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Abstract

Physicalconsiderationofthegenerallinearsolidleadstothedifferentialgenerallinearequation(DGLE)．

Thequasi-staticcaseofcreepgivesaspecialsolutionoftheDGLE・ＦｏｒａｎｙｓｔｒｅｓｓＣＥＣ.。，thegeneral

solutionoftheDGLEisderivedbyusingtheconvolution．

1.Introduction

Theanelasticrelaxationinsolidsisdefinedasarelaxationofthestrainafterthe

appliedstress・Oneoftheimportantanelasticrelaxationsisthepoint-defectrelaxationlf

thereexistsapointdefectinacrystal,itmaylowertheoriginalcrystallinesylnlnetryof

theperfectcrystaLThesynmnetryaroundthedefectiscalledthedefectsynⅡnetryto

distinguishitfronlthelatticesynⅡnetlyoftheperfectcrystaLIfthesetofallthedefect

synmnetriesbecomesasubgroupofthepointgroupofallthelatticesynlmetriesand

slnallerthanthepointgroup,thenananelasticrelaxationoccurs．

TheelasticityisapropertyofsolidfollOwingHooke1slawandrepresentedbythe

Hookeanspring・Thelinearviscosityisthepropertythatthestressisproportionaltothe

strainrate,whosepropertyisnlodelledbytheNewtoniandashpoL

TheanelasticityinvolvesatleastaHookeanspringａｎｄａＮｅｗｔoniandashpot．Ｏneof

thesimplestcasesisacombinationofthetwomodelsconnectedinparalleLTmsmodelis

calledtheVoigtsolidMorerealisticsolidisthestandardlinearsolidcomposedofa

VoigtsolidandaHookeanspringinseriesTheVoigtandthestandardlinearsolidsare

lnodelsofasinglerelaxation・Thereoftenappearsanlultiplerelaxationduetoseveral

kindsofpointdefectsinthecrystaLSuchmultipleanelasticrelaxationisobservedasa
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superpositionofcreepcurvesinthequasi-staticexperimentandasasuperpositionof

peaksofinternalfrictioninthedynancexperiment・Thegenerallinearsolid,hereafter

abbreviatedtoGLS,isamodelrepresentingthemultipleanelasticrelaxationTheGLSof

ordeMconsistsof〃VoigtsolidsandaHookeanspringallinsenes、

ＴｈｅＧＬＳｉｓｅｘｐｒｅｓｓｅｄｉｎｔｈｅｆｍｍｏｆｄｉｆferentialstress-strainequatio､,herecalleda

diffelentialgenerallinearequationabbreviatedtoDGLETheDGLEhasbeenconsidered

fromvariousviewpoints1-22)．Physicalexperimentsalwaysrequilesimplifiedexperiments

toobtainresultswithoutobscurity、Inthestudyofanelasticrelaxationincrystalline

solids23),therehavesofarbeendealtwiththequasi-staticcaseofcreep,elasticaftereffect

orstressrelaxationandthedynamiccaseofinternalfrictionundertheconditionofthe

oscillatoryhannonicstress・Thispaperconsidersthequasi-staticcaseofcreepfrolnthe

physicalpointofview,andthegeneralsolutionoftheDGLEismathelnaticallyderived

TheClynalniccaseisdiscussedelsewhere16)．

2.Physico-MathematicalSolutioninQuasi・StaticCaseofCreep

Ⅲ…｡defm．…雪ﾕ+fwh層Ｍ１=÷ﾊ1M伽艸伽Mnd仇ho
relaxationtime・Then,α:Ｃ~(R)今Ｃ~(R)isalineardifferentialoperatorassociated

witllT,herecalledadiffUsionoperatorM)Thcstraine＝e(Z)(にＲ)ｉｓａＣ~fimction．

L・【仰帥h則川･no仕朏nimMuopr。b1.m:恥÷．(O)=OUniqu.､.Ｍtho
solutionfortheinitialvalueproblemassertswell-definednessofⅢForsimplicity,ｎF）
and･『:)arereplacedbyQand①i,respectively・Similarly,viisintroducedasthe
solutionofQe＝0,ｅ(O)＝L

InthejthVoigtsolidtheHookeansplinggivesS,＝雌)Ｃｌ)ｗｈｅｒＷｌｉ)istherelaxation

ofthecompliancMIOthestresscomponentfOrthespring,andtheNewtoniandashpotis

specifiedb川白i＝Ｃｆ)where刀iistheviscosityexpressedaM7j＝で:)/":),。!)the

stresscomponentfOrthedashpoLThestressC=ＣＩｉ)＋ｏｆ),then,leadstothedifferential

stress-strainequationofthejthVoigtsolid

Q感戸署．（１）
…(叩)薑…〃等臺参十①(ＤＣ一参）
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Pmpomnm(叩)=急目Ｑｏ臺多…一○②…川

Then,foraconstantdi・McreepunderaconstantstressC,Sj＝aﾉWioisaspecial

solutionof(1)．

Proposition21nthecreepoftheVoigtsolid,thegeneralsolutionof(1)isrepresented

as

ei＝aﾉ!)叩十cjV,i（c,:constant)．

LeteobethcelasticstraingivenbyeO＝ＪｂぴwiththeunrelaxedcomplianceJtJf◎rthe

Hookeanspringattachedtothe〃VoigtsolidsintheGLSHence，

Proposition3InthecreepoftheGLS,thetotalstraineisexpressedas

炉二僅戸(ん+＝"ＷＪＣ+=w；仏eRl②
LetQjbeadifferentialoperatorcomposedofQandD/suchthatQノールロノ，

correspondingtothetwoconlponentsoftheVoigtsolidconnectedinserieswiththejth

VoigtsolidfC11owedbythe/thTheinvertedsystelnofthetwoVoigtsolidsconnectedin

theorderoftheﾉthfOllowedbythejth,iscompletelyofthesamephysicalpropertyasthe

normalsystemThen,Ｑノーロノ'’1e､,ルロノ＝ロノ｡ｎ．

InthegenerallinearsolidoflzVoigtsolids,letDbeadifferentialoperatorspecifying

theGLSPhysically，ｔｈｅＧＬＳｄｏｅｓｎｏｔｄｅｐｅｎｄｏｎｔｈｅｏｒｄｅｒofconnectionoftheVoigt
solidsThus，

〃

Ｄ=Ⅱ｡Q(i)(VseOS("))，（３）
ｉ＝１

whereＯＳ(")isthesynlInetricgroupofordeMDisanticipatedtobe
lt

D=P(`！))=Ｚ`Ｗ~'(αo=1,α,ER)，
ノーO

wherM,isapolynomialofa1,α2,…,α"withαi=1/『9)andwrittenas

ai＝αi(α,,α2,…,α､）
Bydefining

，αi竺α,(ａｓ(叩α`(2),…,α`仇小
eqn(3)yieldsMi＝αi(VseOS("))ＴｈｅＭ,isrepresentedintermsoftheelementaly
symmetricfimctionsofal,α２，…,α〃（thefUndamentaltheorenlonsymlnetricfimctions)．
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ThesimplestcaseisthecasewheneachaiistheelementarysynⅡnetricfilnctionofdegree
iThen，

，(:)薑Ⅱ(薊+αj薑コト+才)肱ⅡルPⅢ４
Eqmion(2)Ｍｎj二thesolutionoftheDGLEofomeMmth…p：

昨鯰(ん+喜叫!)．（4’
Thestraineofeqn.(2)representsacreepbehaviouroftheGLSundertheconstantapplied

stresso．

3.Convolution

Definitionsandpropositionsrelatedtotheconvolutiontosolvethesinglehigh-order

inhomogeneousconstant-coefficientlinearordinarydifferentialequationaresunnarized

basedonRem4)．Newdescriptionisgivenwithproof、

Definition4Theconvolutionof′andgfOr′,ｇｅＣｏ(R)isdefinedas

がg(')雪Iil〃`)g(`)A
Proposition5

（１）′*ｇ＝ｇ＊ｆ

（２）（'*g)*ﾊｰﾌﾟ*(g*ｈ】

（３）Ｍ*ｇ＝Ncg)＝c(がg）（CER)．

Definition6

ら＝必一〃．

DeHnition7Theconvolutionassociatedwith几(几ｅＲ)isanoperator,γがdefinedas

γ几价竺e則*パブECO(R)】
Here，ビルごeAA
Proposition8

（１）５入。γ几＝Ｉ．

（２）γ川｡ａｌ(ﾙﾉｰeﾙﾉ(O)(/ECO(R)l

Proposition9ForD=Ⅱ｡ａルー61,｡5入,｡…｡6ﾙ，

仇(ﾛ｡州)薑L
PmclfByProp､8(1),andthecomnutativityof5几/sorγ入('s,
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い)｡('〔i1.γ､)臺亘｡(ｗ薑１ ロ

PmpWlj;sWWii湖ｺﾞﾙﾒ
ｅＭ＝冠e入’（川三o).

γルル＠M…L０,'1鵜い…柁川*eﾙ噸=eM纈．

γAi(`1)=ejL,，10,ビル*eA*…*eA*eルーeﾙ,．

γ化'|黒岡督両awに］
ProqfEasybylnathenlaticalinductiononj．

〃

Theoreml4LetP(z)=Ⅱ(Z-/し!)witM≠ﾉ|<j(』≠/〕
ノー１

，ｄｅｎｏｔｅｄｂｙｅ*,ｉｓ

ｅ蝋=Ⅱ。γ几,(')=２１１*Ｇ１`*…*e』〃，
ｉ＝１

ｏｒ

＆薑喜市魚}ＭＰ(Ⅲ(ﾙﾙ〕ノー１
ノガ

ロ

AspecialsolutionofP(ﾕループ

P〃qfThefirsthalffCllowsfromProp､１０.Therestisderivedfroln

志喜市六 □

LetP(Z)=Ⅱ(Z-卿噸'ｗｉｔＭ≠/Ｗ≠小ｎｄＺｍ,＝"Then，
ノー１ ｉ＝１

Theoreml5
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志臺喜碧F＝;'矛闘恥鰔戸制而
ノゴ
ノ≠ノ

andaspecialsolutionofP(必)g=加零,isexpressedas
rmi-1 rmi-1

e蝋=ＺＺａＭﾙｰ鰍eMj-㈱-,*岸ＺＺｑｊ洲ＧＭ*f
ThegeneralsolutiOneisgivenby

rｍｉ－１

ｅ=e鵬十ＺＺｃｊＡｊ（cAjERl
ノーｌノー０

１
，

ルヴ

PmqfForD=“ＤＣγ１Ｗ)=fSinceγバルγ几鰄-1(ｅｊ１Ｗ=eM-1*ｆ
＊

ｅ＝eﾙ腕-,＊ハsaspecialsolutionofDe＝′､Then,thetheoremisreadilyverified． ロ

4.GeneralSolutionofDGLE

Ｌｅｔ

Ｑ(z)=ヱルz’（々ＥＲＩ〕h≠O)．
ノーO

DeriveaspecialsolutionoftheDGLE:Ｐ(ﾕ)e＝Q(`！))CforCeC~(R)．

Propositionl6

（１）ｅｊＭＣ=咋几鑿｡+(C-eAぴ(O))=ルノ{*Ｃ+(d-ejp(o)〕
（２）ユ(e伽)=ルハ*ｏ+d=咋糺*ぴ+ぴ=e１Ｍ)｡+ｅｌＣ(O)．

Propositionl6isprovedbyintegrationbyparts,andthefbllowingcorollaryisinnediately

obtainedfromPropl6(1)．

Corollaryl7

ｅＡＭ１ぴ＝ユe1＊。②ｏ＝Ｃ(oﾙル

MathematicalinductionverifiesPropl8byusingejM'ぴ=ｅＡＭｌ(〃ＩＣ)andPropl6(1)．

Propositionl8Forノ三１，
ノーｌ

ｅ１Ｍ>jぴ=ルハ*Ｃ+ヱノv-I-111d-eAZ/ｖ－ＷＣ(o）

-Ｍ+z'w…１．
ノー１
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Theoreml91ncaseP(Z)=Ⅱ(Z-卿
ＤＧＬＥｉｓ

＆-論[…ﾝプ
andthegeneralsolutionisgivenby

Ｓ=e鰯+Zciel‘（qeR)．

仏≠/Ｗ≠ﾉ)） ，aspecialsolutionofthe

|…ｚｗ壯姉に}｝
ﾉｰＩ

ノー０

ProofisobviousbyPropl8．

Ｌｅｍｍａ２Ｏ

γ入(-入)＝似 (繭一夫）
Proqf

1;州一夫(1-作士９e几＊(1)＝ □

lnparticular,fOraconstantothefollowingtheoremisdeduced

Theorem211ncaseP(Z)=Ⅱ(Z-い（/[,≠ﾉＬｊ(i≠/))andCisconstanぃhegeneral
solutionoftheDGLEisexpressedintennsof9Diandvias

・薑Ｌ+喜叫の)◎+喜叫ⅡqERl
PmqfIfCisconstant,theDGLEbecomeseqn.(4)：

（ﾛ｡5J遵臺(ﾛ(-いﾙ+喜瑚!)d
withD=ⅡoLFromal,(1)=-ﾉし,,Ｄ(1)=Ⅱ(-卿 ＢｙＬｅｍｍａ２０ ａｎｄＰｒｏｐ８(1)，

〃

い)=(-いⅡ｡凸！(1)＝
ノー1,ﾉ封

〃

Ⅱ
ｉ＝１

Dの,=D(γ川,（ (-卿
Thus，

〃

ｇ鼈＝Ｊｉｊｏ+Ｚ靴)⑩，
ｉ＝l

isaspecialsolutionoftheDGLEfOraconstanto
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Now,thediscussionisproceededtothegeneralcaseofP(Z)=Ⅱ(Z-い"，(川,三1）
ｉ＝l

withZm,＝"．
ｉ＝l

PropositionZ2Forノニ１，

゜ｌｊＭ}Ｃ=(ﾙﾙ,+e入,－１)叢C-e川,｡(O】

Pmq/；

(r-s)』
(aMMd)(')=l； e岬`)(“(s))ぬ

/１

臺旱抄'◎(鰯''二十'１隅
=-eﾙﾉo(o)+(`入'－１+ﾙﾙﾙ．

ﾙﾙ鋤}ぴ伽
(ノーs)'e几(1-s)＋

/１

□

MathematicalinductionoMforeﾙﾉMlkdleadstothefollowingtheoremwithcareofthc

largenessofkrelativeto/、

Ｔｈｅｏｒｅｍ２３Ｆｏｒｋ三１，

１６－１＜ノ．

ThegeneralsolutionoftheDGLEis,therefore,readilyattained

Theorem241ncaseP(Z)=Ⅱ(Z-Wm,，
ｊ＝１

ｒｍｉ－１ｎ ｒｍｉ－ｌ

ｇ=ＺＺＺａｉｊＡｅ川,Ｍｌｋｏ+ＺＺｃｊＡｊ（cしjeR）
ｉ=１ノーＯＡ=Ｏﾉｰ１ノー0
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