－１｝
ａｃｔｓｏｎＤｂｙ

ｑｚ＋６

リｚ＝;ZT-57・

Theactionistransitiveandtheisotropysubgroupato
isK＝ｓｏ(2).Ｔｈｕｓ

Ｄ＝Ｇ/Ｋ、lPreliminaries

lnthissectionwereviewonsomeresultsonhar-
monicanalysisonthePoincar6diskWerefeｒｔｈｅ

TheRiemannianstructuredひ(z)andtheLaplacianL
isinvariantbytheactionofG．

＊ThislesearchwassupportedbytheMinistryofEducation,Science,SportsandCulmIe,Grant-in-AidfOrEncouIagementofYOungScien‐tists,No.12740097ｉｎ２０００．

１.◎(z)isfburtimestheRiemanmanstructmegivenin[4１
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1.4TheFouriertransfbrmonD1.2ThePOissonkemel

AhorocycleisacircleinDthatistangentialtoB・
FOrzeDandbEB1et<z,b>＝士｡(｡,（),where（
isahorocyclesuchthatzE‘andthesignis＋or-
accordingtothefactthatoisoutsideorinside5Then

e仏b>＝lﾆｰﾋﾋﾞ
lz-612

istheclassicalPoissonkemeLComplexpowersof
theclassicalPoissonkernelareeigenfimctio､softhe

Laplace-Beltlamioperator,Ｎａｍｅｌｙ

Ｌ(e(幟)<葛'６>)＝－仏2＋;)e(`川;昨'6〉
for/ＬＥＣ．

WedefinetheFouriertransfOnnofafUnctionノｏｎ

Ｄｂｙ

ﾙﾙﾉＩ /(z)e(~i仏十奇形'６>dび(z)，（L6）

where似ＥＣａｎｄｂｅＢ・

ＩｆノＥＣ:｡(Ｄ),then

'(炉去ﾑﾉ！ /い,b)e(i仏十;)<z,b>似tanhMdM仏
～

（1.7）
1.3ThesphericalfUnction

AfimctionノonDiScalledradialif

ノ(tanh；e")＝/(tanh;）fbrallr三0,0ＥＲ，

i､c・ノ(z)＝ノル|)fOrallzeD、
ThefUnction

｡“)-ﾉLoM；川)肋（'3）
iscalledthesphericalfUnction・Itisauniqueradial
fUnctiononDsuchthatf(o)＝１and

Ｌノー－仏2＋;)ｆ、（'4）

Radialsolutionsof(14)satisfy

祭+･･伽嘉一仏2+；M
hence

‘似(tanh5e`，)＝PL;_妙(coshr)，
where

Ｂ(z)＝Ｆ(-",〃＋1;1;(１－z)/2）

istheLegendrefUnctionofthefirstkind、
ThesphericalFouriertransfOnnofaradialfUnction

ノonDisdefinedby

川)-〃(墓ﾙﾙ)わⅡ（L，）
Inthecoordinates(γ’0)wehave

dび(z)＝sinhM7dO

and

ﾙ)=2耐ﾉ(~'(旧血;)PL細(……
TheinversionofthesphericaltransfOnnisgivenby

ノ(tanh(γ/2)）

＝圭ﾉ(.｡ﾙ)PL&Mco圖加ﾙ⑱…仏

Ｔｈｅｍａｐノ片ノい,b)extendstoanisometryof
L2(Ｄ,｡ひ(z))ontｏ

L2(Ｒ×Ｂ,(47r)~lutanMM似｡b)．

1.5K-finitefUnctions

LetmEZTheeigenfUnctionsノofLsatisfying

/(eiOz)＝eim8/(z） (1.8）

aretheconstantmultipleofthefUnction

ﾉLoM州胸ＭⅢ伽､(z)＝

where似ECandXm(e"）＝ｅ`mの．Inparticular，
伽o=の〃

IfafUnctionノonDsatisficsノ(ejoz)＝ejmo比)，
then

ﾉ！'(鬘ﾙ…(仙側/い,b)＝

Thusノ(Ｍ)ｄｏｅｓｎｏｔｄｃｐｅｎｄｏｎｂ、Inparticular，
巾,b)isthesphericaltransfOnnノ仏)ｏｆノ,ifノis
aradialfUnctiononD．
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(2)〃pq＝1/4,伽"/(Ｍ)＝ん(b)e-q似2,ｗｈｅｌｍ
ｚｓα"αめj伽'ybo""dedか"c"o"o"Ｂ

(3)〃Ｗ＜１/4,伽Mze花α'mejl1/f"j花ｌｙｍα"y”cハ
ル"crio"sノ．

1.6Ｔｈｅｈｅａｔｋｅｍｅｌ

Ｌｅｔｕ＝ｕ(z,t)beafUnctionon(z,t）ＥＨ×
(0,。。)．Weconsideraninitialvalueproblemofthe
heatequationonH

ut＝Ｌｚｕ

ｕ(z’0)＝ノ(z)，

P"ｑｆＢｙ(2.1)and(1.10)ｗｅhave

’川上)'三CﾉlG士(墜爬'皿鵠ﾙ伽に）
＝Ｃｅ(、似)2-1/4)/(4p）

=C'eU鶚竺 （2.3）

whereノisaradialfUnctiononn

Fort＞O1etGtに)betheradialfUnctiononDthat

istheinverseimageofe-仏2＋'/4)ｔunderthespherical
transfbnnnlus

G抑)＝e-仏塾+i)t・
へび

fOrall仰ECForfixed6,ノ(Ｍ)isaholomorphic
fUnctionof似ＥＣ・

Ifwecanprove(2),then(1)isselfLevident，

Wewillprove(2).Ifpq＝１/4,thenbyusingthe
Phragm6n-Lindel6ftheorem,(22)and(2.3)imply

ノい,6)＝ハ(6)e-叩２， （2.4）

whcrethefUnctionh(6)isboundedSeeDymand
McKean[2,Section32］fOrdetails・Converselyif
加,b)isgivenby(2.4)andハisbounded,thenwe
canshow(2.1)byusingtheinversionfOrmula(17)．

For(3),chooseｐ＜ｐ'＜１/(４９)andletノ(z)＝

G志(z）Itiseasytoseethatノ(z)satisfies(2.1)ｂｙ
using(1.11).Moreoverノい,入)＝ｅ－仏2+き)/(4p')sat-
isfies(2.2)．□

(1.10）

Then

魎仏#)=(Ｍルノl巾迦)G#(迦汕("）
isasolutiontotheaboveinitialvalueProblemHere
９．ｏ＝ｚ・

TheheatkemelisgivenbythefOrmula

ct(tanh;)＝(4ｍ)-3/21/面e~t/４

×ﾉ(-万芸豐示`MUD
DaviesandMandouvalos[1]provedthat

０t(tanh;）

～ｵｰ:e~ﾎﾞｰ霊~;(1＋ｒ＋t)~;(1＋γ)，（112）

unifOrmlyfOrO＜γ＜ｏｏａｎｄＯ＜ｔ＜○○．Herewe

writeノーgwhenthereisc＞Osuchthat

c-1ノニｇ≦cノ

Remark2､２１fpq＝1/4,then

ノ(tanh；e`,)＝)(m(e`,)G9(tanh;）

satisfiesconditions(2.1)and(2.2)ofthetheorem．

WemayreplaceGｵ(2)intherighthandsideof

(2.2)bytherighthandsideof(1.12)．Asacorollary
wehavethefOllowingresultofSitaramandSundari
[8]inthecaseofD．

fOrallvaluesofvariablesinthedoｍａｉｎ

ZAnanalognleofHardy，ｓｔｈｅｏｒｅｍ

ＷｅｎｏｗｓｔａｔｅａｎｄｐｒｏｖｅａｎａｎalogueofHardy,s
theoremfbrtheFouriertransfOnnｏｎＤ．

Corollary2､３ルノｐα"‘qbeposjrjveco"s加川.Ｓ叩一
poseノｉＭｍｅａｓ"、肱か"c"o"o"ＤＭ幼j"ｇ(2.2）
α耐

Theorem2・lLerpα'ｚｄｑｂｅｐｏｓｉ"ｖｅｃｏ"Ｍｚ"灯．Ｓ〃‐
poseノisameas"'てzﾙﾉｶﾞｲ'DC"o"o"ＤＭｊｗ"ｇ

ｌｆ(z)'三ＣＧ念(z）ノbra比ＥＤ（2.1）
αＭ

ｌｆい,b)'三Ce-q"２ノbraﾉﾉ入ｅＲ,ｂＥＢ，（2.2）

|f(tanh;ei0)|≦Ｃｅ~p『,ノｂｒα"γ〉Ｏ〃ＯＥＲ，

whemeCjsapos"iveco"伽"Ｌ

ＣｆＷ＞1/4,伽"ノーＯαﾉｍｏｓＭ,eWhe"、

PhoqfChoosep＞ｐ'suchthatp'９＞１/4.Thenthe
isaconstantC'suchthat

e-pr2＜de-p'72-r/2(1＋γ＋1/(4p'))-1/2(1＋γ)．

Ｂｙ(1.12)wecanapplypart(3)ofTheorem21．□

whe花Cjsaposjtかeco"卿"/nie"ｗｅhave/Mowj"ｇ
花皿ﾉ応：

(1)〃ｗ＞１/4,伽'zノーＯα加川Mywhe"．
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Concludingremarks

Wecangeneralizeourresulttothehyperbolic

spacｅＨｚ・Wehopeourideaisapplicabletogeneral

semisimpleLiegroups・Moreoveritisofinterestto
considerthecaseoftheJacobitransfOnn・Wewill

comebacktothesesubjectelsewhere．
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