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Abstract

Let ay, a2, ... ,an be anti-integral elements over a Noetherian domain R. Set A = Rla1, as,... , an].
We investigate flatness, faithful flatness, exclusiveness, existence of a blowing-up point and un-
ramification of the extension A/R under the condition I3, + Is, +---+ I5, = R where

Is; = {a € Rjaa; € Rlei] ( = 1,2,... ,n)}.
Our results are generalizations of those of [2]

Let R be a Noetherian domain with quotient field K and R[X] a polynomial ring over R in an
indeterminate X. Let o be an element of an algebraic field extension of K and x : R[X] — Rle] the

R-algebra homomorphism defined by 7(X) = a. Let ¢o(X) be the monic minimal polynomial of & over
K with deg po(X) = d. Write

Pa(X) = X +mX 1+ 4 10g, (m,... ,na € K).

We define Ijy) := N&,(R :r ) and Jia) := Iigj(1,m,-.. ,na) where (R :Rl') = {c € R;en; € R} and
(1,m,... ,n4) is the R-module generated by 1,m;,... ,74. We also define Jia} = Tja) (10, M1+ -+« s Na—1)
where 7 = 1. Anelement « is called an anti-integral element of degree d over R if Ker 7 = Ijq)a(X)R[X].
Let p be an element of SpecR. It is easily verified that, if « is an anti-integral element over R, then o
is also an anti-integral element over R,. An element  is said to be a super-primitive element of degree
d over R if Jia) ¢ p for every p € Dp, (R) where Dp, (R) = {p € SpecR; depthR, =1}.

Our general reference for unexplained terms is [5).

Let R be a Noetherian domain and ey, as, ... ,a, anti-integral elements over R. Set
A= R[al,ag,. .o ,a,,]

and define
Iz, = {a € Rjac; € Rloy] ( =1,2,... ,n)}.
Then 5, is an ideal of R. By the definition of I4,, we have the following:
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Lemma 1. Let p be an element of SpecR If p 2 I5,, then A, = Ry[oy].

Lemma 2([7, Theorem 1.8]). Let R be a Noetherian domain and o an anti-integrol element over R.
Let p be an element of SpecR. Then the following two conditions are equivalent:

(i) Rla],/R, s a flat extension.

(ii) p 2 Jia-

Proposition 3. Let R be a Noetherian domain and oy, Qy,... ,a, anti-integral elements over R.
Set A = Rloy,ay,... ,ay] and assume that I, +Is, +-+-+Is, = R. Let p be an element of SpecR.
Then the following conditions are equivalent:

(i) Ap/Ry is a flat extension.

(i) p 2 Tay N Jjay) + -+ + Lap N e

Proof. (i) = (ii). Since Is, + Ia, + - + Is, = R, there exists an index i such that p  I5,. Then
Ap = Rp[oy] by Lemma 1. Condition (i) asserts that pRy 2 Jia, Ry by Lemma 2. Hence p 2 Jjg,), and

p 251&1 n J[a‘] + . +I&“ nJ[,_,,.].

(i) = (i). By the condition (ii), there exists an index i such that p 2 Is, N Jia,. Then p B Is, and
p B Jia,- Therefore A, = Ry[a;]/R, is a flat extension by Lemmas 1 and 2. Q E.D.

Theorem 4. Let R be a Noetherian domain and oy, aq,. .. ,a, anti-integral elements over R. Set
A = Rloy,ay,... ,a,) ond assume that Is, + 15, + -+ Is, = R. Then the following conditions are
equivalent:

(1) A/R is a flat extension.

() Ls, NJjay) + -+ 1z, N Jja,) = R.

Proof. Since flatness is a local-global property, it is immediate from Proposition 3. Q.E.D.

Lemma 5([7, Proposition 3.7] and [5, (4.D) Theprem 3}). Let R be a Noetherian domain and
an anti-integral element over R. Let'p be an element of SpecR. Then the following two conditions are
equivalent:

(i) The etension R,ol/R, is a faithfully flat extension.

(11) 2 J[c]'

Proposition 6. Let R be a Noetherian domain and oy, 0y,... ,q, anti-integral elements over R.
Set A = Rla,02,... ,0,) and assume that Is, + Is, +-+-+ Iz, = R. Let p be an element of SpecR.
Then the following two conditions are equivalent:

() Ap/Ry isa . faithfully flat extension.

(11) P 25 Iz, N J[m] +eoo41I5,. N J[m‘]

Proof. (i) = (ii). By the assumption I3, + Is, + -+ + I3, = R, there exists an index ¢ such
that p B Is,. Then Ay, = Rploy] by Lemma 1. Since R, [a,] /R, i is a faithfully flat extension, we have
PRy 2 J[a‘]R,, by Lemma 5. Hence p 7 Is, N J[a‘] Therefore p p Iz, N J[a,] 4+t Iz, N J[a,,]

(i) = (i). By the condition (ii), there exists an index i such that p 2 I, N J[,, Therefore
Ay = Rylos]/R, is a faithfully flat extension by Lemmas 1 and 5. Q.E.D.
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Theorem 7. Let R be a Noetherian domain and oy, aq, ... ,o, anti-integral elements over R. Set
A = R|oy,a,... ,0,] and assume that I, + I, + -+ 15, = R. Then the following two conditions
are egquivalent:

(i) A/R is a faithfully flat extension.

(i) Ia, NJjgy + -+ + I, N Jja, = R

Furthermore, the implication (iii) = (i) holds:

(iii) Rlcy]/R,... ,Rla,]/R are all faithfully flat extensions.

Proof. Since faithful flatness is a local-global property, the equivalence of the conditions (i) and
(ii) is immediate from Proposition 6. We will prove the implication (i) = (i). Lemma 5 shows that
J{al] =R,... J[a | = R. Moreover, I5, + 13, +--+Is, = R. Hence I, ﬁJ[.,l] +oeetIy, ﬂJ[a 1=
Therefore A/R is a faithfully flat extension. QE. D

Let K be the quotient field of R. We say that A/R is an exclusive extension if AN K = R.

Lemma 8([8, Theorem 5]). Let R be a Noetherian domain with quotient field K and a a super-
primitive element over R. Assume that R contains an infinite field. Then the following two conditions
are equivalent:

i) gradeJ[,,] > 1 where we define I[,,,] = oo if J[a] =R.

(ii) R[c]/R is an exclusive extension.

Proposition 9. Let R be a Noetherian domain with gquotient field K. Let ay,as,... ,a, be super-
primitive elements over R. Set A = Ray,0y,... ,a,]. Assume that I, + Iz, + -+ I3, = R and R
contains an infinile field. Then the following two conditions are equivalent:

@ ANK=R. _ 5

(ii) grade(ls, N Jjog) ++ +1a, N Jian]) > 1.

Proof. (i) = (ii). Assume that there exists an element p of Dp;(R) such that p D Iz, N .ﬁa‘] +

o+ +Is, N Jiay)- Since Is, + Is; ++-+ + Is, = R, there exists an index i such that p 7 I5,. Then

Ap = Rpla;] by Lemma 1. The condition AN K = R implies that A, N K = R,. Then Lemma 8 asserts
that pRy, 2 j{a‘]R,. Hence p 2 .‘f[m], and p B I, N .’f[m]. This is a contradiction.

(if) = (i). Assume that AN K 2 R. Then there exists an element { of AN K such that R ¥ (.
Let p be a prime divisor of Iy where I¢ = {a € R;a( € R}. Then we know that depthR, = 1 (cf.
[9, Proposition 1.10]). Hence p 2 Iz, N jim] + -+ I5, N ji%] by the condition (ii). Then there
exists an index 7 such that p 2 Iz, N 'ﬁm]' Then A, = Rples] by Lemma 1. Lemma 8 shows that
ApNK =Rp[a]N K = Ry. Hence ¢ € R, and p P I;. This is absurd. QE.D.

Let ¢ : SpecR[al,ag, . ,Qn] — SpecR, and ¢ : SpecR[ax] — SpecR (k = 1,2,...,n) be
contraction mappings, that is, (PB) = PN R, ¢r(Q) = QN R for P € SpecR[a1,q2,... ,aq], 2 €
SpecR[ox] (K =1,2,...,n).

Proposition 10. Let R be a Noetherian domain and o, s, ... ,0, anti-integral elements over
R. Set A = Rlaj,02,...,0,). Let ¢ : SpecRay,q,... ,an] — SpecR, and pr : SpecR[og] —
SpecR (k = 1,2,... ,n) be coniraction mappings respectively. Assume that 15, + Is, + -+ I, = R.
Then

n
Imcp = n Imcpk,
k=1
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Proof. It is clear that Imyp C [Vi=, Impir. We will prove that Imp D (i_, Impx. Let p be
an element of (i, Imps. Assume that p ¢ Im¢p. Then we can easily verify that pA, = A,. Since
Is, + I3, ++++ + Is, = R, there exists an index i such that p 2 I5,. Then 4, = R,[a;] by Lemma 1.
Since pA, = Ap, we get pRp[es] = Ry[as]. This is a contradiction. Q.E.D.

Let A be an extension of R and p an element of SpecR. We say that A is a blowing-up at p or p is
a blowing-up point of A/R if the following two conditions are satisfied:

(1) pAs N Ry = pRy.

(2) Ap/pA, is isomorphic to a polynomial ring (Rp/pR,)[T].

Lemma 11([7, Corollary 1.10]). Let R be a Noetherian domain end o an anti-iniegral element over
R. Letp be an element of SpecR. Then the following two conditions are equivalent:

(i) p is a blowing-up point of R[a]/R.

() p> Jia)-

Proposition 12. Let R be a Noetherian domain and o, a2, ... ,a, anti-integral elements over R.
Set A = R[,,... ,an] and assume that Is, + Ia, +--++ Is, = R. Let p be an element of SpecR.
Then the following two conditions are equivalent:

() D13 NJjay + -+ + 1a, NJja,)-

(ii) p is a blowing-up point of A/R.

Proof. By Lemmas 2 and 11, we see that p is not a blowing-up point of R[a]/R if and only if
Ry[a]/Ry is a flat extension. Hence the proof is clear from Proposition 3. Q.E.D.

Theorem 13. Let R be a Noetherian domain and ay,ao,... , 0, anti-integral elements over R. Set
A = Rlon,0,... ,aq] and assume that Is, +Is, +- -+ + Is, = R. Then the following three conditions
are equivalent:

(i) A/R is a flat extension.

(ii) A/R has no blowing-up point.

(i) Is, NJjay) + -+ + La, N Jja,) = R.

Proof. It is immediate from Propositions 3 and 12. Q.E.D.

Let A be a finite R-algebra. Let B be an element of Spec(A) and p = P N R. The residue fields of
B and p are denoted by k() and k(p) respectively. We say that 5P is unramified over p if the following
two conditions hold:

(1) ‘.BAi,p = ])Agp.

(2) k(*B) is a finite separable algebraic extension of k(p).
The extension A/R is called unramified if the following two conditions are satisfied:

(1) For every element p of Spec(R), there are only finitely many elements of Spec(A) lying over p.

(2) If P is an element of Spec(A) lying over p, then B is unramified over p.
It is known that A/R is an unramified extension if and only if 27(A) = (0) where f2g(A) stands for
the differential module of A over R. ([6, Chapter 3, Theorem 14])

The extension A/R is said to be étale if A/R is an unramified and flat extension. (cf. {1, Chapter
VI, Definition (4.1)] and [4, p. 100])
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Let ¢,,(X) be the derivative of gg(X).

Lemma 14.(cf. {3, Theorem 8|) Let R be a Noetherian domain and o an anti-integral element over
R. Then the following two conditions are equivalent:

(1) Rlo]/R is an unramified eztension.

(2) i) Pa (@) Rla] = Rlo].

Proposition 15. Let R be a Noetherian domain and a;,qy,... o, anti-integral elements over R.
Set A = Rloy,0,... ,a,] and assume that I, + Is, +--- + 15, = R. Set

=I5 N I[,_“]&p;l (al)R[oq] 4+t Iz. N I[a,,,]‘P;“ (a,.)R[a,.]

Let p be an element of Spec(R). Then the following two conditions are equivalent:
Hp2U.

(ii) Ap/Ryp is an unramified extension.

Proof. (1) = (ii). Since p 7 U, there exists an index i such that p 7 I5, N I[a(]qa;‘(a,-)R[a,-].
Then Ay = Ry[o4] by Lemma 1. Besides, we have I[a‘],ga;‘ (c:)Rp[e;] = Rplas]. Lemma 14 implies that
Ay /Ry is an unramified extension.

(ii) = (i). By the assumption Is, + I, + -+ + Is, = R, there exists an index i such that p 2 Is,.
Then Ay = Ry[e;] by Lemma 1. Because Ap/R, = Ry[c;]/R, is an unramified extension, we see that
JiapPa, (@5)Rp o] = Ryloy]. This shows that p 7 Jja, ¢, (0s)Ra;). Hence p 7 I, N Jja P, (@:)Rlas).
Therefore p p U. Q.ED.

Proposition 16. Let R be a Noetherian domain and o1, @, ... ,o, anti-integral elements over R.
Set A= Rlmy, 0, ... ,0n] and assume that Is, +Ia, +---+Is, = R. If A/R is an unramified extension,
then A/R is an étale extension.

Proof. Let p be an element of Spec(R). Since I, + I, +++-+I4, = R, there exists an index i such
that p 2 Is,. Then A, = R[] by Lemma 1. By [3, Theorem 9], A,/R, is a flat extension because
Ap /Ry is an unramified extension. Hence A,/R, is an étale extension. Q.E.D.
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