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Let R be a Noetherian domain and R[X] a polynomial ring. Let o be an
element of an algebraic field extension L of the quotient field K of R and let
7 : R[X] — R[a] be the R-algebra homomorphism sending X to a. Let p,(X)
be the monic minimal polynomial of o over K with deg q(X) = d and write

Pa(X) =X+ mX 4y

Then n; (1 < ¢ < d) are uniquely determined by o. Let I, := R:p s ={ a €
R|an € R} and Iy := N, I, 1t is easy to see that Ij,) = R[X] :r pa(X).
We say that a is an anti-integral element over R if Ker(r) = Iij¢o(X)R[X]. For
f(X) € R[X], let C(f(X)) denote the ideal of R generated by the coefficients of
f(X). For an ideal J of R[X], let C(J) denote the ideal generated by the coef-
ficients of the elements in J. If « is an anti-integral element, then C(Ker(r)) =
C(I[a]‘Pa(X)R[X]) = I[o:](la M- --;na). Put J[a] = I[a](la Ms--- ,?74)~ If J[a] Zp
for all p € Dp,(R) := {p € Spec(R) | depth R, = 1}, then « is called a super-
primitive element over R. It is known that a super-primitive element is an
anti-integral element ([OSY,(1.12)]). It is known that any algebraic element
over a Krull domain R is anti-integral over R ([OSY,(1.13)]).

Our objective is to investigate when an element a € L is anti-integral or
super-primitive over R.

In this paper, we fix the following notation in addition to the definitions
mentioned above unless otherwise specified :
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Let R be a Noetherian domain with quotient field K. Let L be an algebraic
field extension of K and let a be an element in L which is of degree d over K.
Let po(X) := X%+ mX? 4+ -+ 14 denote the minimal polynomial of a over
K (that is, n; € K).

Our general reference for unexplained technical terms is [M].

We begin with the following definitions :

Definition 1. For an ideal I, let R([) := I :x I, which is an over-ring of
R.

Definition 2. For a € L, let
R{a) := R[a]N R[a!]

and
Dy := RO I10j(, © * ** 10} (a1 (as R-modules),

where (i ;=o' + mai~t + -+ fori (1<i<d-1).
Remark 1. R(a), R(R) and D,) are integral over R. (cf. [OSY])

The proof of the following lemma is obtained from the proof of [OKY,Lemma
4] and that of [KY,Theorem 1] without the assumption that « is anti-integral
over R.

Lemma 8. Under the same situation as in Definition 2, D(4) is a subring

of R{a) and they are birational i.e., D) and R{c) have the same quotient fields
K(a).

Proof. When d =1, D) = R.
Assume that d = 2. Note {; = a+mn; and hence (? = {1(a+m) = ali+mé =
(2 — n2 + Ml = M — n2 (here (; = 0).
Assume that d = 3. Note {; = a+mny, (o = a{; + 1, and (3 = a; +n;3. Thus
G=C0(a+m)=0ali +mé = —n+mG,
Gh =CGla+m)=ale+Gm=(—n+m¢=-n3+m¢ and

(2 = Q(abs +n2) = (062)C1 + Gne = (6 —m3)r + Cam2 = —maCy + 22
ause (3 = 0.

Assume that d > 3. Note first that m:=120:=1,( =0and (4 =
al; + mi+1. Now we compute (;(; as follows :
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Gé = Glagi—1 + ;)
= a(i(j-1+ 1;G
= (Git1 = Mit1)Ci-1 + 056
= Gi41Cj-1 — Miy1G5—1 + 06
= Git2i-2 — Mit2Ci-2 + Ni—1Giv1 — Mit18i—1 + 0
= Gipali-2 — (MiraCi-z + Mg1Cima) + (056G + Mj—1igr)

---------

---------

(i) Repeat the above process, we have

J Jj—=1
GiCi = GiriCo — D MiatCict + 3 MjmoCitos
t=1

8=0
that is,
J Jj=1
GG = i — D MiweCict + 3 NimsCito-
t=1 8=0

(i) Put £:=44+j—d. Then j <i<dyieldsf{ <d—1andj—¢> 1. Thus
continuing the above process yields

=8 j—t-1
Gl = CaCe = D Migelimt + Y. Mi—sCites
t=1 8=0
that is,
d—i d—i—1
ciCj == Zni+t<j—t + Z nj—sCHs-
t=1 8=0

Thus we have [j)(ilj)¢; = I£;(i(; € D(o). Hence for 8,7 € Do), we have
B + 7,87 € D(a), which shows that D4 is a subring of R|a].

Next, it is obvious that Do) C R(a). Take {; = a+n € D(,). Then
o =(; —n € K(D()). So we have K(a) = K(D)) C K(R{()) = K(a).

Definition 4. For a € L, definie :
Ant(e) :={ c€ R\ (0) | R(e)[l/c] = D()[1/c] }U {0}

and
Sup(a) := { c€ R\ (0) | R(li)[1/c] = R[1/c] } U {0}.

The set Ant(a) is called an obstruction of anti-integrality of a over R and the
set Sup(a) is called an obstruction of super-primitiveness of a over R.
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Theorem 5. Fora € L,
(1) Ant(a) s an radical ideal of R which contains the ideal Iy ;
(2) for p € Spec(R), Ant(a) € p if and only if o is an anti-integral element
over R, ;
(3) the following conditions are equivalent :
(3.1) a is anti-integral over R,
(3.ii) Ant(a) = R,
(3.iii) Ant(e) € p for all p € Spec(R),
(3.iv) Ant(a) € p for all p € Dp,(R).

Proof. (1) First take a,b € Ant(a) and put ¢ := a + b. Take z € R(c).
Then R{a)[1/a] = D(y)[1/a] and R{a)[1/b] = D(4)[1/b]. So there exists n € N
such that a®z € D) and b"z € D(,). Thus we have ¢z = (a + b)** =
Tirj=tn A¥E = Titjmonion €U + Tipjman2n a'e € Do) + D) = Doy,
which implies that ¢*"z € D(,) and hence 2 € D 4)[1/c]. Therefore Ant(a) is an
ideal of R. Secondly, since R{a)[1/e] = R{a)[1/e"] and D(y[1/€] = D(ay[1/€"]
for every n € N. So Ant(a) is a radical ideal. Thirdly, take a non-zero a € I,).
Then Ijy[l/a] = R[1/a]. Hence p.(X) € R[1/a][X], that is, 7: € R[1/a] for
all i (1 < i < d). Since deg(y,(X)) = d, « is integral over R[1/a]. Thus
a € R[1/a][m,...,nd-1] = D(a)[l/a]. So we have R(a)[1/a] C Ra][l/a] C
D(y[1/a] C R(a)[1/a] and hence R(a)[l/a] = D(4[1/a], which shows that
a € Ant(a). Therefore we have Ij,) C Ant(a).

(2) Let p € Spec(R). Assume that Ant(a) € p. Then there exists a € Ant(a)\p
such that R{a)[1/a] = D()[1/a]. Then R(e)p, = (D(q)),. Take f(X) € Ker(r).
with n := deg(f(X))(> d). Put f(X) := ao X" + a1 X" ' +--- 4+ a, € R[X].
Then aga” + a;0™ ' + -+ + a, = 0 and hence aga® ' + a1 2+ -+ a4y =
—(as(1/a)+ - +an(l/a)*~%) € R{a), = Rp() = (Do) = Rp®(ljo))p1® -
(je)pCa—1- Thus we have ag € (Ijo)),- Consider fo(X) := f(X)—aopa(X)X"4.
Then deg(f2(X)) < n—1 and f2(X) € Ker(r). By induction on n, we have
(Ker(m))p C Iojea(X)Ry[X]. Hence Ker(r), = I5¢a(X)Rp[X], which shows
that « is anti-integral over R,. Conversely, assume that « is anti-integral over
R,. Then Ry(a) = (D(a))p by [KY,Theorem 1]. Since (D(q)), is a finitely
generated R,-module, so is R,(a). Thus there exists a € R\ (0) such that
R(a)[1/a] = Diw[1/al.

(3) (3.i) ¢ (3.ii) : Since « is anti-integral over R, for every p € Spec(R), we
have Ant(a), = R, by (2). Thus Ant(a) = R. The converse implication is
obvious. (3.iii) < (3.ii) is obvious. (3.iv) < (3.ii) follows from [SOY,Theorem
2l. Q.ED.
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The result (3) of Theorem 5 yields the following corollary, which is seen in
KY).

Corollary 5.1. An element o € L is anti-integral over R if and only if
R{a) = R® [} @ - -+ @ [n)8a—1(= D(a))-

Remark 2. If R is normal then R{e) = R® [1)1 @ - - - @ Jjo){a-1(= D(q))-
(¢f. [OSY,(1.13)])

Theorem 6. Forac L,
(1) Sup(a) is an radical ideal of R which contains the ideal Iq ;
(2) for p € Spec(R), Sup(a) Z p if and only if @ is a super-primitive element
over R, ;
(3) The following conditions are equivalent :
(3.i) a is super-primitive over R,
(8.ii) Sup(a) = R,
(3.ii) Sup(a) & p for all p € Spec(R),
(3.iv) Sup(a) & p for all p € Dp,(R).

Proof. (1) Take a € I Then R(fjy)[1/a] = R(fy[1/a]) = R[1/a). So
a € Sup(a) and hence Ijo; C Sup(). In the same manners as in the proof of
Theorem 5(1), we can show that Ij) is a radical ideal of R.
(2) By using [OSY,Theorem 2.11] instead of [KY,Theorem 1], our conclusion is
obtained in the same manners as in Theorem 5(2).
(3) The equivalences (3.i) & (3.ii) < (3.iii) follow from the same argument as

in Theorem 5(3), and the equivalence (3.i) ¢ (3.iv) follows from [OSY,Theorem
1.12].

From Theorems 5 and 6, we have the following result.
Theorem 7. Leta € L. Then

Assp(R/Ant(a)) C Dp,(R)

and
Assp(R/Sup(ar)) C Dp,(R).

Remark 3. Sup(a) C Ant(a). In fact, if o is super-primitive over R then
a is anti-integral over R by [OSY,(1.12)].
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Put I, := { @ € R | a € R is the leading coefficient of some polynomial
J(X) € Ker(m) of degree n }. Note that Ker(r) contains no polynomial of
degree less than d = [K(a) : K]. If f(X) € Ker(r), then X f(X) € Ker(r) and
deg(X f(X)) = deg(f(X)) + 1. Hence we have an ascending chain :

LCIp C...CL.C....

Since R is a Noetherian doamin, the above chain stops, that is, I, = I,4; = - -
for some large n. Put I, := I,,.

Proposition 8. Under the above notation,
(1) L= Iy ;
(2) for p € Spec(R), a is anti-integral over R, if and only if p 2 I; :g 1.

Proof. (1) Take a € Ij;. Then there exists a polynomial f(X) = aX? +
a; X%+ ...+ ag € Ker(r). Since F(a) = 0 and deg(f(X)) = d, we have
F(X) = apa(X) € R[X]. Thus a € I,). Conversely, let apa(X) € R[X]. Then
a € I; and hence Ij,) C I;. Therefore we have Iy = Ij,).
(2) (=) : Assume that a € L is anti-integral over R,. Then the kernel of
T, = ™ @r Ry : Ry[X] — R,[a] is generated by some polynomials of degree
d := [K(a] K]. Hence (I[y)p = (Io0)p. Thus p 2 I; :p Iw.
(«=) : Assume that I; :p I, € p with p € Spec(R). Since (l3)p = (Ix)p,
Ker(,) is generated by some polynomial of degree d. So o is anti-integral over
R,. [Indeed, if (fi(X),..., fu(X))Rp[X] = Ker(m,) with deg(f:(X)) = d for all
i, then f;(X) = a;p:(X) with a; € R, where ¢;(X) denotes the monic polynomial
in K[X]. Since deg(wi(X)) = d and gpi(a) =0, p1(X) =+ = pa(X). Thus
Ker(m,) = (@1, ... ,8,)p1(X)Ry[X]. So we have (ay,...,a,)R, = [}, R,.]

Combining Theorem 5 and Proposition 8, we have the following result.

Corollary 8.1. Ant(a) =+/I;:g I.
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