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1 Introduction

In this paper we consider the certain multiple integral, which appears as the integral
representation of the Whittaker functions on semisimple Lie groups of real rank 2
([H]). We transform our multiple integral into the integral of a single variable, which
enables us to clarify the properties of the Whittaker functions such as the analyticity,
the behavior at infinity and so on.

2 Results and Proofs

Let F be a normed algebra over R of dimension d, namely a d-dimensional algebra
over R with multiplicative unit 1, and equipped with a positive definite inner product
<, > whose associated norm | || satisfies

lzgl = lzl |yl  (z,y € F). (1)

Then it is known that F is either R, C, H or O, and correspondingly d is either 1, 2,
4 or 8. Here H is the quaternion algebra and @ is the octanion algebra. We denote by
Z the canonical conjugate of x € F. Define the polynomial functions P(x, v, z) on F?,
Q(y, z) on F?and R(y) on F respectively by

Qy,2) = 1+lylP+I=l?, @

{P(x, ¥, 2) = 1+|xlP+lzlP+zPlyl*—2 < gz, x >,
R(y) =1+|yl*

Note that

P(z, y,z) = R(y)llx— 7z/R(y)I*+ Q(y, 2)/R(y), Q(y, z) = R(y)+] 2|? )]

and hence P(z, y, 2), Q(y, z) and R(y) are positive. Let & 7 € F—(0)and A, » C.
We consider the multiple integral

1Emam= [, P(z,0,27Q, & * exp (i < &,z > +i < 0,y >)dz dy dz )

where dr means the euclidean measure on F canonically identified with R¢. Our aim
is to show that the integral I(&, 7; A, ) can be transformed into the integral of one
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Ky) = [ 1y, 2) exp (i < 4, 2 > [R(y))e. (21)
Then we can write I(&, 7; 4, 1) in the form
16,74, = 0550y Jo RO “ L) exp (i < n,y >)ds. (@)
If we introduce the integral
Ky, 5) = [ exp(—sQ(y, D/RW)) exp (i < 98,2 > [R(y)de (23)

where s is a positive constant, then in view of (19) and (21) we can write L(y) in the
form

1) = [ [ exp (—tleF ARG Ky, 17+ )t d bd . (@4)

Lemma 2. The value of the integral Ii(y, s) is given by

L(y, s) = (aR(y)s™")*? exp (—s) exp (— | €IPly|?/4sR()) (25)

and consequently one can write

) = 77R@)* [ [ exp (~I&l(1+R)" )4+ 1)
X exp {—(t7'+ )N+ 1) 2t d* hd* b (26)

Proof. Since exp (—sQ(y, 2)/R(y)) = exp (—s) exp (—s||z|?/R(y)), the assertion
(25) is a direct consequence of (9). Furthermore since

HlEIP/4R () +EIPIY 1P /467 + ) R(y) = IEI1P A+ Iy I+ tit) /4(t7 + L) R(y)

and 1+]y|? = R(y), we can deduce (26) from (24) and (25) easily. //
Now put

n=1t'+t, 7= R(y)'tita.
Then we have
b= A+RW7), b= R@nnl+R@)r)"
and
d*hd*t, = d*nd*r..
Consequently we can write (y) in the form

L(y) = n**R(y)***"? j; ) fo "exp {— n—lEP(1+7)/4n)
X(1+ R(y) ) vt =l d* nid > ra. 27
Consider the integral with respect to 7 in (27). Applying (12), we get
[° exp {—n—[EIF(1+»)/4n}rit*d*n
= 2(|&l/2)+* =1+ r) =2 Ko u-a(|EI (1 + 72)").

Therefore we have
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Iz(y) — 271,:1/2("5"/2)A+#—dR(y)#+d/2 ’/o.w (1+R(y)r2)—u+#—d/2)
X (14 7) "= D2K, o o(|ENQL+ 72) D) 8 d* 7. (28)
Applying (28) into (22), we obtain

d Atp—d
16, 7,00 = 2ZUElD

X /0. - Kivn—a(|EI(L+ 7)) (1 + 72) 3+ 4= D2 0 K (1) d* 7 (29)
where we put
K(r) = A(I+R(y)rz)““““"2’ exp (i < 7,y >)dy.

Since 1+ R(y) 7. = (1+ )+ r|y|? the integral K(72)is of the form (7), so by (13) we
have

2x*(| 9]l /2)*+#¢
T(A+x—d/2)

Using this into (29), we finally obtain

. _ 22m* (| g] |l /4) -
1§, m4, 1) = p(g)p(#)r(,10+u—d/2)

X7 KoreaWENU+ 7)) Ko a1+ 75 o2,

K(r) =

{1+T) (A+p-d)/2 _(A+#)/2Kk+ﬂ d("77||(1+7 1)1/2)

We remark that the integral I(&, »; A, 1) where either € or 7 = 0 can be computed in
a similar and slightly simple manner.

We summarize our results in the theorem.
Theorem. Let &, 7 € F and A, # € C. Define the integral I(&, 7; A, 1) by

1€, 4, 1) = fw P(x,y,2)"Qy, 2) " exp{i < &, > +i < 7,y >)drdydz.
Then (i) if £ + 0and 7 #+ 0,

o (g [l
16,7 ) = T BT

X 7 KiraesVEI0+ 7V D Kirn sl 1+ 7ty e bngy,

(ii)if E=0and » + 0,

10, 7,4, ) = 22 A G- AL 1 d) 1 fgye-an, ),

(iii) if €+ 0and 7 =0,

16,0, 4, 19 = 2 BT Lod) (e gy-ang,_, ),

(iv) and finally if € = » = 0,

. LA~ d/T(u—d/)T(A+ p—d
100,0; 4, p) = I‘(,l)l"(p)l"ﬁézl'h{t)cg/z)# %
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