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§ 1. Introduction. An n (=2m) dimensional K#hlerian space is a Riemannian

space which admits a structure tensor ¢,* satisfying

Soun‘PaA= "'3;)1 ’
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Vn§0xx=0 .
where vy, means the operator of covariant differentiation. It is well known that the
holomorphically projective curvature tensor P~ " of a Kahlerian space, which is
invariant under any holomorphically projective correspondence, corresponds to the
Weyl’s projective curvature tensor W,,,* of a Riemannian space, which is invariant
under any projective correspondence. On the other hand, in a K#&hlerian space S.
Bochner has introduced a tensor K,y 2 with respect to complex local coordinates,
which is the formal analogy of the Weyl’s conformal curvature tensor of a Rieman-
nian space.

Recently S. Tachibana has showed that with respect to real local coordinates a

tensor Kiuyw = Kapw g P defined by
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where S, =¢.*R.,, has components of the tensor given by S. Bochner, and has called
this tensor the Bochner curvature tensor [2]. In his paper the next theorem has been
proved.

Theorem 1. (S. Tachibana) If a compact Kahlerian space with vanishing Bochner curvature
tensor of constant scalar curvature has positive definite Ricci form, then it is a complex projective
space with the natural metric.

On the other hand, in a previous paper [1] the present author has proved the
following

Theorem 2. In a compact Kihlerian space with vanishing Bochner curvature tensor, gMvy.R

is a contravariant analytic vector.

1) K.Yano, [5] p.265, Y. Tashiro, [3].
2) K.Yano and S.Bochner, [4] p.162.
3) As to notations we follow M.Matsumoto, [ 1], S.Tachibana, [2].
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In this paper we shall prove the following
Theorem 3. In a compact Kihlerian space with vanishing Bochner curvature tensor of non-

negative scalar curvatnre and positive definite Ricci form, if RaR* is constant, then it is a
complex projective space with natural metric.

§ 2. Vanishing Bochner curvature tensor. In a Kihlerian space the next
equations hold good.

Ra;n«Ks&)\a’-: —R)\av’(‘]py.a ’ Rkﬂakgpva:R)\nvnS&aK ’
(2 . 1) ?PA"R(.,L =—R,, gﬁ,f ’ SpAaRaK: Rxay?ax ’
VaRMwa: V)\R;w - V}LRI\V ’ V)\R‘—‘QVaR)\a .
It is known that the tensor S, defined by
Sp.v = Sp;La‘Rav
satisfies the following equations:
S,uv: —'Swl- ’ QVaS)\a::Sp)\aVaR )
(2- 2) SUAaSav = _—S)\aﬂpva: ’_‘R)w ’
Sp=—7% S”aﬁ R#Wﬁ =SpaB anﬂ .

As the differential form S= % Sudx“adx* is closed 9, it follows that

(2'3) ﬁpVaVaSM= VARM"‘V#RM .

Transvecting (2.3) with ¢,*¢,*, we obtain

(2 '4) VO'RpA = spcrvspp“ (v/\RIL‘/ - V#«R}\v) .

In a Kahlerian space with vanishing Bochner curvature tensor the equation
VKo =0 holds good, and we have

(2 . 5) VmRMwK + 7}'1 [(VmRAv )55 - ( VmR#v)5§ -+ g?\v VwRy.K—gy.v VmRAK
+ ( VwS)\v )sﬁuK - (VmSAv)90AK + Py VanK —Puy AV
+ 2( VwSML)Sva + QSDML VvaK:I

R ) ) ) K K
— (n+g)(ﬂ+4) (ghvap.'—gp.ya)\'i‘g!’;wso“ —QuvPa +250AMSDV)=O .

Contracting (2.5) with respect to ¥ and » and making use of (2.1), (2.2) and (2.3),
we obtain

i .
Vil — VR, + DICES: (gr Vil —gu VAR + smw"VaR

(n+2)
—Qu @i VR + 2000,V L)=0 .

Transvecting the above equation with ¢.¥¢,* and by virtue of (2.4), we find

4) K.Yano, [5] p.72.
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(2.6) VVR;L)\:m)—(gvaxR+gvAvuR—sﬂvy¢A VR —¢une VR
+29[J)\V'MR) .
Thus if the scalar curvature R is constant, then we have y,Ru.=0. Hence by virtue
of (2.5) it follows that the Kahlerian space is symmetric. Thus we have

Lemma 2.1. If a Kahlerian space with vanishing Bochner curvature tensor has constant scalar
curvature, then it is a symmetric space.

If we put ux=vyaR, then (2.6) becomes the following form :
2.7y V.Rn= —2(72—:_?)—(91«#”)\ + Gy Al — Py @a U — PoaPu Uat 20ty
Transvecting (2.7) with R**, we obtain
VBB =20 (2R 07+ Ru,) .

If R, R* is constant, then it follows that
(2.8) 2R guf+ Ru,=0 .
Transvecting (2.8) with »*, we have

2Rg uPu" + Ruu =0 ,

If a Kihlerian space with vanishing Bochner curvature tensor has positive definite
Ricci form and non-negative scalar curvature, then it follows that u*=g**y,R=0 .
Thus we have

Lemma 2.2. In a Kahlerian space with vanishing Bochner curvature tensor of non-negative

scalar curvature and positive definite Ricci form, if RuaRM* is constant, then the scalar curvature
is constant.

According to Lemma 2.1 we obtain
Proposition 2.3. In a Kihlerian space with vanishing Bochner curvature tensor of non-negative

scalar curvature and positive definite Ricci form, if RuR* is constant, then the space is symme-
tric.

By virtue of Theorem 2, g™ y,.R is contravariant analytic in a compact Kihlerian
space with vanishing Bochner curvature tensor. Thus the equation yey.u*+R u*=0 9
holds good. If R.R** is constant, then substituting this equation into (2-8) we get

(2.9) 2y ut=Ru* .
On the other hand, operating the Laplacian ¢gP*ygy. to u*ux , we have
VAV (') =2(V*V )t +2(V uta)(VH2)

Substituting (2.9) into the above equation, we obtain

VAV w(ttu)) = Rupu® +2(V ) (V*4Y)

5) K.Yano, [5] p.86.



14 M. MATSUMOTO

If our space has the non-negative scalar curvature, then we find #*=g*vy,R=0 taking
account of Green’s theorem. Thus we have

Lemma 2.4. In a compact Kahlerian space with vanishing Bochner curvature tensor of non-
negative scalar curvature, if RuaR* is cunstant, then the scalar curvature is constant,

By virtue of Lemma 2.1, we obtain

Proposition 2.5. In a compact Kdihlerian space with vanishing Bochner curvature tensor of

non-negative scalar curvature, if RR* is constant, then the space is symmetric.

Proof of Theorem 3. Taking account of Lemma 2.2 or Lemma 2.4, in a compact
Kahlerian space with vanishing Bochner curvature tensor of non-negative scalar cur-
vature and positive definite Ricci form, if Ru,R** is constant, then the scalar cur-
vature is constant. According to Theorem 1, it follows that the space is a complex
projective one with natural metric. Q.E.D.
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