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LetRbeaNoetherianintegraldomainwithquotientfieldKandletRdenotethe

integralclosureofRinKAssuｍｅｔｈａｔＲｉｓａｆｉｎｉｔｅＲ－ｍｏｄｕｌｅ・ＬｅｔＡｂｅａｓｕｂｒｉｎｇ

ｂｅｔｗｅｅｎＲａｎｄＲ.’ｎ［Ｔ],Traversodefinedtheseminormalization力ＲｏｆＲｉｎＡａｓ

ｆｏｌｌｏｗｓ：

力Ｒ＝{αｅＡｌａｐｅＲｐ＋/(ＡＰ）ｆｏｒａｌｌＰｅＳｐｅｃ(Ｒ)},whereノ(ＡＰ）ｉｓｔｈｅＪａcobson

radicalofAp・ThenheprovedthattheringjiRischaracterizedasthegreatestsubring

BbetweenRandAwhichsatisfiesthefollowingtwoproperties；

（１）ThecontractionmapSpec(Ｂ)→Spec(Ｒ)isaninjection．

（２）ＦｏｒａｌｌＰｅＳｐｅｃ(Ｂ),ｋ(ＰｎＲ)＝ｋ(ＰＬｗｈｅｒｅｋ(Ｐ)denotestheresiduefield

ofP、

Furthemore,ｉｎ［BC],BrewerandCostashowedthatRisseminormalinA(Ｌｅ.,Ｒ＝

力Ｒ)ｉｆａｎｄｏｎｌｙｉｆＲｉｓ(2,3)-closedinA,(i､ｅ,wheneveraEAsatisfiesthata2,cz3e

R,ｔｈｅｎｃｚＥＲ)．

ＬｅｔＲ[Ｘ］denoteapolynomialring,Ｌｅｔａｂｅａｎｅｌｅｍｅｎｔｏｆａｎａｌｇｅｂｒａｉｃｆield

extensionLofK,andlet7r：Ｒ[Ｘ]→Ｒ[α]betheR-algebrahomomorphismsendｉｎｇＸ

ｔｏａ,Let9,α(Ｘ)bethemonicminimalpolynomialofaoverKwithdeg(④.(Ｘ))＝‘

andwrite

P・(Ｘ)＝Ｘｄ＋〃,Xd-1＋…＋〃｡．

ＬｅｔＩｉＱｌ:＝mL1L,,where1,,,:＝(Ｒ：偏り,).Ｆｏｒ／(Ｘ)ｅＲ(Ｘ),letＣ(/(Ｘ))denotethe

R-submoduleofKgeneratedbythecoefficientsoff(X).Letノ[｡]:＝Ｉ[α]Ｃ(①｡(Ｘ)),ｗｈｉｃｈ

ｉｓａｎｉｄｅａｌｏｆＲａｎｄｃｏｎｔａｉｎｓＩ[α]・TheelementaiscaUedananti-integralelementof

degreedoverRifKer(汀)＝Ｉ[α]①｡(Ｘ)Ｒ[XlWhenaisananti-integralelementoverR，

Ｒ[α]iscalledananti-integralextensiｏｎｏｆＲＬｅｔＤｐ,(Ｒ):＝{ＰｅＳｐｅｃ(Ｒ)|depth(R,）

＝１}､Theelementaiscalledasuper-primitiveelementofdegreedoverRihノ[α]革

ＰｆｏｒａｎｙＰｅＤｐ,(Ｒ)，

Letabeananti-integralelementaｎｄｌｅｔＡ＝Ｒ[α]。Ｂａ：＝Ｒ[α]ｎ尺[α-1］We

definetheelementこｏｆＡｂｙｂｉ＝αi＋７，αﾉｰ'＋…＋〃ｄ－ｌａｆｏｒａｎｙｊ＝１，…,Q/-1．Ｗｅｐｕｔ
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盆－０.Then，ｉｎ［ＫＹ]，KanemitsuandYoshidaprovedthatB｡＝ＲｅＩＭｎｅ…
①Iia]生_,asR-moduleslnthispaper,weshallshowthatifBaisseminomaｌｉｎＡ,then
IiaIis(2,3)-closedasidealsFuthemoreweaddsomeresultsderivedfromthecondi、

tionthatL]isintegrallyclosed・

Throughoutthispaper,allringsareassumedtobecommutativeNoetherianwithunity．

ＤＥＦＩＮＩＴＩＯＮ１ＬｅｔＩｂｅａｎｉｄｅａｌｏｆＲ・ＷｅｓａｙｔｈａｔＩｉｓ(２，３)-closedifwhenever
reRsatisfiesjr2eI2,兆３ｅＩ３,ｔｈｅｎｊｒｅＩ．

ＰＲＯPOSITION21fBaisseminomalinA,ｔｈｅｎＩｉα]ｉｓ(2,3)-closed・

ＰＲＯＯＦ、SupposethaMeRsatisfiesjr2,兀3ｅＩｉ｡]．

(i)｡/＝LInthiscase,写｡＝RSinceh＝α,wehave
（ぬ)2＝妬2ｎ２ｅＩｉａ]2ｈ２ＣＲ,(噸)3＝苑34;i3eIia]3<n３ＣＲ

Byassumption,RisseminomalinA，ＷｅｈａｖｅｊｒｎｅＲ,ａｎｄｈｅｎｃｅ妬ＥＩｉａ]．

(iiM＝２.Ｎｏｔｅｔｈａｔ（燗)2＝－jr2〃,邑一jr2〃2,（jr1ri)3＝jr3(",２－ﾜ2)＋jr3〃,り2.Sincejr2〃，
ｅＩｉａ]2〃にIi｡]andx2〃２ＳＲ,weseethat(苑bi)2EBaFurhemore,sincejr3〃,2EIIα]3〃,２
ｃＩｉｏｈｊｒ３〃,ｅＩｉａ１３〃にIia］andjr3W72eIial3W72CIia１，itfollowsthat（jrh)3ｅＢａ、
ThereforewehavejrhEBa・ＴｈｕｓｗｅｇｅＭｅＩｉａ１．

(iii）ｄ＝３.Ｉｎｔｈｉｓｃａｓｅ,ｗｅｈａｖｅ（兀白)2＝兀2bh-jr2L;i〃,､since妬2二eIia1andjr3"l2e
Iia]3〃,2CIiα１，兆2〃,ｅＩｉａ]2〃にIiaI,weseethat(噸)2ｅＢａ・Ontheotherhand,itholds
that（jrh)3＝－兆3二＋jr3(〃,２－〃2)ｈ一兆3〃3.Sinceえ3〃,2ｅＩｉａ]3〃,2ＣＩｉａ１，jr3j72eIiα]3〃2ｃ
Ｉｉｃ],weseethat(蝋)3ｓＢａ､ThusitfollowsthatjrheBabyassumption､Therefore
weget〃こん]．

(iv）Ｑ/≧４.Notethat(兀口)2＝jr2ニーjr2帥,,(兀自)3＝jr3曇一(jr3〃,)二＋几3(〃,２－ﾜ2)ｈ・Since
x2生eIiα],妬2〃,ｅＩ[α]2〃にＩｉａ１,thenweconclude(鯛)2ＥＢ｡.Ontheotherhand,since
jr3二ｓＩ[｡],r3〃,ｅＩｉｑＩ３ﾜ,ＣＩｉＱ],jr3〃,2ｅＩに１３〃,2ｃＩｉａ１,andjr3〃２ＳＬ]3〃ｚＣＩｉａ１,thenwe
seethat(兀邑)3eBaHenceitholds噸eBabyseminomality,Thismeansthatjre
Iia小Ｗｉｔｈthis,ｗｅａｒｅｄｏｎｅ

ＱＥ．Ｄ、

Thefollowingpropositionshowsthａｔ(2,3)closednessofidealsisalocalproperty．

ＰＲＯＰＯＳｌＴＩＯＮ３ＦｏｒａｎｉｄｅａｌＩｏｆＲ，thefollowingstatementsareequivalent：
（１）Ｉｉｓ(2,3)-closed，

（２）Ｌiｓ（2,3)-closedforallPeAss（Ｒ/I)．

ＰＲＯＯＦ．(1)－(2)：ＬｅｔＰｅＡｓｓ(Ｒ/I)andletxeRp・Assumenowthatjr2eZb2,苑3Ｓ
ＩＤ3.ThenthereexistssomeaeRUsuchthatajr2eI2,ajr3eI3,Hencewehavethat

(α妬)２Ｓ12,（α妬)3ｅ１３.ＳｉｎｃｅＩｉｓ(2,3)-closed,itholdsthatajreI,andthusjrEIb．
(2)－（１）：ＬｅｔＡｓｓ(Ｒ/I)＝{P,,…，Ａ}Then，ｆｏｒａｎｙ苑ｅＲ，ｗｅseethatjreIis

equivalenttojre恥(１ニノニ〃).SupposethaM2eI2and苑3ｅ１３.Thenitholdsthat

jr2e血2,jr3eIbf3(１二ノー〃)．HencexeIbi(’二ノー〃)ｂｙassumption,ａｎｄｔｈｕｓｊｒ
ｅＬ

Ｑ．Ｅ，．
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ＲＥＭＡＲＫ４（１）SinceeachI〃,:＝(Ｒ：偏り`)＝{αｅＲ|〃ｉｅＲ}isadivisorialideal

ofR,thenweconcludethatIiα]＝ｎ匙,I〃,isadivisorialofR．

(2)Itiswell-knownthattheprimedivisorPofadivisorialidealareofdepthone,that

isPeDp,(Ｒ)(Ｃｆ［Ｙ]).Ifaissuper-primitiveoverR,thenwecanprovethat(I[α]〃

isaprincipalidealofRpforaUPEDp,(Ｒ)(Ｃｆ［OSＹ])．

(3)IfRisseminormal,ｔｈｅｎｗｅｃａｎｓｅｅｅａｓｉｌｙｔｈａＭＲｉｓ(2,3)-closedforallaER

Infact,ifjr2e(αＲ)2,几3ｅ(αＲ)3ｆｏｒａｎｙｒｅＲ,thenitholds(jr/b)2,(兀/Zz)3eRSince

Risseminormal,ｗｅｈａｖｅＭｚｅＲ,ａｎｄｈｅｎｃｅｘｅａＲ．

ＰＲＯＰＯＳＩＴＩＯＮ５・LetRbeaNoetheriandomainwithquotientfieldKandletabe

asuper-primitiveelementofdegreeQ/ｏｖｅｒＲＩｆＲｉｓｓｅｍｉｎｏｒｍａｌ,ｔｈｅｎＩｉ｡]ｉｓ(2,3)－

closed、

PROOF､Wehaveonlytoshowthat(Ii｡])ｐｉｓ(2,3)-closedforanyPeAss(Ｒ"[α])．

Notethat(I[α]〃isaprincipalidealofRpbyREMlRK4(2).since,ｂｙassumption,R

isseminormal,thenRpisalsoseminormal(Ｃｆ［ＧＨ]).Hence((Ｌ]),is(2,3)-closedby

REMARK4(3)．ThereforewehavethatIに,ｉｓ(2,3)-closed

QE．，．

REMARKeForasuper-primitiveelementα,thefollowingresultisshownin[ＯＹ］

ＡｎＫ＝Ｒ－ｎ仁仏`二Ｊ刀｡．

ＰＲＯＰＯＳＩＴＩＯＮ７．Supposethataissuper-primitiveｏｆｄｅｇｒｅｅｄｏｖｅｒＲａｎｄｔｈａｔ

ｎ仁仏'二Ｌ,｡､ＩｆＢａｉｓｓｅｍｉｎｏｒｍａｌ,ｔｈｅｎＲｉｓｓｅｍｉｎｏｒｍａＬ

ＰＲＯＯＦ，LeMeKandsupposethatA2,入３ｅＲ・ＴｈｅｎｗｅｈａｖｅＡ２,Ａ３ｅＢ｡、SinceBQ

isseminormal,itholds」ｅＢａＥＡ,ａｎｄｓｏ入ｅＡｎＫ＝ＲＨｅｎｃｅＲｉｓｓｅｍｉｎｏｒｍａＬ

Ｑ・ＥＤ

Ｌｅｔ（Ｖ,腕)beadiscretevaluationringwithmaximalidealmandletノbeanon-zero

idealofV､Ｔｈｅｎ伽ａｎｄノareprincipalidealstVand/‘Vforsomepositiveinteger

ULet〃denotethevaluationassociatedwiｔｈＹＴｈｅｎｗｅｗｒｉｔｅ〃(ﾉ)＝！．

ＰＲＯＰＯＳＩＴＩＯＮ８ＡｓｓｕｍｅｔｈａｔＲｉｓａｄｉｓｃretevaluationringwithmaximalidealm

andthatd≧４．ＬｅｔしdenotethevaluationassociatedｗｉｔｈしＩｆＢＱｉｓｓｅｍｉｎｏｒｍａｌａｎｄ

〃２ＳＲ,ｔｈｅｎｗｅｈａｖｅ〃(I[α])＝１０ｒ〃(I[､])二〃(L,‘)二〃(ん])－１．

PROOF.（１）〃(I〃!）＞０.Supposethat〃(巧!)ニレ(Iia])－２.Ｐｕｔｅ＝lﾉ(I[α])－１.Ｔｈｅｎ

ｗｅｈａｖｅｅ≧２.ＴａｋｅａｎｅｌｅｍｅｎＭｏｆＲｗｉｔｈｖ(α)＝ｅ・since〃(α)＜〃(ん]),wesee

thatα＄Ｉ[｡]、Bytheequality（α白)2＝α2二＋(α2〃,)ｌｒｌ－(α2〃2),ｗｅｈａｖｅ

し(α2)＝〃(α)＝２ｅ二ｅ＋ｌ＝し(I[α])，〃(α2〃,)＝２e－し(171)＝ｅ＋(e－し(1,,1))二ｅ＋ｌ＝

し(Iiα])．

Hencea2,α2〃,ｅＩｉａ１,Sincea2〃２ＳＲ,itfollowsthat(ぬ)2ＥＢａ,Ontheotherhand,by

theequality
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（αh)3＝α3二＋2(α3ﾜ,)皇＋(ﾜ,２－〃2)α３，－(Ｗ72＋〃3)α３，
wecanconcludethat

〃(α3)＝〃(α)＝３ｅ=ｅ＋１＝し(Iia])．

〃(α3〃,)＝３e－し(凸!)＝２e＋(e－し(L,!))三２e＋１≧ｅ＋１≧〃(Ｉｉａ１)．

〃(α3,7,2)＝３ｅ－〃(Iﾜ!)＝２e＋2(e－し(Ｌ】))之ｅ＋２ｚｅ＋１三〃(I[｡])．
〃(α３７`)＝３e－し(凸i)＝ｅ＋(2e－し(L,`))三ｅ＋(2e－し(Iia])）

＝ｅ＋(e－１)＝ルー１三ｅ＋１ニレ(Ii｡]）（ノー２，３）

Therefore(αh)3二Ｂａ・SinceBaisseminormal,thisimplietaheBaHencewehave
czeIiα],acontradiction．

(2)〃(凸!)＝０.Inthiscase,ｗｅｈａｖｅ〃,eRItthenfollowsthat"Baisseminormalin

A”isequivalentto“BaisintegrallyclosedinA”(Ｃｆ［ＳＹ]).Ｔｈｅｎｗｅｈａｖｅ〃(Ｉｉａ１)＝
１ｏｒし(I[．,)＝〃(L,!)(Ｃｆ［TOY])Thiscompletestheproof

QE．，．

ＬｅｔＡ二Bbeintegraldomains・Ｗｅｓａｙｔｈａｔｔｈｅｄｉｍｅｎｓｉｏｎｆｏｒｍｕｌａｈｏldsbetween

AandBifht(P)＝ｈｔ(p)＋Ｔｒ､degAB-Trdeg庵(，)ﾉｾ(Ｐ)foreveryPeSpec(Ｂ),where

，＝ＰｎＡＩｎｔｈｉｓｃａｓｅ,itisknownthatifL,isintegrallyclosed,ｔｈｅｎＲｐｉｓａＤＶＲ

ｆｏｒａｌｌＰｅＡｓｓＲ(R仰1）(Ｃｆ［TOY]).Combiningwiththeaboveresults,wehavethe
following：

ＴＨＥＯＲＥＭｇＬｅｔＲｂｅａＮｏｅｔｈｅｒｉａｎｄｏｍａｉnwithquotientfieldK・AssumethatR

isafinitelygeneratedR-moduleandthatthedimensionｆｏｒｍｕｌａｈｏｌｄｓｂｅｔｗｅｅｎＲａｎｄ

ＲＡｓｓｕｍｅthataisaanti-integralelementoｆｄｅｇｒｅｅｄｏｖｅｒＲａｎｄｔｈａｔＩｉａｌｉｓ

ｉntegrallyclosedLetA＝Ｒ[α]つＢａ＝Ｒ[α]ｎ尺[a-1lForanypeAssR(Ｍｉａ]),let

しpbetheassociateddiscretevaluationwith(R,,ＰＲp)Thenitholdsthat〃(Iia])＝１ｏｒ

"(1),,)之〃(Iia])－１ifBaisseminormaLHencewehavethefollowingpossibilities：
（１）〃(Iに,)＝１，

（２）〃(Iia])＝し(巧!)，

（３）〃(1m)＝し(Iia])－１．
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