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WestudytheboundaryvaluesoftherealanalyticEisensteinseriesontｈｅｕｐｐｅｒＭｆｐｌａｎｅａｎｄｇｉｖｅａｎａｌｔｅｍａｔive

proofofthefUnctionalequationfbrtheEisensteinseries．

where〈istheRiemann〈fUnctionand(α此isthe
shiftedfactoriaL

lHelgason'sconjectureontheupperhalfplane

lnthissectionwereviewonboundaryvalueprob
lemsontheupperhalfplanefO11owingOshima[7]・We
alsoreferthereadertoHelgason[1]andSchlichtkrull
uOl

LetHbetheupperhalfplane

H＝{z＝ｚ＋iz/ｅＣｗ＞O}、

Thereisanaturalactionof

o-…)-{(::);Ⅲbo-1）
ｏｎＣＵ{。。}ｂｙ

（::)懲=鵲（lD
ThcorbitsareH,ＲＵ{。。},andthclowerhalfplane・
Theisotropysubgroupofj(andof-i)ｉｓ

K=so(2)={町=(:霊;二:浮沖T}，
whereＴ＝Ｒ/27rZThusH＝Ｇ/Ｋ・

WedefinesubgroupsofGby

卜{｡,=(マルル>o}，
Ⅳ-{恥=佃派R}，
昨(術←(;f形R}，
Ｍ＝{ん0,k0}．

Introduction

ltisknownthatarealanalyticautomorphicfOnn

onasemisimpleLiegro叩isdetenninedbyitsbound‐
aryvalues，whicharedistributionvaluedsectionsof

principleseriesrepresentations

lnthispaperweconsidertherealanalyticEisen‐

steinseriesgivenby

jz(Imz)３

Ｍ)=;是,､汁b,…い亙十`)`，
（α,b)＝１

wheresisacomplexparameter,ｆｅ２Ｚ,ａｎｄｌｍｚ＞

ＯＳｉｎｃｅＥＭ(2)isaneigenfimctionoftheLaplacc‐
Beltramioperatoronahomogeneouslinebundleon

theupperhalfplane，wecanconsideritsboundary

valuesonthereallineByaresultofOshima[7]，

ES岬)iscompletelydetenninedbyitsboundaIyval‐
ucs,whicharedistributionsonRU{｡｡}・nlcbound‐
aryvaluewithrespecttothecharacteristicexponent
s-1isaconstantmultipleofthedistribution

ｚ隷十`.｡，
（α,b)＝１
α＞Ｏ

ｗｈｅｒｅ６Ｌａｎｄ６ｏｏｄｅｎｏtetheDiracdeltafimctionsup‐
CB

portcdatb/(Malldoorcspectivcly・
meboundaryvaluesofEs,北)aredistributions

withperiodlonR・WecomputetheFburierseriesof
theboundaryvalues・Asanapplication,weprovethe

well-knownfUnctionalequationfbrEb北)：

オーsr(8)（(2S)(8)１２|/2Ｅ３,巾）

＝汀-1+Ｔ(１－s)（(2-28)(１－s)|(|/2E1-3,2(z)，
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ThenPisaminimalparaboUcsubgrouｐｏｆＧａｎｄ

ＲＵ{O}＝Ｇ/P,whereＰ＝ＭＡＮ・
Noticethatthecoordinatez＝ｚ＋iDcorresponds

thelwasawadecompositionG＝jＶＡＫｂｙ

Letｅ＝土LWedefinetherepresentations兎ｏｆ
Ｍｂｙ座,(んo）＝１and向(ん赤）＝－１．Wedefine
thespaceofhyperfUnctionvaluedsectionsofprincipal
seriesrepresentatioH

、⑩ｑｚﾉ・‘＝勿十iＪ Ｂ(G/P;Ｌｓ,こ)＝{ノｅＢ(G)；

ノ(9ｍα伽)＝ノ(9)危(、)Zﾉｰ．+1,シ＞0,ｚＥＲ}，

Let2EZwithg＝(－１)2.ForノＥＢ(G/Ｐ;Ｌｓ,ご)we
defineitsPoissontransfbrmby

ＷｅｗｉＵｕｓｅ

Ｇヨ7Ｍツル0片(CD＋jZﾉ,0)ｅＨ×Ｔ（L2）

asthecoordinatesystemonG・Accordingtothelwa‐

sawadecompositionG＝ＫＡＮ,wedefinemappings

脇：Ｇ→KandH：Ｇ→Ｒｂｙ９Ｅ凡(9)αexpH(9)ｊＶ
ｆＯｒ９ＥＧ・

LetＢ(G)dcnotethespaccofthehypcrfUnctions
onGnlegroupGactsonB(G)fromthelcftby
/,(z)＝ノ(9-1ｍ)for9,zEG

ForUEZdefineone-dimensionalrepresentation

ofKby)W(ん0)＝ei28Definethespaceofthchypcr‐
fUnctionvaluedsectionofthehomogeneouslinebun‐

dleonG/KassociatedwithX8，

Ｂ(G/Ｋ;)w)＝{ノＥＢ(G)；

f(9k)＝xz(ん)-1/(9),,ＥＣ,ｋＥＫ)．

ObviouslyB(G/Ｋ伽）isaG-invariantsubspacc
ofB(G)．Intennsofthecoordinate（12)，ノＥ
Ｂ(G/Ｋ;〕(2)satisfics

f(z,昨d20(8)＝ノ(z,o)，ｚＥＨ,ＯＥＴ・

Ontheotherhand,defincノ(z’0)＝/b(z)ej80fbrahy‐
perfUnctionh(z)onH・ThenノＧＢ(G/Ｋ;X2)Thus
weCanidentifyB(G/Ｋ;)(2)withＢ(Ｈ).Inthisiden‐
tificationstheactionofGisgivenｂｙ

〃,(昨(鵲)~`ｈ(ハル
wheregandlzareasin(1.1)．

TheCasimiroperatoronGisgivenby

｡-知2(纂十墨)+勾万:;す
Thustheactionofn/4onＢ(G/Ｋ;X8)isgivcnby

［`=,，(鼻十器)-吻急
DefinethePoissonkernelby

＆岬)薑(☆),(鍔)<ﾛ3）

ﾉＬｊ(剛`ＭＵｅＱ(ｱ’’2/)(9)＝

ｗｈｅｒｅｄルdenotethenormalizedHaarmeasureｏｎＫ．

Ｗｅｃａｎｗｒｉｔｅｉｔａｓ

人ｗ(ｗｗ'一'Ｍ
（1.5）

(ｱ8,2/)(9)＝

Ｗｅｈａｖｅ

esH(9-1)x8⑱(9-1))＝Ｂル)，

whereJi＝ｚＢｙ(1.5),Ｐ8,2canbeconsideredtobe
amappingfTo、

Ｂ(Ｋ/Ｍ,兎)＝{ノＧＢ(Ｋ)；

ノ(ん、)＝だ(、)/(ん),ＡＥＫ,ｍｅＭ｝

toＢ(G/Ｋ;X2)ForノｅＢ(Ｋ/Ｍ,危)ハ,2ノdepend
holomorphicallyonseC・

ＬＣＭ(G/Ｋ;Ｍ3,2)denotethespaceofthefUnc‐
tionsuEB(G/Ｋ;)(2)satisfyingL2u＝8(8-1池．

ThefO11owingtheoremisprovedbyＯｓｈｉｍａ[7]．

(Wewillexplaintheboundaryvaluemapslater.）

TheoremL1比ＭＥＺα〃ｇ＝(-1)2W

｡優{':Lルュエ÷lLj;'=ぃ2…）
伽〃伽Ｐｂ伽o〃伽"q/ｂｍｚＰ８，２α〃伽ｂｏ""血Ⅳ
ｖａ！"e"lcvﾌβ１－ＭｇｉｖｅmpologjcaJG-jsomorphMsq／
B(G/P;Ｌ８，唇)ＭｔＭ(G/Ｋ;Ｍ3,2）

ＲｅｍａｒｋＬ２ＷｅｇｉｖｅｓｏｍｅｈｉｓｔｏｒｉｃａｌｒｅｍａｒｋｓＦｏｒ
２＝0,HelgasonprovedTheoremL1andconjectured

thatitcanbegeneralizedtogeneralRiemanniansym-
metrlcspacesofthenoncompacttype・Kashiwaraet

al.[4]provedHelgason，scolUecturebyemployingthe
techniquesofmicrolocalanalysistostudｙｔｈｅｂound-
aryvaluesofthejointeigenfUnctionsofinvariantdifL

ferentialoperators・ForgeneraMOshima[7]proved
Theorem1.1ａｎｄＳｈｉｍｅｎｏ[12]generalizetheresultto
Hennitiansynmetricspaces．

ltsatisfies

LCR,2＝s(８－１)Ｂ,2． (１４）
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WereviewontheboundaryvaluemapfO11owing
KashiwaraetaL[4]andOshima[7l

TheLaplace-BeltramioperatorL2hasregularsin-

gularitiesalongRwiththecharacteristicexponentss
andl-8・Undercondition28崖Ｚwecandefinethe
boundaryvaluemap

ZEisensteinseries

Definer＝ＳＬ(2,Ｚ)andr｡｡＝ｒｎＲＬｅｔｓＥＣ
ａｎｄ２ＥＺＤｅｆｉｎｅ

Ｚ
７ｅｒ－ｌｒ

E8,8(9)＝ Ｒ’2(ｗ)．（2.1）

β1-s,２：Ａ(G/Ｋ;Ｍ３,Z)→Ｂ(G/P;Ｌ1-`,g)，

/８Ｍ：Ａ(G/Ｋ;Ｍ3,2)→Ｂ(G/P;Ｌ`,ご)．

ltiscalledtherealanalyticEisensteinseries・Ｗｅｒｅ‐

ferthereadertolbukiyama(ed.）［2],Kubota[5]ａｎｄ
Williams[13]fOrtheoriesoftheEisensteinseries・

Ｉｆ（isanoddinteger,then(2.1)isidenticallyzero
becauseMCnHelｅａｆｔｅｒｗｅａｓｓｕｍｅｌＥ２ＺＷｅ

ｃａｎｗｒｉｔｅＥｓ,２ａｓ

Ｗｅｃａｎｄｅｆｉｎｅβ1-Maloneunderweakercondition
-2s≠1,2,3,.…Intuitiveinterpretationofthe
boundaryvaluesaresome“limits，，ｗｈｅｎ９↓０．Ｌｅｔ
ｕＥＡ(G/Ｋ;Ｍ8,2)andassumethat2s区ＺＩｆ
βl-Mtuandβ3,2uarebothanalyticonR＝ＮＰＣ
G/P,thenwehaveanexpansion

m(z)＝αo(z)91-3＋α,(〃)Zﾉ2-s＋…

＋DC(〃)ys＋６，(⑳)y`+'＋…

ｊ２Ｄ８

風岬)=;見,､汁`,…位叶b)，
（｡,b)＝１

(2.2）

ＩｆＲｅｓ＞１，thentheseriesconvergesabsolutelyand
unifbrlnlyonanycompactsubｓｅｔｏｆＨ・ＡｓａｆＵｎｃ‐
tionofs,ＥＳ,沖)isanalyticfOrRes＞LWede-
noteitsanalyticcontinuationbythesamenotationBy
(1.4),且,パパG/Ｋ;Ｍ`’2),hencewecanconsider
itsboundaryvalues､Sinceh術ＥＳＬ(2,Ｚ)givesthe
changeofthecoordinatez片－１/zandO片｡。,the
boundaryvaluesaredeterminedcompletelybytheir１℃‐
strictiontoR

ThefOUowingpropositionisgivenbyOshimaand
Sekiguchi[8]fOr2＝０

andtheboundaryvaluesaregivenby

（β1-.,2m地)＝αo(z)，（β3,2m地)＝bo(z)・

DefinetheHarish-Chandrac-fimction，

21-2.r(2s）

ｃ(３，２)＝r(S＋:)r(s＿;)・
ImportantpropertiesoftheboundaryvaluemaParethe
fO11owing：

Proposition2.1Ａ""ｍｅｓ－１/２仏Ｚα"`ＭＥ２Ｚ
Ｔｈｅ〃

β1-s,ｄｏＥ,2＝c(Ｍ)id， (1.6）

(汁:)，エシ
(α,b)＝１
α＞０

(β1-ＭＥＭ巾)＝ｃ(8,2）
Ｅ,２．β1-Ｍ＝c(８，２)id， (1.7）

β1-Ｍ．ァ3,2＝Ａ８，９．（1.8）

ＨｅｌｅＡｓ,eistheKnapp-Steinintertwiningoperator

（ﾙﾉx,)=+ﾉ(:｡Ｍ渦)刷り
IntherealizationoftheprincipleseriesasafUnction
spaceonthereallineR＝Ⅳ.ｉ，

（ﾙﾉﾙ)-ﾆﾉ(:｡i万二芸|扇`〃
RemarkL3Schwartz，sdistributionsconstituteasub-

classofSato，shyperfUnctions・Oshima[7]gaveachar-
acterizationofaneigenfUnctionofL2tobethePois-
sontransfOnnofadistribution(seealsoOshimaand

Sekiguchi[9])．ItfOllowsthatboundaIyvaluesofan
automoIphicfOnnaredistributionvalusedsectionsof

principalseriesrepresentations．

帆拠ﾙ)=；Ｚ－ＬＭＥＺｌｑＺ＋612s．
（＠,６)＝，

P"qfNoticethatthePoissonkernelB,gisthePois‐
sontransfOnnoftheDiracdeltafUnction

Ｂ,水)＝汀(且’86昨)．

TI1efactor7rappearsbecausetheinvariantmeasureon
-

R＝Ⅳois÷dzLet

に(::） ●

払
込
日
□
〃
〃

戸マユ］Ｑ
〃

（叩皀巫］
〃
〃
■
Ｂ
ｕ
ｓ

Ｌ（⑭『血》

（」←）

Assumethatq≠ＯＷｅｈａｖｅ

ｉ２Ｊ８

肌)-,…,…(…)`=赤聯に）
－１
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Theorem2､３Ａ""ｍｅｓ－１/2段Ｚα"｡Ｚｅ２ＺＰ〃

Ｂｓ山)＝汀~`r(8)（(2s)(8)'2|/2Ｅ３,昨)，

wｈｅ”(s比｡e"o花伽ｓｈ縦｡/tzaorjZzJ〃"ｅｄｈｙ

（8ルーs(s＋1)…(S＋、－１）、＞0,(8)o＝１．

The〃ｗｅｈａｖｅ

nus

画夛=ホアＭ－砦 (2.3）

Ｂｙ(1.6)，

（阻岡非鶚`÷
ItfO11owsfrom(2.3)that

Mruﾙ)臺命βＭｏＭ－:(麺）
‐赤肌:(麺）

ｉ２
（2.4）

｜αz＋612s．

’fα＝0,thenｂ＝士１ａｎｄ

変ユル)=i２，．， （2.5）

－１

henceβ,_`’2国‘＝OonRand

（β・’2Ｂ,ビル)＝L

ThusthefOrmulafbrtheboundaryvaluesfO11ows､The

assumptionRe8＞１ｉｓｒｅｍｏｖｅｄｂｙｎｌｅｏｒｅｍ２３，
whereanalyticcontinuationtotheｃｏｍｐｌｅｘｐlanewill
beproved．□

(んＭ)=2'謡;等)(仏D＋
Ｅ…いた…ルア）

neZHO｝

ｗhe”

ｏ血)＝Ｚｄ”
。>o,。l、

/brα〃o"Zemj"噸ernα"。〃ＥＣＡＳα九"c肋〃
qfs,β,－ＭＢ8,2”"zα伽""ｃｈα"８ｃｄ""ders"６８伽"o〃
８片１－ｓα"dco"'伽esねαｍｅ"molphic九"c"｡〃
ｏ〃Ｃ、

P”qfWeclaimthat

(β1-.,2B3,2地)＝汀c(８，２)(（(２８－１）

＋Zo-2o+,(")e…)，（28）
”EZHO｝

(βハル剛｡-;r(諾;)(《(-2.+'）
＋Ｚ恥,(")e…）（29）
”EZHO｝

RemarM20nRU{。。}wehavc

β1-ＭＥＭ＝c(8,2)た

ｗｉｔｈ

人="ｚ声`:+価.｡，
（α,b)＝１
ｑ＞Ｏ

ｗｈｅｒｅ６且and60odenotetheDiracdeltafilnctionsup‐
q

portedat6mandoorespectively・

Itismoreconvenienttoconsiderthefbllowingse‐

ries(seeWilliams[13,Sectionl52】)：

Ｂ`’ん)＝（(28)Ｅ３,巾）

謬り８

－；鳥,…,…ぃ汁b)`Ⅱz`）
（＠ぬ)≠(0,0）

where〈istheRiemannzetafUnction

Equation(2.8)fbllowsfromtheproofofProposi‐
tion21andtheFourierseriesexpansionoftheperiodic
distribution

ｏＯ ｏＯ

Ｚ６(z＋:)＝ａＺｅ２…型
ｂ＝一○○ ｂ＝－oo

ltfOllowsfromtheproofofProposition２．１，

(βハル)=``<(2｡)+三他曇釜,墨
α＞０

Sinceitisadistributionwithperiｏｄｌ,ithasaFourier

senesexpanslon

９

１
｜
棚

図
工
目（(u))＝ Ｒｅｕ）＞１．

ＯＯ

Ｚｃ”e2…虹（ZlO）
、＝－００

(β3,2B`’2沖)＝
●

Nowwcstatethcmamresultofthispaper：
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Wehaveco＝火(28),since CoroUary2､５Ａｓα九"c"o〃ｑ／８，ＥＭｃｏル
メi""ｅｓｍａｍｅ1℃ｍｏｌ１ｐｈｊｃ血"c"o〃ｏ〃Ｃａ"α

所－３r(s)（(28)(8)'21/2E`,巾)jsj"wzr柳川雌ｱ８片
１－８．三,."+６，，，

ｑ＞０

PmqfnlecorollaryfO11owsfrom（1.7),Theorem
L1,andnleorem2､３．□

isthederivativeof

。(-2:+,)三鰐二:,圭皇
α＞０ Concludingremarks

LOshimaandSekigUchi[9]definedtheEisenstein

seriesonasemisimplesymnetricspaceoftypeKb
andprovedafUnctionalequationltmaybeofinterest
towritedownexplicitlytheEisensteinseriesandthe

fUnctionalequationof[9]fbrSL(2,Ｒ)/Soo(1,1)．
2．Inprinciple，themethodofthisarticleisappli-
cabletodiscretesubgroupsofSL(2,Ｒ)otherthan
SL(2,ｚ）
3．ProfessorYOshihirolshikawainfbnnedtheauthor

oftheworkofKato[3Lwhereaboundaryvalueofthe
thetaseriesanditsimageunderthePoissontransfbnn
areconsidered．

inthesenseofdistributionsFor〃≠0，

一色ニノ('蒜伽
TYlebsumnationaboveis

=ﾉ[二;ニニサニトニ:“
e-2ｍ/=て”UCL

’@’'２．．⑳Ze2雨V二Ｍ．
ルー１

ﾉ[二＝α－２８

andthesumoverkisqorOaccordingasaInornot、
Moreover

Acknowledgement

TheauthorthanksProfessorHiroyukiOchiaifOr
readinganearlierversionofthemanuscnptandpoint‐
lngoutelrors．

e-2ｍ/=TnU

M2｡‘…，｡~;r(諾;)M,,-１ﾉ〔二
Bywritingn＝qbandusingthefUnctionalequation
fbrtheRiemannzetafUnction
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