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Abstract

In [OSY] , we investigated the following : Let R be a Noetherian integral domain,
let R[X] be a polynomial ring and let K be the quotient field of R. Let @ be an element
of an algebraic field extension L of K and let = : R[X]— R[] denote the R-algebra
homomorphism sending X to @. Let ¢.(X) be the monic minimal polynomial of @ over
K with deg ¢.(X) = d and write ¢(X) = X9+ nX* '+ - +75a. Let L1y := NE(R :
#7:)(= R[X] : rp(X)). For f(X) € R[X], let C(f(X)) denote the ideal generated by
the coefficients of f(X). Put Jia) := LiyC(94(X)), which is an ideal of R and contains
Iie). We say that the element « is an anti-integral element of degree d over R if Ker
7 = e X)R[X]. When « is an anti-integral element over R, R[e] is called an
anti-integral extension of R. In the case K(a) = K, an anti-integral element « is the
same as an anti-integral element (i. e, R = R[a] N R[1/e]) defined in[OY]. The
element « is called a super-primitive element of degree d over R if [ & p for all
primes p of depth one.

As was seen in the above, [OSY] concerned a simple extension with certain prop-
erties by use of the ideal Ker z. This paper deals with an ideal H of R[X] such that
P NR = (0)for all P € Assrpixi(R[X]/H)(. e., exclusive) or a monic polynomial ¢(X)
in K[X]. We define the super-primitiveness, anti-integralness and flatness of the ideal
H or a polynomial ¢(X). If necessary, we can consider a simple ring-extension
R[X]/H or R[X]/(p(X)K[X] N R[X]). When H is a prime ideal or ¢(X) € K[X]
is an irreducible polynomial, we come back to the case treated in [OSY]. When H is
not a prime ideal or ¢(X) € K(X) is not an irreducible polynomial, we can extend the
super-primitiveness, anti-integralness and flatness to a simple extension which is not
necessarily an integral domain.
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We use the following notation throughout this paper unless otherwise specified :

Let R be a Noetherian integral domain and R[X] a polynomial ring and let K is the
quotient field of R. Let H be an ideal of R[X] and let ¢(X) be a monic polynomial
in K[ X].

Our unexplained technical terms are standard and are seen in [M1] and [M2].

1. Anti-Integral Ideals and Super-Primitive Ideals

Let R[X] be a polynomial ring over R and let H denote an ideal of R[X]. We say
that H is an exclusive ideal if PN R =(0) for every prime ideal P&
Assrix)(R[X]/H). When H is exclusive, Hx := H®:K & K[X]. Since Hg is a princi-
pal ideal of K[X], we can write Hx = ¢#(X)K[X] for some monic polynomial ¢x(X)
€ K[X]. Let d = degen(X) and put ¢u(X) = X%+ pX* '+ + 5, with 7: € K.
Let Iy := N&idy(= R[X1epu(X)). Then Inpu(X)R[X] = R[X]. For f(X) € K[X],
C(f(X)) denotes the content ideal of f(X), the fractional ideal of R generated by the
coefficients of f(X).

Definition 1.1. Let H be an exclusive ideal of R[X].

(1) The ideal H is an anti-integral ideal of R[X] or is of anti-integral type if H =
Inpu(X)R[X].

(2) The ideal H is a super-primitive ideal of R[X] or is of super-primitive type if
grade (InC(pu(X))) > 1.

Remark 1. 2. Assume that the ideal H of R[X] is exclusive. Then Hx N R[X] =
H. In particular, the inclusion Inpu(X)R[X] < H holds. Indeed, since Hx 2 H
asserts the inclusion H S Hx N R[X]. Conversely, take any f(X)€ ouK[X] N
R[X]. Then f(X) = pu(X)£(X) for some £(X) € K[X]. Since F(X) E Hx, there
exists a non-zero ¢ € R such that af(X) € H. Since H is exclusive over R, we have
that @ & P for each P € Assgixi(R[X]1/H). Thus f(X) € H, which implies that H 2
Hx N R[X].

Proposition 1. 3. Assume that H is an exclusive ideal of R[X). If H is generated
by some polynomials of the least degree, then H is anti-integral type.

Proof. Let d denote the least degree of a polynomial in H. Then ¢x(X) = X¢
+ X4 s+ pa(n: € K). Take f(X) = ao X+ a X% '+ +a, € H with a: € R.
Since f(X) € H, we have aifao= 7:(1<i<d). So ao € Iy and hence f(X) =
avpu(X). Thus H € Inpu(X)R[X]. Since Inpu(X)R[X] S H by Remark 1. 2, we
have H = Iypu(X)R[X], which means that H is an anti-integral ideal. [ ]

Let f(X) = aX"+a X" '+ -+ +ax be a polynomial in R[X]. We say that f(X) is
a Sharma polynomial in R[X] if there does not exist t € R with ¢ & 4o R such that
ta; € aoR for 1< { < n.

We require the following result seen in [OSY] :

Lemma 1. 4. ([0SY,(1.2)]). Let f(X) be a polynomjal in R[X]. Then f(X) is a
Sharma polynomial if and only if C(A(X))E P for any PEDp(R) :={Q ¢
Spec(R)|depthge = 1}.

Lemma 1. 5. (cf. [OSY, (1. 3)]). Assume that an ideal H is exclusive and that deg
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ou(X) = d. The following statements ave equivalent:

(i) H is a principle ideal of R[X];

(ii) In is a principle ideal of R ;

(iii) there exists a Sharma polynomial in H of degree d.

If one of the above conditions holds, then H is gewmevated by a Sharma polynomial.

Proof. (iii)=> (i) : Let f(X) be a Sharma polynomial in H of degree d. Since
deg.u(X) = d, this Sharma polynomial has the least degree. So by [S], H is principal.

(i)=(ii) : Let H= f(X)R[X]. Then f(X)R[X] 2 Inps(X)R[X]. Note that
H®K = f(X)K[X] = ou(X)K[X] and hence degf(X) = degeu(X) = d. Take a
€ Iy. Then apu(X) = bf(X) for some b € R. Let f(X) = ao X%+ -+ +aq with a; €
R. Then a = bao, so that Iy 2 aoR for some b € R. Since baoy: = an: = ba(l < i <
d), we have aon; = a: € R. Hence ao = Iy, which implies that Iy = aoR.

(ii)=>(iii) : Let Iy = bR. Then Inpu(X)R[X] = beu(X)R[X] S H and b7: € R(1
< i < d). Suppose that there exists t & bR with thp: € bBR(1 < i < d). Thentp: € R
and hence t & Iy = bR, a contradiction. Thus bex(X) € R[X] is a Sharma
polynomial of degree d. []

Proposition 1. 6. Assume that H is an exclusive ideal. If H is a super-primitive
ideal of R[X], then H is an anti-integral ideal of R[X].

Proof. Since H is exclusive, H 2 Inen(X)R[X] by Remark 1. 2. Take f(X) € H.
Then since f(X) € Hg, there exists a non-zero element ¢ € R such that af(X) €
Inpu(X)R[ X]. Take an arbitrary p € Dpi(R). Then InC(pu(X)) & p because grade
(Inpu(X)R[X]) > 1. So there exists a Sharma polynomial in H, of the least degree.
By Lemma 1. 4, we have H, = g(X)Rp[X] for some g(X) = bpx(X) with b € R.
Since f(X) € Hp, there exists ¢ € R\p such that ¢f(X) € Inps(X)R[X]. Thus f(X)
€ Inpu(X)R[X]. [

Remark 1. 7. If H is a super-primitive ideal of R[X], then grade (C(H)) > 1. But
the converse statement is not necessarily valid as is seen in the example below.

Example1. 8. Consider an integral domain R satisfying the condition : R & R,
where R denotes the integral closure. Take @ € R but @ & R. Then we have an exact
sequence :

0—» H- R[X]- Rl[a] - 0 (exact)

Note that H is a prime ideal of R[X]. In this case, H contains a monic polynomial
(i, e., a polynomial giving an integral dependence of @). Hence C(H) = R. Suppose
that H is a super-primitive ideal, then H is an anti-integral ideal by Proposition 1. 6.
Since H = Ifixneua(X)R[X], we have IEx)C(pr(X)) = C(H) = R. Thus « is flat
over R (cf. [OSY, (2. 6)]). Since « is an integral flat element in K, R[a] = R, that is,
@ € R, which is a contradiction. Therefore H is not a super-primitive ideal.

Theorem 1. 9. Assume that H is an exclusive ideal of R[X].

(1) If H is of anti-integral type and grade (C(H)) > 1, then H is of super-primitive
type. -

(2) If H is of anti-integral type and H contains a Sharma polynomial, then H is of
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Super-primitive type.

Proof. Note that H = Iypu(X)R[X] by the assumption. Since C(H) =
InC(pu(X)), (1) is valid. The statement (2) follows from Lemma 1. 4. []

Let H be an exclusive ideal of R[X]. Define J4 := IaC(ex(X)), an ideal of R.

Proposition 1. 10. Let H be an exclusive ideal of R[X).

() If Ju =R, then R[X]/H is flat over R.

(2) If Ju =R, then H is of super-primitive type and Ix is an invertible ideal of R.

Proof. (1) Take p € Spec(R). Since R = Ju = InC(pu(X)), there exists b € Iy such
that (Iu), is a principal ideal bR,. So (Iu)p = bpu(X)R,[X]. It follows that
Ro[X1/(In)p = Ro[ X]/beu(X)Ro[X]. Thus Ro[ X1/bou(X)R,[X] is flat over R, by

[M1, (20. F)] because Ry = (Ju)p = C(bpu(X)),. Hence R[X]/H is flat over R.

(2) Since R = Ju = InC(pn(X)), I is an invertible ideal of R and H is a super-
primitive ideal by definition. [J

Corollary 1. 10. 1. Let H be an exclusive ideal of R[X]. If Ju = R, then H =
Inpn(X)R[X] and H is an invertible ideal of R[X]. Furthermove H'({ > 0) is also
an invertible ideal of R[X].

Proof. By Proposition 1. 10 (2), H is of super-primitive type and hence H is of
anti-integral type by Proposition 1. 6. So H = Iupx(X)R[X], which is an invertible
ideal of R[X]. O
Remark 1. 11. Assume that H satisfies the condition in Corollary 12. 1. Let J :=

{a € Rlapu(X) € R[X]}, an ideal of R. Then H¢ = Jpu(X)! R[X] and J = (Ix)".

2. Sharma Polynomials

In this section, we investigate how a Sharma polynomial works.

Proposition 2. 1. Let f(X) be a Sharma polynomial. Then f(X)R[X] does not have
any embedded prime divisor. '

Proof. Let P be a prime divisor of /(X)R[X]. Then depth R(X), = 1. Suppose that
p == PN R #(0). Then depth R, =1 and P = pR[X]. Thus f(X) € P = pR[X],
which implies that C(f(X)) S p. Hence grade (C(f(X))) = 1. This contradicts the
assumption that f(X) is a Sharma polynomial. So we have P N R = (0). Since P =
Px N R[X] and ht(P) = 1, F/(X)R[X] has no embedded prime divisor. (]

Remark 2. 2. Let f(X) be a Sharma polynomial in R(X) and let P be a prime
divisor of f(X)R[X]. It does not necessarily follow that P is of super-primitive type.
But if P is of anti-integral type, then P is of super-primitive type. Indeed, consider the
exact sequence :

0- P~ R[X]- R[a] -0,

where @ denotes Xmod. P. In this case, since P contains a Sharma polynomial £(X),
a is a super-primitive element over R by [OSY, (1. 12)] . Next consider R = R.If P
N R = (0), then P is of super-primitive type (cf. [OSY,(1. 13)]).

Proposition 2. 3. Let f(X) € R[X] be a Sharma polynomial. Assume that f(X) is
irveducible in K[X]. Then f(X)R[X] is a prime ideal in R[X].
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Proof. Let P be a prime divisor of f(X) R[X]. Then f(X) € ¢r(X)K[X]. Since
F(X) is irreducible, there exists a € R such that f/(X) = appr(X)(a € P). Since grade
(C(F(X))) > 1, P is of super-primitive type. So P is of anti-integral type by Proposi-
tion 1. 6 and hence P = Irpp(X)R[X]. Thus f(X)R[X] = P. O

Proposition 2. 4. Let f(X) be a Sharma polynomial in R[X). Let P be a prime
ideal in R[X] such that P is a unique prime divisor of the ideal f(X)R[X]. Then P
is of super-primitive type.

Proof. By the assumption, F(X)K[X] = ¢»(X)* K[X]. Since f(X) is a Sharma
polynomial, we have f(X)K[X] N R[X]= fA(X)R[X] (cf. [S, Remark 5]). Hence
F(X)R[X] € (Irpp(X))*R[X]. So since grade (C(f(X))) >1, we have grade
(Irpp(X)) >1. Hence P is of super-primitive type. (]

Lemma 2. 5. Let o(X) = X%+ mX? '+ 94n. € K) be a monic irreducible
polynomial in K[X). Put I§x) := Nia1 Li(= R[X] »e(X)). If grade (I§xC(9(X)))
> 1, then o(X)K[X] N R[X] = I§xe(X)R[X] € Spec (R[X]).

Proof. Since (X)K[X] € Spec (K[X]), we have P := o(X)K[X] N R[X] € Spec
(R[X]). By construction, P 2 I&x R[X]. By the assumption,

grade (IfxC(o(X))) > 1.

Thus P is of super-primitive type. So we obtain P = I&x,¢(X)R[X] € Spec (R[X]).
- .

Theorem 2. 6. Let f(X) be a Sharma polynomial in R[X] and let f(X) = ap:i(X)*
- (X)) be a products of irrveducible polynomials ¢(X) € K[X] and a € R. Then
AXRIX] = (2(X)* K[X] N R[X] N+ N (pe(X)* K[X] N R[X]) is a primary
decomposition.

Proof. Since f(X) is a Sharma polynomial, we have f(X)R[X] = AX)K[X] N
R[X] = (X)) 0(X)*K[X] NR[X] = (@(X)*K[X] N - N (pe(X)* K[X]) N
R[X]=(gu(X)® K[X]1NR[X]D N N(e(X)* K[X]N R[X]). Since f(X)e&
e X)K[X] N R[X], the prime ideal ¢ X)K[X] N R[X] is of super-primitive type.
So A X)K[X] N R[X] = I R[X] by Lemma 2. 5. Thus we see that ¢.(X)*K[X]
N R[X]is an I&x) R[X]-primary ideal. (J

Proposition 2. 7. Let I S J be ideals of R[X). Assume that I @r K =] Qz K
and that for each p € Dpi(R), JR» contains a Sharma polynomial over Rp of the least
degree. Thenl = J.

Proof. Take f(X)E I. Then f(X)E 1 S 1 Q®r K =] Qr K. Hence there exists a
€ R such that af(X) € J. Let p be a prime divisor of g¢R. Then p € Dp:(R). By the
assumption, J, = g(X)Rp[X], C(9(X)) = R, for some g(X)& ]. Put f(X)=
g(X)¢(X) with £€(X) € Rp[X]. Then there exists & € R\p such that bf(X) € J.
Since g, b is a regular sequence, we have f(X) € J. (J

3. Super-Primitive Polynomials and Sharma Polynomials
Definition 3. 1. Let ¢(X) be a monic polynomial in K[X] and let I&x):=R
[X]: #rp(X). The polynomial ¢(X) is called a super-primitive polynomial if grade
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(I5C(p(X))) >1.

Let R denote the integral closure of R in K and let C(R/R) denote the conductor
ideal between R and K. For an element » €K, we put I, := {a € R|ay € R)}.

Remark 3. 2. Assume that R & R. :

(1) There exists a polynomial in K[X] which is not super-primitive. In fact, take 7
€ R\R and let ¢(X) := X—7. Then ¢(X) is not super-primitive (cf. Example 3. 9.
below).

(2) When 7 € K satisfies grade (I,4+ C(R/R)) > 1, the polynomial X —7 is super-
primitive. More generally, let ¢(X) =X*+nX*" + -+ 547 € K) satisfy grade
(In+ C(R/R)) > 1 for all i. Then grade (N, I+ C(R/R)) = grade (Ifx,+ C(R/R))
> 1. Then ¢(X) is super-primitive (cf. Proposition 3. 10).

Proposition 3. 3. Let B be an ideal of R. Assume that every prime divisor of Bis
contained in Dpi(R). Let a, b be a regular sequence and f € R. If af bf € B, then
fEB.

Proof. Consider a primary decomposition of B :

B=qlﬂ~~ﬂ dn,

where Vg =p.. Then p: € Dpi(R) for all 1<i< n Take p. Then @, & is an
R-regular sequence. So a € p: or b & p. If a & py, then f = g:Rp, N R = q:. A simi-
lar argument is applicable to the case & & p;. Hence we conclude that fEeB.

Proposition 3. 4. Let o(X) € K[x] be an irreducible super-primitive polynomial.
Let I:= I§x) and ] := I§ux (£ > 0). Then Ip(X)R[X] is a prime ideal of R[X] and
Jo(X)'R[X] is Io(X)R[X)-primary ideal.

Proof. Since ¢(X)'K[X] is ¢(X)K[X]-primary, the ideal o(X)'K[X] N R[X] is
o(X)K[X] N R[X]-primary. Since ¢(X) is super-primitive and hence anti-integral.
So o(X)K[X] N R[X] = Io(X)R[X]. Thus we have only to prove that o(X)!K[X]
N R[X]= f¢(X)“R[X ]. The implication (2) is obvious. We shall show that the
implication (&) holds. Since / is a denominator ideal in R, J is a divisorial ideal. So
JRIX](= R[X]) is also a divisorial ideal. Hence Jo(X)! R[X](S R[X]) is a divisor-
ial ideal. Thus any prime divisor of Jo(X)‘R[ X] is of depth one. Take f(X) € ¢(X)*
K[X] N R[X]. Then F(X)/p(X)* € K[X]. We must show that f(X)/e(X)! e
JR[X]. Let p be any prime divisor of J. Then p € Dpi(R). In this case, we have to
show f(X)/e(X)* € (JR[X])s. Since (Ie(X))'R[X] S J(X)'R[X], we have grade
(JC(e(X)*)) > 1. Hence J, = aR, for some a € J. Put g(X) = ap(X)*. Then g(X)
€ J and C(g(X))R» = Rp, which shows f(X) € g(X)Rp[X]. Thus f(X)/e(X)* €
(9(X/e(X))Ro[X] = aRp[ X] = (JR[X])s. From this, we get o(X)' K[X] N R[X]
= J¢'R[X]. By Lemma 2. 5, Ip(X)R[X] € Spec (R[X]). Therefore we have Jo(X)"
R[X] is an Ip(X)-primary ideal. (J

Theorem 3. 5. Let o(X),, ¢« X)&€ K[X] be irreducible super-primitive
polynomials. Let I; := IFx(1 < i < t) and let J; := I[Exye(1 < 71 < ¢, e; > 0).

Then
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P(X) o, (X)* KIX] N RIX] = (Uipd X0 RIX))

and this is a primary decomposition of the left side ideal, where J.0.(X)* R[X] is an
Lo { X)R(X)-primary ideal for each 1 < i < t.

Proof. Tt follows that @(X)* - @:(X)* K[X] N R[X] = (e:(X)* K[X]N N
p.(X)* K[X]) N R[X] = (e(X)* K[X] N R[X]) N - N (eX)* K[X] N R[X]
N R[X]) = heX)® R[X]N -+ N Jepe(X)* R[X] by Proposition 1. 6. By Proposi-
tion 3. 4, Jip:(X)* R[X] is an Le{X)R[X]-primary ideal for each 1 < i < ¢. [J

Proposition 3. 6. Let ¢i(X), -, @A X) € K[X] be irreducible super-primitive
polynomials. Then ¢i(X)® - ¢.(X)* K[X] N R[X] is a prinicipal ideal at each P €
Dpi(R).

Proof. Let J: = R[X]: rpr(X)® - 9,(X)® and let I; : = R[X]: rp:(X). Since ¢{X)
is a super-primitive polynomial, we have grade (I:C(9«{X))) > 1 for each 1 < i < ¢.
Note that (f1)%--- (I:)* < J, which yields

grade (JC(@i(X)® - 0:(X)*)) > 1.

Take p € Dpi(R). There exists f(X) € Lp:(X) such that C(fi(X)) & pfor1 < i < ¢
Put f(X) := A(X)® - f(X)®. Then C(fi(X)) & p. Since f(X) € pi(X)e -+
2(X)*K[X] N R[X] and f(X) has the least degree, it follows that (¢,(X)® -+ p.(X)*
K[X]NR[X]))», = Ff(X)R[X]s by [S, Remark 5]. (0

Remark 3. 7. Let ¢(X) < K[X] be a monic polynomial and let I := Ifx, If
Io(X)R[X] contains a Sharma polynomial, then ¢(X) is a super-primitive polynomial.
Indeed, take a Sharma polynomial f(X) € Ip(X)R[X]. Suppose there exists p €
Dpi(R) such that IC(@(X)) € p. Then Ip(X)R[X] S pR[X] and hence f(X)e&
PR[X]. Thus C(f(X)) € p, which contradicts the assumption that f(X) is a Sharma
polynomial.

Proposition 3. 8. Let ¢(X) € K[ X] be a monic polynomial. Then ¢(X) is a super-
primitive polynomial if and only if I&x) o(X)R[X] contains a Sharma polynomial,

Proof. The implication (<) follows from Remark 3. 7.

(=) Take a non-zero element a € Ifx, and put A(X) = ae(X). Let py, -, pn €
Dpi(R) such that p; 2 C(A(X)). Since ¢(X) is a super-primitive polynomial, we have
IEx) C(o(X)) & p1,-*, pn. There exists g X) € I&x, ¢(X)R[X] such that C(g{X))
¢ p(1 <i < ). Put A(X)=A(X)gX) " go(X). In this case, C(F(X)) S C(A(X)),
C(g{X))(1 < i < n). Thus for each p € Dpi(R), C(f(X)) ¢ p. Hence f(X) is a
Sharma polynomial and f(X) € Ifx o(X)R[X]. O

The following example shows that an irreducible factor ¢(X) in K[X] of a Sharma
polynomial f(X) is not always a super-primitive polynomial.

Example 3. 9. Assume that R & R. Take « € R\R. Since « is integral over R,
there exists a monic polynomial f(X) in R[X] such that (@) = 0. Note that C(f(X))
= R because f(X) is monic. Thus f(X) is a Sharma polynomial. It is obvious that
X —ais a factor of f(X) in K[X]. Suppose X — e is anti-integral. Then f(X) € (X



8 Ken-ichi Yosuina, Susumu Opa and Junro Sato

—2)K[X] N R[X] = I(X—a)R[X]. So R = C(f(X)) € I.C(X —a), which means
that R[a] = R[X]/(X —a) is flat over R (cf. [OSY, (2. 6)]). Since « is integral over R,
we have R[a] = R, that is, @ € R, which is a contradiction. Therefore the polynomial
X —ea is not an anti-integral polynomial, and hence X —¢ is not a super-primitive
polynomial.

Proposition 3. 10. Let o(X) be a monic polynomial in K[ X].

(1) If grade (Ifx)+ C(R/R)) > 1, then grade (I&x, C(e(X))) > 1.

(2) grade (I§x C(e(X))) > 1 if and only if IEx o(X)R[X] contains a Sharma
polynomial.

(3) If R= R, then grade (I&x,C(e(X))) > 1.

Proof. (1) Take p € Dpu(R). If Ifx) & p, then Ifx) S IEx C(o(X)). So IEx) & ».
On the other hand, if Ifx) S p, then C(R/R) ¢ p by the assumption and hence R, is a
DVR. Let v,( ) denote the valuation of Rp. If v,(I&x)) = e, then(I&x))» = p°R» and
there exists 7 such that V(%) = —e > 0, where p(X) = X4+ 7 X% '+ - + 5, with 7;
€ K. Thus vx(I5ix)7:) = 0. Hence (Ifx)7:)p & pRp. Thus (I&x,C(e(X)))p & pR,.
This show that I5ix,C(¢(X)) & p. Therefore we obtain that grade (IZx,C(o(X))) > 1.

(2) (=) : Take a € I§x) and put f(X) = ap(X). If /(X) is a Sharma polynomial,
then there is nothing to prove. Suppose that f(X) is not a Sharma polynomial. Then
there exists a prime ideal p in Dp:(R) such that C(f(X)) € p. Take a non-zero
element b € C(f(X)). Then p is a prime divisor of the ideal 4R because p € Dp:i(R).
Since the number of prime divisors of &R is finite, the number of prime ideals in Dpy(R)
containing C(f(X)) is also finite. Let p1,*+, p» be the prime ideals containing C(F(X)).
Since I§x) C(@(X)) & p: for all 1 < i < # by the assumption, there exists g:(X) € I&x,
@(X) such that g{X) & p:R[X]foreach1 < i < n. Put g(X) := f(X)+ Xq(X)+ -
+ X"™g,(X). Then C(g(X)) = Z21(C(gi(x))+ C(f(X)) & p for all p € Dpi(R). Thus
¢9(X) is a Sharma polynomial. :

(2) (&) : Let f(X) be a Sharma polynomial in I&x,¢(X)R[X]. Then we can
express f(X) = 2f(X)g{X) with f(X) € I§xp(X) and g{X) € R[X]. Suppose
that there exists p € Dpi(R) such that I5x,C(e(X)) S p. Then f(X) € pR[X] and
hence f(X) € pR[X], which contradicts the assumption that f(X) is a Sharma
polynomial.

(3) follows from C(R/R) = R and (1). OJ

In the above Proposition 3. 10, the converse implication of (1) does not always valid
as is seen in following example.

Example 3. 11. Let % be a field and let ¢ be an indeterminate. Let R := £[¢2, #°].
Then R = k[t]. Let o(X) := X*+X+1/t*€ K[X] := k(#)[X]. Then IZx,) = t’R
and I§x,C(e(X)) = t*(1, 1/t*)R = R. So we have grade(I&xC(p(X))) = grade(R) >
1, but grade(I&x)+ C(R/R)) = grade(+*R + tR) = grade(tR) = 1.

Remark 3. 12. Consider a Noetherian domain R satisfying R & R and let ¢(X) =
X+ mX9 '+ + 794 € K[ X]. Assume that every 7;: € R and that 7; & R for some ;.
Then Ifx¢(X)R[X] does not cotain any Sharma polynomial.
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