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Let R be a Noetherian domais with quotient field K. We say that an element S € K
is a flat element over R if R[] is flat over R (see [4]). In [4], it was shown that if 3,
..., Bn € K are all flat elements then R[A,, ...,8]is flat over R. Example 17 in [4] shows
that this assertion does not always hold if 8:¢ K for some ¢, that is, the assertion
above is not necessarily valid in the non-birational case.

In this paper, we treat the case that some of 2, ...... [ are not contained in K and
show that the similar assertion holds even in the non-birational case if £, ..., 8. satisfy
certain conditions.

Let A be an integral domain containing K. Assume that A and L are in some large
fixed field. Let K(A)denote the quotient field of A. Let L be an algebraic field
extension of K and ¢ € L. Let #'”:A[X]— Ala] be the canonical A-algebra
homomorphism sending X to a. Let ¢4 (X) denotes the minimal polynomial of a over
K (A) and let deg ¢%¥(X) denotes the minimal polynomial of @ over K(A)and let deg
P (X) = da. Write

P X) = XU+ X 4+ 7aa,

(€ K(A)). Let I}? : = Ataniand let Ild: = NALY. If A = R, weput d: = da, Ini: =
M and L = I@). It is easy to see that i (resp. (&) is an ideal of R (resp. A).

An element a € L is called an anti-integral element over R of degree d if the equality
Ker 7 = Iiaypo(X)R[X]. holds. For a polynomial f(X) € R[X], C(f(X))denotes the
ideal of R generated by the coefficients of f(X). Let J be a of R[X], we denote by C
(/) the ideal of R generated by the coefficients of the polynomials in J. If ¢€ L is
anti-integral, it follows that C(Ker 7) = C({mp(X)R[ X)) = Lia(1, 7,...,74). We put
Jiai: = Lii(1, 71, ..., 7a), which is an ideal of R. Similarly let J{&): = I[¥(1, 7, ..., 7a.).
When « is an element in K, ¢.(X) = X —a. So we have Jia: = Lia(1, 71, ..., 7a) = Lia)
+ al(a).
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It is knows that if @ is anti-integral and integral over R of degree d, then R[a] is
a free R-module of rank d(cf. [3]).
Throughout this paper, we use the above notation unless otherwise specified.

81. Several Properties of the Ideal Ji,
We start with the following definition.

Definition 1.1. Assume that e € L is anti-integral and integral over R of degree d.
For an element 8 € K(a) = K[a], putting: 8 = o+ S1a+...+ $a—12*"! with ¢: € K, let

d—1

Tﬁi = QI& = R[a]: RB.

Lemma 1.2. Assume that a<€ L is anti-integral over A of degree da. Put
W = {f(X) € Kerr""|degf(X) = ¢}

for a non-negative integer ¢, where % A[ X|— Ala] is the canonical A-algebra
homomorphism sending X to a. If ¢ > da: = [K(A)(a):K(A)] then C(F) = J{&!.
Proof. Since « is an anti-integral element of degree da over A, we have

Kerz“ = I o (X) Al X],
and hence
I = C(Kerr®) = CUI& M (X)ALX]).

Take f(X) € & (X)) A[X] with deg f(X) = da. For an integer ¢ = da, we see that
Xdaf(X)e F®., Thus CUf(X)) = C(X"*“f(X)) = Cf(X))SC(F?). So we
obtain that J{f&)< C(F{?). Conversely, take f(X) € F{®. Then f(X) € Kerx® = I{&y
P (X)A[X]. Hence we can write:

f(X) = Zf(X)g(X),

with degf:(X) = da, fi(a) = 0. From this, we have CUHXNSICf(X)ASTA.
Thus C(F?) S J&). So we conclude that J{i#) = C(F{*). QE.D.

Lemma 1.3. Let B € L be an anti-integral element over R and let A be an Noetherian
domain containing R. If B is an anti-integral element over A of degree e (< d), then
JimASTH .

Proof. Take f(X)e€ Iines(X)R[X] with degf(X) = d. Consider the natural exact
sequence:

n(A)

0— Kerax“ Al X] AlR] 0.

Then f(X)€ kerz®. So by Lemma 1. 2, we have C(f(X))< C(F$¥) = J{#, which
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yields that /15 A< JE. Q. E. D.
Making these preparations, we have the following proposition.

Proposition 1.4. Assume that a € L is an anti-integral element over R of degree d.
Let B € K|a]. Assume that B is anti-integral over both R and R|a]. If R[5] is flat R
then Rlea, B] is flat over R|a].

Proof. Put A = R[a]. By [3, Proposition 2.6], we have Jis; = R. Hence J{#) = A by
Lemma 1.3. Using[3, Proposition 2.6] again, we have that A[3] is flat over A. Hence
Rla, B] is flat over R[a]. Q.E.D.

Remark 1.5. In [2], it is shown that ¢ € L is anti-integral over R if and only if so is

a .

§2. Flat Elements

In this section, we show when g€ L is flat over R[e] in terms of the ideal 7;. For
this purpose, we study some properties of the ideal 7.

Proposition 2.1. Assume that a € L is anti-integral and integral over R of degree d.
Then the following statements holds:
(i) For B,..., € Kla], put A = Rla, .
flat over R.
(i) For B€ Klal, the equality I{f*PNR = T, holds and hence T:R[a]< IE1V.

..,ﬂn]. If(Tmﬂm T,q,,)A = A then A 1is

Proof. (1) By the definitions of 7 and I{£'*", we have T;< I{£!“Y. So the assumption
yields 7wA = A(1 <7 <#u). Thus we have [#{*YA = A(1 < i < »). From this, it
follows that (J&*PN...NIEK\*) A = A, and hence A is flat over R (cf. [4]). Since R
[@] is flat over R, A is flat over R.

(ii) Note that 5 € K(a). Since I&§'“Y = R[a): rimB and Ts = R[a]:xB3, we have I[N
R = T, From this, it follows that T:R[a]< 5. Q. E. D.

Remark 2.2. (i) For 8 € K[«], the rings R[a] and R[«][B] are birational. So it holds
that ][(,5 [Ia]]) — ,81“”“])

(11) By use of (i), we have the following:

][(qui’]lal) [ﬂ][al)+B](R al)
= [(R1eV 4 [(R{gD
2(Te+ To-1) R[]

and

JENRD To+ Ts-s.
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The next theorem is our main result in this section.

Theorem 2.3. Assume that a is anti-integral and integral over R of degree d. Let [,
eev, Bn be elements in Kla). If Jisg = R and each B: is anti-integral over both R and
Rla](1 < i < n), then Rla, B, ..., Bx] is flat over R.

Proof. Since B, ..., Bn€ K[a], A: = Rla, A, ..., 8] is birational over R[a]. By
Proposition 1.4, each 3:(1 < i < n) is a flat element over R[a]. Thus A is flat over R
[@](cf. [4]). Since R[a] is flat over R by the assumption, A is flat over R. Q.E.D.

Proposition 2.4. Assume that a is anti-integral and integral over R. Let B, ..., fn €
Klal. If (Ta+ Tsic)) R[] = Rlal for each i, then Rla, B, ..., B2] is flat over R.

Proof. By using of Remark 2.2, we have J{&{* 2 (Ts+ Ts-) R[a] = R[a] for each i
because R[«] is faithfully flat over R. So J{£{*Y = R[a]. Thus each £; is a flat element
over R[a]. Since g: € K(a), Rla, B, ..., 8] is flat over R[a](cf. [4]). Hence R[a, B, ...,
B»] is flat over R. Q.E.D.

In the preceding results, the condition that B is anti-integral over R[a] works
effectively. We attempt to characterize this condition in terms of the ideal 7.

Let Dp:(R): = {p € Spec(R)|depthR, = 1}. Let a be an element in an algebraic field
extension L of K. We say that a is a super-primitive element of degree d if JinEp
for all € Dpi(R). Let A be a Noetherian domain containing K. An element 8 € K[a]
is a super-primitive element over A if and only if grade (J{#’) > 1. It is known in [3] that
the super-primitive elements are anti-integral.

Proposition 2.5. Assume that a is anti-integral and integral over R of degree d. Let
B be an element in K [a].
(7) B is super-primitive over R[a] if grade (Ts+ Ts-1) > 1. In particular, if grade (T3
+ Ts_1) > 1, then B is anti-integral over R[a].
(71) B is a flat element over Rlal if To+ Ts-1 = R.

Proof. (i) Since R[a] is faithfully flat and integral over R, grade (Ts+ Ts-1) > 1=
grade(JI§'“P N R) > 1==grade(J{£“V) > 1. Our conclusion follows.
(ii) Since B is a flat element over R[a], we have J{*Y = R[e] and hence J§'"NR
= R. So we have T;+ Ts-, = R by the same way as in (i ) Hence we have J/§'* = R

[e]. QED

Proposition 2.6. Assume that a is anti-integral and integral over R of degree d. Let
B € Kla) which is anti-integral over both R and Rla). Then VIs = v Ts = / IE"Y N
R.
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Proof. First we shall show the inclusion 74 S PN R. Let ga(X) = X+ o1 X!
+...+ a4 with ¢:€ K. Then for a non-zero element a € [z, there exists an algebraic
dependence: aB%+ a1f* ' +...+aa = 0, a: = as: € R. From this, we have a.(87")+...
+aif ' +a=0. Put f(X): = aaX®+...4+@aX+a Then f(B7') = 0. By the assump-
tion, B is anti-integral over both R and R[e]. Hence by Remark 1.5, A7' is also
anti-integral over both R and R[a]. So we have f(X) = 2f:(X)g:(X), where deg/:(X)
=1, (87 = 0 with £:,(X), g:(X) € R[e][ X]. Consider the constant term, we see that
ac 18—1[[(5{;7]) — ,8_1X,8][(5[a]) — l(ﬁ[a])_ ThUS ][ﬂ]gj[(ﬁla”ﬂR- But since l{éﬁ“’“ﬂR — TB
by proposition 2.1, we have [ < T3 Thus mgﬁ;. Conversely, take a € T, Then
aP € R[a]. Since R[a] is a free R-module of rank &, a8 has a monic relation of degree
d: (aB)+bi(aB)* ' +...4+ by = 0, b; € R. From this, we have: 3¢+ (b:/a) 34 + ...+ ba/a”
= 0. Thus a“ € I5. Therefore for a sufficiently large integer N, 735'< ;s and hence JT:
<115 . The second equality follows from Profosition 2.1 (ii). Q.E.D.

§3. Unramified Extensions

In this section, we discuss certain relationships between flat extensions and
unramified extensions. Let A be an anti-integral element K. Then the module of
differentials Qrs2 of R[B] over R is given by

Qriar = R[B)/Iines(B)R[B].
Since ¢s(X) = X—8(8 € K), we have Iisnes(B) = Iis. Thus

R[P] is unramified over R Qrsz = (0)
& [|nR[B] = R[B]
< R[p] is flat over R

(See [1] for detail). This means that in the birational case, the flatness is equivalent to
the unramifiedness. But in the non-birational case, there exists an counter-example to
this assertion an follows:

Example. Let S € L satisfy 8¢ = a€ R and a¢ R* with [K(8):K] = d for d > 1.
Then ¢s(X) = X?—a and ¢5(8) = d 5%'¢ R[B]*. Thus R[A] is integral and hence
flat over R by [3] but not unramified over R.

Theorem 3.1. Assume that a is anti-integral and integral over R of degree d. Let 3
€ Kla] and assume that B is anti-integral over both R and R|a].
(/) R[B] is flat over R if and only if Rla, B] is unramified over R[a].
(i1) If R[B] is unramified over R then R[B] is flat over R.

Proof. (i) By Proposition 1.4, R[3] is flat over R if and only if R[a, 3] is flat over
R[a]. Since B¢ K|a], that is, R[a, f] and R[a] are birational, we have the equiva-
lence: R[a, A] is flat over R[e] if and only if R[e, #] is unramified over R[a].
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(ii) Assume that R[A] is unranified over R. Then the set {f (X)|f(X) € Lige(X)R
[ X1} generates the unit ideal in R[8]. Since f(8) = 0 and £ is anti-integral over R[a],
we have f(X) € I{§1VoF e ( X)R[a][ X], where ¢§!“?(X) denotes the monic minimal
polynomial of 8 over K(a). Hence

f(X) = ZFi(X)Gi(X), Fi(X) € I§'* PN (X) R[a][ X],

where G:(X) € R[a][X], degF:(X) = 1. Noting that Fi(X)e€ I{§'*), we have f(B) =
DFi(B)Gi(B) € ItV R[a, B). Thus since I§'“PR[a, B] = Rle, 8], Rle, 8] is flat over
R[a]. So by Proposition 1.4, we conclude that R[A] is flat over R. QE.D.

Theorem 3.1. yields the following corollary.

Corollary 3.2. Under the same assumption in Theovem 3.1, if R[B] is unramified
over R then R|a, B] is unvamified over R[a].
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