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Numerical iterative methods for nonlinear equations are proposed which derived from the logarithmic secant
method by applying some numerical integration schemes: the midpoint method, the trapezoidal method and the
Simpson method. For the problems of a nonlinear equation with a double root, we present error analysis same as the
secant method. By numerical experiments, it is shown that the proposed method is effective for the problem. Moreover,

the proposed method is also effective for the problems of which the multiplicity of roots is greater than two.
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1. Introduction
The secant iterative method for solving the equation such as

(1) fx)=0
is expressed as
=y XkTXk-1
@ Xier1 = Xk = 0 ] )

with two initial values x4, x; 1). By Sakakihara 2), the logarithmic secant method :
3 — _ Xg—Xk—1
) Y1 = X T G/ f )

is proposed to solve (1) approximately. (3) is rewritten into

(4) X1 = xk”’;Zﬁ%f?%;i:}L(f(xk)rf(xk—l))
where L(f(xk)hf(xk_l)) is the logarithmic mean of f(xy),f(xx-1) such as
xp)—f Ceg—

L @), f (=) = lnﬁ(fci)/f;(:k_l:)) '
It was shown that the logarithmic secant method is effective for the equation with multiple
roots in 2). Even though the advantage, the necessary to evaluate logarithmic function in each
step of iteration become expensive for the computing time. In order to avoid evaluating
logarithmic function, we apply some approximate method for the logarithmic function. Applying
the approximation of the integral form for the logarithmic mean, some new secant type iterative
methods are proposed. Theorems of error analysis same as the case of the secant method are
proposed for the problem with the double root. By the numerical experiments, the proposed methods
are also effective for the problems which has the roots of which the multiplicity is greater
than two.
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2. Logarithmic secant method

The Newton—Raphson iterative method for solving (1)
I €79
Xk+1 = Xk F1G0)

is rewritten into
(5) Xie1 = xi — Il Gx]]
for f(x,) > 0. By applying the first order finite difference to (5), we obtain (3).For the
practical computation, the scheme :
_ 2(xp—Xk-1)
in((F G0/ (re-1))”)

is rather useful since the value f(x;) can takes a negative value.

Xk+1 = Xk

3. Approximation of logarithmic mean by numerical integrations
The logarithmic mean of positive real values a, b is defined by

a-b

(6) L(a,b) = @D

The integral representation of the logarithmic mean is obtained as
(M L(a,b) = (a = b)/f,; > dx

Applying the midpoint, the trapezoidal, and the Simpson numerical scheme 3) to (6), we obtain

®) La,b) ~ ==,
2ab
(9) L(a,b) = m
and
__ _6ab(a+b)
(10) L(a,b) = 10ab+a2+b?
respectively.

4. New secant type iterations
The secant method (2) is derived by applied the rectangle approximation to (7). In order to
formulate new derivative free iterative method, the approximations of the logarithmic mean

described in the previous session are applicable. The new iterations are obtained as

(1) Xp+1 = X — f(le;:;’(‘;:_l) f(xk)+£(xk_1) ,

(12 Xt = X T H e

and

(13) Xpw1 = Xi — Xg—Xg—1 61 Gex) f (ege—1)(F Geg)+ f (Xge—1)) ,
f )= f(—1) 10f Cop) f Cege—1)+f ()% +f Cee—1)?

respectively.

5. Error Analysis
If a is the solution for (1), we have the Taylor series expansion at the point of a :

f@) = @@ -a) + 52— a) +
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Set e, = x;, — a. The error of secant method is as follows :

Theorem 1. If x;, is the sequence generated by the secant iteration (2) which converges to the
simple root of the equation (1), then we obtain the error estimate such as ey.; = Keyep_q.
Moreover, if the sequence approaches to the double root of the equation (1), then we obtain
that eg,, = K'eg. Here, Kand K' are generic constants.

From the theorem, we obtain the following corollary by the usual definition of the convergence
order.

Corollary 1. The order of convergence of the secant method for the simple root is of

14++/5

2
which is the golden number. Moreover, the order of convergence of the secant method is of first

for the double root.

For the problem to seek the double root of the equation (1), we obtain the following error estimate
theorems for the iteration (11) :

Theorem 2. 1f x, is the sequence generated by the secant iteration (11) which converges to the
double root of the equation (1), then we obtain the error estimate such as

~ _ [Cktek-1 CkCk—1
€r+1 =~ € 2 5 .
ktek—1

Proof : The Taylor expansion of f(x) at the double root a becomes

’ "(a)
fe) = f'(@e + =22 + -

where e, = x;, — a.

— ek—ek—1 (Azer®)+(Azex—a?) _ 1 etrepa® _ 1 (eprep—1) —2exex
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a
where A, = @

2

Theorem 3. 1f x, is the sequence generated by the secant iteration (12) which converges to the
double root of the equation (1), then we obtain the error estimate such as

exex—1° ]

e X e [1 -
k41 k ex3+epleg—1+erex_12+eg—13

Proof : The proof of the theorem is same as theorem 2 such that

Crns ~ € — ex—ex—1 (4aex®)(Azen—1?) _  _ _ ex—ex—1 _ (ex®)(ek-17)
+1 (Azex®)—(Azep-12) (Azex®+(Azer—12) ¢ (ex®)—(ex—12) (ex?)+(ex—12)
=e, |1 - ekek-—12
- %k en3+er? 2 3| -
k’ter“ex—1tegeg—1°teg_q

Theorem 4. 1f x, is the sequence generated by the secant iteration (13) which converges to the
double root of the equation (1), then we obtain the error estimate such as
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G(ek3ek_12+ekek_14) ]

Cri1 T € [1 -
k+1 k ek5+ek4ek_1+10ek3ek__12+10ek2ek_13+ekek_14+ek_15

Proof: The proof of the theorem is same as the previous theorems.
6. Numerical Experiments
In order to show that the proposed iterative methods are effective, we examine those methods
to the problem :
(14) fx) = (™ — x)"exp(ax) =0
where m and n are positive integers, a is a real number. The problem has the solution x = 1.

The initial values for the iterations are xy = 1.9 and x; = 1.85. In Table 1, we illustrate the
dependency on m and n of the number of iterations with the Newton—Raphson method with x, = 1.9.

Table 1 Number of iterations with Newton-Raphson method for (14) with x, = 1.9 and a = 1.

m =2 m =10 m =50 m =100 m =500 m =1000
n -1 8 12 38 70 326 647
n =2 53 61 110 173 684 1325
n =3 89 100 173 268 1034 1995

The computations are carried out by the Maplel8 with 30 digits. We set that the convergence

criteria is |x, — 1] < 10715,

methods.

In Table 2, we compare the number of iterations for the iterative

Table 2 Number of iterations with Eqs.(2), (11), (12) and (13) for (14) with m =2 and a = 1.

Tterative n =2 n =3 n =4 n =b n =10 n =50
method

2 75 127 178 229 482 2502

(11) 117 65 68 102 274 1550

(12) 50 91 131 171 371 1960

(13) 28 67 105 141 319 1732

Table 3 Number of iterations with Eqs.(2), (11), (12) and (13) for (14) with m = 10 and a = 1.

Iterative n =2 n =3 n =4 n =b n =10 n =50
method

2 87 143 199 255 533 2755

(11) 127 71 85 120 307 1704

(12) 59 104 148 192 412 2159

(13) 36 79 120 160 356 1909
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Table 4 Number of iterations with Eqgs.(2), (11), (12) and (13) for (14)
with m = 100 and a = 100.

Iterative n =2 n =3 n =4 n =5 n =10 n=50
method

(2) 87 143 199 255 533 =

(11) 127 71 85 120 307 =

(12) 59 104 148 192 412 -

(13) 36 79 120 160 356 -

7. Conclusion

By applying some numerical schemes to the logarithmic secant iteration, we proposed some secant
type iterative methods in this paper. We obtain the error analysis for the present methods in
the case that the equation (1) has a double root. Numerical experiments are shown for those
methods in order to show the efficiency compared with the secant method and the Newton—Raphson
method. From the numerical results, it is shown that Simpson approximation is most effective.
For the case that m = 10,n = 2, the number of iterations for the proposed method with the Simpson
approximation is about a half of the Newton—-Raphson case. On the other hand, as the multiplicity
of the root n is increasing, as the iterative method (11) is giving better performance.
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