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1. Introduction and the function m (n)

It is well-known that the arithmetic mean of positive reals is not less than the
geometric mean of them, the equality holding if and only if they are equal. Thus it will
be interesting to ask for what » positive integers x,, %, -+, 4, # > 1, the arithmetic-
geometric mean quotient Q, (x;, **,x,) = (4" +x,"+ -+ +x,")/nx% %, -+ x, is an integer
greater than 1. In other words, we look for positive integer solution (x,, -**,%,, d) of the
diophantine equation

Ht e " =dum o4 (1)

where d > 1. For convenience we call an #n-tuple x,, -, %, trivial if 2, = --- = x,,.
Note that the equation (1) can always be solvable in integers, since we have solutions

(o, %, X3, *0c, ) = (1, 1, —1, ==+, 1, —1) for » =1 mod 4
(xly X2y X3y 0y xl‘l) = (n, n, n, 1y _1, e 1, _1) for n= 3 mOd 4

It seems to be difficult to solve (1) in general because there are too many ways of
partitioning a given positive integer into positive integers. Hence we are mainly
concerned with the case where almost all x’s are equal to 1, that is, with the equation

Bt e " tu—k = dux o %, d > 1 )

for small value 2. We denote any solution of (2) by %, -+, %, 17*
It is shown in [4, 5] that the equation (1) are always solvable in the following cases:
i) » is even = 4 with solution #—1, 17!
ii) # is a prime congruent to 5 mod 6 with solution %»—1, #? —3n+3, 172
but that (1) is insoluble for #» = 2.
With these facts and the numerical evidence described later I dare to make the
following conjecture:
“The equation (1) has a positive integral solution for » greater than 2.”

It is also interesting to find the minimum value of d for which the equation (1) is
solvable. Thus we set
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m (n) = {°° if (1) is insolvable
min {Q, (%, -+, %.): (%, ***, x,) is non-trivial} otherwise

The following facts are sometimes helpful in the machine-search of solutions of (1).

Proposition 1.1. Let x,, -+, x, be an integer-solution of (1). Then
1) for n =1 (mod p—1) with an odd prime p dividing n one has
xn+ - +x, =0 (mod p)
2) for n even we have x+ -+ +x, =0 (mod 2)
Proof. We see from the little Fermat theorem that ¥~ = 1 (mod p) for x relatively
prime to p, hence if # is written as (p—1) g+1

x* = (x*71)? x = x (mod p).

Therefore, since x* = x (mod p) in case x is divisible by p, it follows from x,"+ --- +
x," = 0 (mod #») that x;+ -+ +x, = 0 (mod ). The second claim follows from the fact
that x and x” are of the same parity,

Corollary 1.2. Let n be an odd prime. Then x,+ - +x, =0 (mod #).

The following proposition is proved by Sumner and Dove (see [2]):
Proposition 1.3. Let n be an odd prime power p*. Then the equation (1) has a solution
P*Hpr24 e +p+1, 1)

Lemma 1.4. Let m, n and p1, -, p» be positive integers. Then any solution (0™, -+, D™,
1% of the equation (2) yields a solution (b, -+, D1, ***, Day ***, Dy 1™°™) of the equation
(1) with »n replaced by mn.

Proof. This follows from the observation that {m (p,™+ -+ +p""+mn—mk}/
(mup,™ -+ px™) is reduced to {(;™"+ -+ + @)+ n—k}/ (np™ -+ ™).

Corollary 1.5. For n = m (p™+1) where p is an odd integer Z 3, the equation (1) has
a solution (p, p, -+, p, 1>™™).
[ —
m
Proof . Since p™+1 is even, we see from i) that (p™, 1*!) is a solution of (1) with » =
p™+1, thereby the above assertion.

Proposition 1.6. For n = m? the equation (1) has a solution (m+1, 177').
Proof. This follows from the fact that

(m+1)"+n—1= m3+§2an mr+ m?
is divisible by m+1 and m? which are relatively prime.

Proposition 1.7. For n = k (m*—1)* where m, k Z 2, the equation (1) has a solution (m,
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ceom, 1775),
Proof. The number
K =km"+n—k = kbm™+k (m?*—2m*
is clearly divisible by m*. Setting ¢ = m*—1 we have, by the binomial theorem,

K/(km* = m™*+m*—2
= mAme-n 4]
= (1) -]
=1+m*(t—1) t+t—1= £ =0 ( mod #?),

‘which shows that K is divisible by nm* = km*#2.
Proposition 1.8. For n = 1+ m+m?+ - +m*! where n = 0mod s (e. g. m =1 mod

s or m = —1 mod s for even s).the equation (1) has a solution (m, 1%%).
Proof. We have

(m"+n—1)/(nm) = (m™'+1+m+ - +m*?/n.
Since #» = 0 mod s, it follows that

m™ 1 +1+m+ - mSE=ml—mS!
=mrl—(—m— - —ms) ms!
=ms (m" ' *+1+m+ -+ +m*?) mod n

which is, by an inductive argument,

=m* (m*'+1+ - +m*?) =0 mod #.
Corollay 1.9. For n = m3+m*+m~+1 wherve m is odd, the equation (1) has a solution
(m, 177Y).

Lemma 1.10. If a™ =1 mod m then a?=1 mod q with ¢ = m*.

Proof. Observe from the assumption that the assertion is true for 2 = 1.
We shall prove the assertion by the induction on 2 and assume that the assertion
holds for %, that is, 2™ —1 = 0 mod m* Then, in the expression
a™'—1 = (@™ -1) (@™)™ '+ - +a™+1),
we have

a™—1=0 mod m* and (&™) '+ - +a™+1 =0 mod m,

which shows that the left hand side is divisible by m**!.
Corollary 1.11. If m = 1 mod a and a™ = 1 mod m then the equation (1) has a solution
(a, 1™ for n = m*.

Proof. Observe that a and m are relatively prime and we see that ¢"+#xz—1 is
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Lemma 2.1. For any odd n > 1 we have 2" = 1 mod «.
Proof. Let

n=p" e pTE

be the prime power factorization of # and assume that there exists p, such that s =
ord (2, p,) is even. Then write » = p,°* ¢ and ¢ = us+7 where 0 = » < s. Since ¢ is
odd, it follows that » > 0 and

2n=(2P)1=279=(29*2"=2"=%= 1 (mod p,),

which implies that 2” == 1 (mod #). When all ord (2, p,) is odd, choose ¢ so that s = ord
(2, p:) < p; for all j #+ t. Then, for n = p,** g, q is not divisible by s > 1 and so we can
argue in the same way as above.

Lemma 2.2. For a positive integer n (n+1)"+n2—1 is divisible by n* (n+1).

Proof. We see from the binomial theorem that
(n+1)*!=(n—1) n+1 mod »?
whence we have

(n+1)*+n2—1 = (n+1) {(r+1)"*+n—1}
= (n+1) {(r—1) n+1+rn—1} =0 mod #2 (n+1)

We may deduce, from (i) of section 1 and Lemma 2.2,
Theorem 2.3. ¢ (N) < (N—1)? and, for odd N, e (N) = N+1.
With the above theorem we define an integer N to be simple if

e (N)=N+1 for odd N
e (N) = (N —1)? for even N

Lemma 2.4. For any even integer a = 2 and for integer n 2 1, let b = (a+1)". Then
a®+1 =0 (mod b)

Proof. We prove this lemma by induction on 7. Since & is odd, this is obvious for # =
1. Assume that the congruence holds for » = k. Setting ¢ = (a+1)* yields

at*V+1 = (at+ 1) {(@)*—(aD)* '+ --- +1},
in which we have, by the assumption,

a'+1 =0 mod ¢,
(a)?—(a)* '+ - +1 = (—1)°2—(—1)**+ --- +1
=a+1=0mod a+1.

Hence one gets a%**V4+1 = 0 mod (a+1)%*+*.
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Corollary 2.5.
1) (@®)@*V* =1 mod (a+1)* for even a = 2.
2) 28°+1 =0 mod 3%, n = 1.

Proposition 2.6. Let k& be an integer k = 1. Then
1) for n = (3%*—1) (2**+1) the equation (1) has a solution

2, -, 2,1%%)
2) For n = 2*+1 the equation (1) has solutions
(24, 171,

where ¢t = 2, 4, -+, 3*—1 are even.
Proof. Let m = 3*—1, then, by the preceding corollary, 27**+1 = (m+1) ¢ for some
odd ¢g. Then
1) Since m 2™'—1 = (m+1) 2™ —(2™14+1) = (m+1) s for odd s = 2™*1—q, we see
that

(m2"+n—m)/(n2™) = (m2"+m2™)/[m (2™1+1) 27]
= 2 (IS4 1)/(2mi41)

is an even integer.

2) [@)"+n—1]/(n2%) = @™+2™")/[(m+1) q2°]
= (2m+l/2t) {(2(m+1)(qt-1)+ 1)/(2m+1+ 1)}

is an integer, since ¢ < m and ¢¢—1 is odd.

Lemma 2.7. Let n = mS+1. Ther m?s =1 (mod »).

Proof. This is obvious from m?$—1 = (m*—1) (m*s+1).

Corollary 2.8. Suppose n = m*+1 with odd s and m = —1 (mod 2s). Then the equation
(1) has a solution (m, 177Y).

Proof . Observing that #» = 0 mod 2s and that m”—1 = m"»—m?® = m?* (m*25—1)
mod # we may infer by the induction that m"+#x—1 is divisible by #nm.
Proposition 2.9. Let n = (m+1) (m*+m+1) = m*+2m?*+2m+1 with m = +1 mod
6. Then m® =1 (mod ») and the equation (1) has a solution (m, 1771).

Proof. We have 1 = (n—1)? = m? (m?+2m+2)* = m+4m?*n = m® mod =. It fol-
lows by induction that m"—1 = m¢ (m"°—1) = 0 mod #.

Proposition 2.10. Let n = (m—1) (m? —1) = m®*—m?—m+1. Then m?*™ 2% = 1 (mod#n).

Proof. We have

()™ —1 = (m?—1) (A =1+ m*m9—14 - +m*—1+m—2+1)
= 0 mod (m>—1) (m—1).

Corollary 2.11. For odd m > 2 and n = (m—1) (m?—1) the equation (1) has a solution
(m, 1771,
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Proof. This follows from the fact that (m—1) (m?—1) is divisible by 2 (m—1).

Propositidn 2.12. For n = (m+1) (m*+m+1) we have m® =1 (mod %) and, if m
= +1 mod 6 then the equation (1) has a solution (m, 171).
Proof. The first half follows from the identity

mé—1 = (m—1) (m*+m~+1) (m+1) (m2—m+1) (3)

The second half follows from the fact that 6 | #, because m+1= 0mod 6 if m = —
1 mod 6 and, if 7 = 1 mod 6 then 7 +1 = 0 mod 2 and m?+m +1 = 0 mod 3. Similarly
one gets, from (3),
Proposition 2.13. For n = (m+1) (m*~m+1) we have m®* =1 ( mod ») and, if m
= —1 mod 6 then the equation (1) has a solution (m, 1™Y).

Lemma 2.14. There hold following congruences:

mé—1=0 (mod (m+1) (m?*+m+1))

mé+1 =0 (mod m?+1)

me+mS U+ o +p8+1 = 7+1 (mod m+1)
me— w4 oo —ppé4+1 =1 (mod m+1),

where s is even. Thus m®™+m® D+ -« +mé+1=0mod m~+1 if and only if » =
—1 mod m+1.
Proof. The first two follows from the factorizations:

mé—1= (m—1) (m*+m+1) (m+1) (m>*—m+1),
mé+1 = (m?+1) (m*—m2+1)

Hence m® =1 (mod m +1) implies, by the binomial theorem applied to m = (m+1)—
1, the remaining congruences.

Proposition 2.15. For n = (m+1) (m*+m+1) (mP+m2+m~+1) there hold
m*® ™) =1 (mod =) with k = 2, 12, 6, 4, 6 and 12

according as m = —1,0, 1, 2, 3 and 4 (mod 6).
Proof. Observe that m*+m?+m+1 = (m+1) (m2+1).
For m = 6¢t—1 we have

mAMED ] = (y6t—1) (mé+1)
= (m°—1) (m®+1) (M D=2 4 .o 1)
(MDA 8D s Loy ])

in which the last factor is = ¢ mod m+1 by Lemma 2.14, a fortiori = 0 mod ¢. Since
m?—m+1=0mod 3 and m—1 = 0 mod 2 we see from Lemma 2.14 that m2™D—1 ig
divisible by .

Next consider the case m = 0 or 4 mod 6; then
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mlz(m+1)_1 —_— (ms(m+l)_1) (ms(m+1)+ 1)
= (m®—1) (mo+1) (mom—m®m™m=V4 oo — b4 1) (o™t - +mb+1)

in which the last factor is = m+1=0 (mod m+1) by Lemma 2.14, whence our
assertion again by Lemma 2.14.
For the case m =1 or 3 mod 6 we consider

mém—1 = (m—1) (m+1) (m*+m+1) (m*—m+1) (mS"+m& ™ V+ -+ +m+1)
in which the last factor can be written as
(mo+1) (mEm=D+4 8= oo fop124 1)

whose last factor is = (m—1)/2+1 ( mod m+1), since m® = 1 ( mod » +1). Thus our
assertion follows from the fact that » —1 is even.
For m = 2 mod 6 we set m = 6¢+2; then

m4(m+l)_1 = m12(2t+1)_1

= (m*—1) (m+1) (m*—m2+1) (mi224m12e-Dp oo 4opiz41])

in which the last factor is = 2¢+1 mod m +1 since m'2 =1 mod m+1, and m?*—m +
1 = 0 mod 3. This proves our assertion.

Lemma 2.16.

1) For ¢ = 8t+1, 222 =1 (mod q) implies 229-* (1+2%9)+¢{ = 0 (mod g).

2) For odd m and n = m3®s+2, m” =1 (mod ») implies m”2 (1+m")+s = 0 (mod
n).

Proof.

1) We see from —23¢ =1 (mod ¢) that

2094 (14229 + ¢ = 229-0+ § = 2293 (—2%f)+ £
= —22%+¢t=—t+¢t =0 (mod q)

2) Using —m?3s = 2 (mod ») we have

m" 3 (1+m")+s =2m"3+s = —mi3sm™3+s
= —s+s =0 (mod #»).

Corollary 2.17. For n = m3s+2 with odd m and m"™ = 1 (mod n) the equation (1) has
a solution (172, m, m?). For n = 2q, ¢ = 8t+1 with 227 = 1 (mod q) the equation (1) has
a solution (1772, 2, 4).

Proof. Since (m"+ m2"+n—2)/(nm? = {m"2* (1+m")+s}/n, the assertion for odd
m follows from Lemma 2.16, 2). For m = 2 we have

273 (142m+2¢ =2 {2** 142" +¢} = 0 (mod 2¢).

Lemma 2.18.
1) For any integer t = 3 t**2+¢t—2 =0 (mod (£ —1)?).
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2) For odd t 2 1t***?+¢t+2 = 0 (mod (¢+1)?).
Proof. We see from the binomial theorem that

(t—141)MD4t—2 =1+ (t—2) (t—1)+1—2
= (t—1) (2—2t+1) = 0 (mod (t—1)?),

which proves the first part. Similarly we have

(F+H1—DH* D4 142 = (— 1D+ (1+2) (1+1)+4+2
= (t+1) (2+2t+1) = 0 (mod (¢+1)?).

Corollary 2.19. For n = t (t—2)+1 the equation (1) has a solution (1™, t). For n =
t (t+2)+1 with odd t the equation (1) has a solution (17!, t).

Lemma 2.20. For » =t 2t—3)+1 = (2¢t—1) (t—1),
t"'+2¢t—3 =0 (mod #) i and only if t* =1 (mod #).
Proof. Since t and = are relatively prime it follows that

t"14+2t—3 = 0 mod = iff ¢ (#*'+2¢—3)
= (0 mod # iff "—1 =0 mod »

Corollary 2.21. If t"= 1 (mod n) for n = (2t—1) (¢t—1) then the equation (1) has a
solution (t, 17°Y).

Now we observe that an integer ¢ = 2p where p is odd prime is simple if, and only
if both congruences

g"+n—1 =0 (mod gn) and 2"+p"+n—2 = 0 (mod 2pn)

are not true for each » with 1 £ n < (¢g—1)% Note that the former holds only if there
exits a positive integer % such that » = gk+1, where 2 < ¢—2. Then, since # and q are
relatively prime, it is equivalent to ¢*'+% = 0 (mod %), which implies that ¢"+ kg+
1 =1 (mod »), that is,

q" =1 (mod »).

Lemma 2.22. Let g be an even natural number and let n = qk+1, b = 1. Assume that
q" =1 (mod #n). Then q—1 is divisible by the minimal prime factor p of the order ord
(g, n), and hence gcd (n, g—1) > 1.

Proof. Write ¢ = ord (g, »); then ¢ | » implies that p | %, hence ¢* = 1 (mod p). Since
»n and g are relatively prime, hence gcd (g, p) = 1, we see from the Fermat theorem
that ¢*! =1 (mod p). Thus

ord (g, p) | t and ord (g, p) | p—1.

Since all prime factors of ¢ are = p, it follows that ord (g, p) = 1, that is, ¢ = 1 (mod
), whence our assertion.
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Corollary 2.23. Let q be an even positive integer such that q—1 is prime. Then, for each
k withl = k < g—2, we have non-congruences

q"=%= 1 (mod »), » = gk+1.

Proof. Since n = (q—1) k+k+1,2 < k+1 = g—2, it is obvious that gcd (n, ¢g—1) =
1, whence our assertion by the contrapositive.

Corollary 2.24. Let g—1 = pp, with odd prime p,, p, and assume ord (g, g (h—1)+1)
and ord (q, q (p.—1)+1) are even. Then, for all k with 1 = k < q—3, we have
non-congruences q" = 1 (mod =) with n = gk+1.

Next, since the latter congruence holds only if # is odd, we assume # is odd. Then
it is equivalent to 2”4+ p"+#n—2 = 0 (mod »np). We consider the case » = kp, that is, the
congruence 2*°+p**+kp—2 = 0 (mod kp?). More weak congruence is 2**+kp—2 =0
(mod p?). This does not hold if

W*—kp+2)P~' =1 (mod p3), (3)

since (2%9)~! = (2%%®) = 1 (mod p?) for odd prime p implies 2* = 2—kp (mod p?). But
the non-congruences for 2 < 4p—4 do not hold for few p, as machine-search shows
within some large range p, in which the cases except 2 =1, p =3 or 11 can be
excluded. Hence we make the following conjecture:

For odd prime p such that 2p—1 is a prime and that p > 3, 2p is simple.

Remark. The famous Wieferich congruence 2°~! = 1 (mod p2) holds only for p = 1093,
3511 in the range p < 6Xx10° (see [1, 2]). We can shows by a machine-search that the
inequality

ord 2+(k—1) p, p? * ord (p>—kp+2, p?)

holds if and only if either 2+(k—1) p)*! =1 (mod p?) or (p2+2—Fkp)*~' =1 (mod p?)
for large range of prime p.

3. Tables

To make up the Table I we have used the computer package “GAP” together with
the following program “allfac. gap” which gives a list of the factorization lists
composed with factors = 2 of x. With this program on memory “facag. gap” gives
solutions of (1) for » = p from p, to p..

allfac: = function (x, k)
local a, b;
if IsPrime (x) or k*k > x then
return [[x]];
fi;
b: = [[x]];
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for a in [k -+ RootInt (x)] do
if Remlint (x, a) = 0 then
Append (b, List (allfac (x/a, a), y = Concatenation ([a], ¥)));
fi;
od;
return b;
end;

facag: = function (nl, n2, pl, p2)
local f, g, n, p. j;
n: = nl;
while n = n2 do
f: = allfac (n, 2);
for p in [pl --- p2] do
for jin [1 --- Number (f)] do
g =1l
if p > Number (g) and RemInt ((Sum (List (g, z — 2p))+p— Number (g)), p*n) = 0 then
Print (“‘p=",p,” ", g " ")
fi;
od;
od;
n: =n+2;
od;
end;
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TableI  m (%) for n = 200

n m (n) solution x, **, %,
3 2 1,23
4 =7 1,1,1,3
5 =4 511, 12, 13, 19
6 = 521 1,1,1,1,1,5
7 < 98460 2,3,5,9, 47, 56, 88
8 < 42151 15, 9,9, 11
9 < 1253 1, 1, 6, 10, 11, 14, 14, 14, 19
10 < 2861165 14, 3, 8, 12, 15, 15, 23
11 < 44392 18,2, 2,2,5,5
12 < 23775972551 111
13 < 231924582674735980 17, 2,8,8,8,8, 89
14 < 21633936185161 113,13
15 < 11306274409 13,4, 7
16 =< 896807 15,3
17 < 22 digits 1'%, 5, 16, 34, 47, 56
18 < 7282 16, 2, 2
19 < 351561282356642220105 113, 4, 4, 11, 22, 30, 30
20 < 38742049 1%, 3,3
21 =< 52357696561 120, 4
22 < 27 digits 12, 21
23 < 34 digits 1'% 2, 13, 14, 34, 57
24 < 30 digits 1%, 23
25 =< 189535253532864676 14,6
26 < 16962579960192958638269305 1%, 2, 8, 13
27 < 28 digits 12,13
28 =< 39 digits 177, 27
29 < 53 digits 124, 3, 42, 53, 93, 133
30 < 41 digits 1%, 29
31 < 57 digits 177, 8, 100, 109, 128
32 =< 40 digits 1%, 13, 23
33 =< 41 digits 1%, 2, 3, 14, 24
3 < 40 digits 1%, 2,2, 3,19
35 < 37 digits 132, 2, 6, 14
36 < 23 digits 1%, 5
37 < 152 digits 133, 4, 4, 4, 19935
38 < 57 digits 17, 37
39 < 47 digits 1%2,3,4,4,4,7, 7,23
40 < 101313878825474407 1%, 3
41 =< 86 digits 1%, 5, 161
42 < 52357696561 14, 2,2
43 < 97 digits 12¢, 2,-11, 12, 167, 286
44 < 69 digits 14, 43
45 < 42 digits 14,7, 10
46 < 73 digits 145, 45
47 < 119 digits 142, 2, 2, 8, 25, 485
48 < 77 digits 147, 47
49 < 42 digits 14, 8
50 = 82 digits 14¢, 6, 29, 54, 61
51 < 77 digits 1%, 2, 2, 4, 6, 18, 43
52 < 34 digits 1%, 5,5
53 < 116 digits 148, 2, 2, 13, 42, 211
54 < 75 digits 1%2, 11, 29
55 =< 87 digits 1%, 4, 5, 31, 49
56 =< 94 digits 155, 55
57 < 46 digits 1%, 7
58 < 92 digits 1%, 7, 10, 46
59 =< 86 digits 1%, 2, 2, 2, 23, 35
60 =< 103 digits 15, 59
61 < 203 digits 158, 3, 5, 2679
62 =< 108 digits 1¢, 61
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126
127
128
129
130
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= 142 digits
=< 29 digits

< 192 digits
=< 38 digits

< 130 digits
< 88 digits

=< 140 digits
=< 126 digits
=< 220 digits
=< 130 digits
< 240 digits
< 133 digits
< 149 digits
< 129 digits
< 216 digits
=< 144 digits
=< 128 digits
< 149 digits
=< 47 digits

=< 160 digits
=< 229 digits
< 38 digits

=< 205 digits
=< 163 digits
=< 314 digits
=< 125 digits
< 217 digits
=< 172 digits

=

=< 107 digits
< 182 digits
=< 148 digits
< 65 digits
=< 127 digits
< 46 digits
=< 396 digits
=< 201 digits
=< 251 digits
=< 201 digits
< 84 digits
< 252 digits
= 425 digits
=< 129 digits
< 142 digits
=< 108 digits
< 180 digits
< 455 digits
< 230 digits
=< 243 digits
< 235 digits
= 347 digits
=< 240 digits
= 106 digits

=< 308 digits
< 127 digits

158, 2, 2, 29, 113, 240
1%, 3

16, 4, 20, 39, 93, 1284
1%, 2, 4

1%, 3,9, 19, 107

1%, 2, 2, 2, 9, 15, 20, 25
1%, 4, 4, 10, 127

1%, 69

1%, 9, 52, 1575
171

17, 2, 17, 2393

1, 8, 30, 75

17, 26, 111

17, 3, 55

17, 6, 10, 108, 823
17, 77

1%, 2, 2, 5, 25, 50
17, 79

1% 4

178, 2, 37, 67, 110

18, 9, 657

1%, 3,3,3

17,3, 3, 4, 8, 8, 315
1%, 85

1%, 172, 4951

18617, 29

1%, 4, 6, 107, 332

1%, 89

18,2, 2, 2, 8, 15, 18, 37
1%, 91

1%, 2,2,2,2,5,5, 16
1%, 93

12,5, 32, 41

1%, 5

1% 3
1%, 100, 9901
1, 101

1'%, 301, 319

12, 103

1%, 2,3,3,5,7
1'%, 4, 101, 276
1'%, 106, 11131
1%, 11, 17

1%, 9, 21

1 10

1'%, 3,5, 9,9, 15, 47
1, 112, 12433
1, 113

1,2, 18, 33, 148
1, 115

1'2, 2,5, 6, 11, 1064
1, 117

115, 6, 15, 34, 220
11\9, 7

1'%, 12

12, 121

1'% 3,7

1'%, 31

1125’ 5

1'%, 25, 15090
1'%, 3,3

1'%, 3, 4, 15, 273
1'7, 2,3, 10

19
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131

=< 444 digits
< 276 digits
< 77 digits

< 281 digits
< 265 digits
=< 127 digits
< 515 digits
< 120 digits
< 296 digits
< 301 digits
< 147 digits
< 235 digits
< 312 digits
< 42 digits

=< 220 digits
< 638 digits
=< 322 digits
< 327 digits
=< 491 digits
< 333 digits
< 248 digits
< 105 digits
=< 343 digits
< 520 digits
=< 132 digits
=< 439 digits
< 47 digits

< 315 digits
< 135 digits
< 174 digits
< 364 digits
< 319 digits
< 369 digits
=< 191 digits
< 375 digits
=< 326 digits
< 380 digits
< 633 digits
=< 385 digits
< 119 digits
< 341 digits
< 396 digits
= 797 digits
< 259 digits
< 407 digits
< 201 digits
< 412 digits
=< 458 digits
=< 128 digits
= 210 digits
< 333 digits
= 111 digits
=< 428 digits
< 825 digits
< 363 digits
< 439 digits
= 215 digits
< 894 digits
=< 450 digits
< 93 digits

Yasutoshi Nomura

1'%, 2, 8, 2744
1'%, 131

1'%, 2,2,2,2,4
1'%, 133
112, 13, 64, 103
11%, 9
1'%, 33, 6408
123 3,3,8,8
1'%, 139

1, 141
14311

10, 5, 6, 6, 7, 46
145, 145

1, 2,2, 2
1, 2,2,5,5,24, 34, 35
17, 148, 21757
1, 149

11, 151

1's1, 184, 1801
1'%, 153

1'%, 5, 15, 25, 44
1'2,3,3,3,5
157, 157

1'%, 3, 3, 95, 2096
17, 3,7,7
1'%, 3,3, 574
1160 2 9
1'%, 26, 46, 94
1%,2,2,2,27
12, 3, 3,12
1'%5, 165
1'%, 23, 58, 89
17, 167

1168 14

1'%, 169

1170, 85

17, 171

1'79, 2, 29, 4989
1", 173
1',2,2,2,5
1'%, 175

1'77, 177

1'7", 178, 31507
1'5,2,2,2,2,29
1=, 181

1tz 13

1'%, 183

1'%, 3,12, 17, 327
1185' 5
1'%, 6, 6, 14
1'%, 7,9, 63
1138’ 4

1'%, 189

1'%, 15, 22716
1'%, 5,5, 83
1'%, 193

1'%, 13

1'%, 196, 38221
17, 197

1'%, 3,3
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Table II & (V) for non-simple N
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N & (N) factorization N & (N) factorization
6 9999 2, 3) 8 18 2, 4)
16 81 (16) 18 21 2,9
20 18 (2, 10) 22 11 (2, 11)
28 15 4,7 30 295 (3, 10)
32 259 2,4, 4 36 505 (36)
40 18 (2, 20) 42 3 3, 14)
44 42 (2, 22) 45 16 5, 9)
48 34 (2, 24) 52 5 4, 13)
56 162 (2, 28), (4, 14), 2,4, 7) 58 335 (2, 29)
63 11 @3, 21) 64 133 2,222, 4
66 795 (6, 11) 68 882 2, 34)
70 45 (7, 10) 72 705 8,9
76 1065 (76) 78 2107 (78)
80 66 (4, 20) 88 162 4, 22)
92 42 (2, 46) 94 8649 (94)
100 513 (4, 25) 102 21 (2, 51)
104 42 2, 4, 13) 106 2439 (106)
108 165 (3, 3, 12) 112 36 2,222, 7
116 18 (2, 58) 120 2401 (120)
124 18 2, 2, 31) 126 3025 (126)
128 1026 (2, 64), (4, 32), (8, 16) 135 16 (5, 27)
136 882 (2, 68) 138 1243 (3, 46)
140 162 2,2,5 7 142 8379 (142)
143 42 (11, 13) 144 147 (2, 4, 18)
145 36 (5, 29) 147 40 (3, 49)
148 2058 2, 2, 37) 152 42 2, 4,19
156 625 (156) 160 1026 (4, 40), (10, 16)
164 162 (2, 82) 165 76 (3, 55)
168 35 2, 6, 14) 172 1539 (4, 43)
176 84 2,222 11) 180 2530 (2, 5, 18)
184 6050 (4, 46) 186 15625 (186)
187 100 (11, 17) 188 9234 (2, 94)
189 110 (9, 21) 192 247 (3, 64)
196 162 (2,98), 4,7, 7 200 11 @22 2,5,5)
207 160 (9, 23) 208 26 (2, 8,13)
216 11 2, 2, 54) 220 2058 (10, 22)
224 36 @2, 2,247 226 32319 (226)
228 34 2, 2, 3,19) 231 100 3,7, 11)
232 18 (2, 116) 236 31625 (236)
240 2530 (2, 8, 15) 244 5634 (2, 122)
248 882 2, 4, 31) 249 4 (3, 83)
256 513 (256) 260 18 (2, 5, 26)
261 256 (9, 29) 264 51250 (4, 66)
268 21402 (2, 134) 272 66 (2, 136)
279 272 (3, 93) 280 330 2,457, (2,5, 28)
284 71442 (2, 142) 285 418 3, 5,19
286 16875 (286) 288 26 (2, 3, 48)
292 6498 (2, 146), (2, 2, 73) 296 47250 4, 74)
299 32 (13, 23) 300 2530 (2, 3, 50)
303 201 (3, 101) 304 324 2, 2, 2, 38)
308 9234 (2, 11, 14) 310 2511 (10, 31)
316 6321 (316) 319 54 (11, 29)
320 1026 (4, 80), (16, 20) 324 1218 (6, 69)
328 162 (2, 164) 336 4324 22267
340 930 2, 2, 85) 341 246 (11, 31)
344 5490 (4, 86) 346 103455 (346)
350 13377 (352) 351 272 9, 39)
352 147 2,222 2 11) 356 118098 2, 2, 89)
360 46730 (3, 10, 12) 364 729 (364)
366 147 (2, 183) 368 354 (4, 92)
376 6930 (4, 94) 380 2530 2, 2,5, 19)
382 114219 (382) 384 144130 (6, 64)
388 40986 (2, 194) 395 96 (5, 79)
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Table III  k and prime p with ( p>*+2-kp)*~! =1 (mod p?)

k P search range
1 3% 11 p = 14X10°
2 1897121, 52368101, 126233057 p = 6X108
3 7*, 1483597 p = 3X108
4 3*, 5**, 110057537 p = 3Xx10°
5 6266543 p = 3X10®
6 47, 27967, 46477 p < 3X108
7 3*, 13, 263 p = 3X10®8
8 17, 251, 15823 p = 3x108
9 5+ p = 3X%X108
10 7# 1753, 1437049 p = 3Xx10®
11 3491, 11822777 p = 3x108
12 23 p < 3X10°
13 2,19 p = 3X10®
14 5**, 397 p = 3x10®
15 p < 3Xx10®
16 3* p = 3X108
17 1847, 44566369 p = 3X10®
18 101, 269, 907, 1129, 36061 p = 3X10°8
19 3*, 5**, 31, 16349, 32609, 107530327 p = 3Xx10®
20 13 p = 3X108

*..- ord (8, 9) = 2; **-- ord (7, 25) = 4; *-- ord (30, 49) = 3
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